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Abstract. We give a short proof of the quantitative isoperimetric inequality.

Our argument is based on a notion of quantitative calibrations which induce a
natural distance controlling both the Fraenkel asymmetry and the tilt excess.

The proof of our key result which can be viewed as a nonlinear, geometric

version of Fuglede’s result in BV is direct and self-contained. In particular,
we do not make any use of regularity theory for almost minimizers.
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1. Introduction

1.1. Context and motivation. The isoperimetric inequality is the answer to one
of the oldest problems in mathematics stating that, in Euclidean space, among all

This project was initiated during a stay of both authors at the Erwin Schrödinger International
Institute for Mathematics and Physics (ESI) for the workshop “Geometric Variational Problems”

in the framework of the thematic program “Free Boundary Problems”. We warmly thank ESI

for the support and hospitality. The authors are also grateful to Marco Pozzetta for insightful
discussions on the subjects of the paper and, in particular, for suggesting the simple contradiction

argument for a proof of Theorem 1 based on Theorem 2.
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measurable sets of fixed volume, the ball minimizes the perimeter, or equivalently1

(1) 0 ≤ P (F )− P (B1) for all F ⊂ Rd with |F | = |B1|.
While the first arguments go back to Ancient Greece, it was not until the work of
De Giorgi [3] in the 1950’s that the problem was completely solved and a full proof
among arbitrary measurable sets was found. Moreover, De Giorgi’s symmetrization
argument also shows that the only sets that satisfy equality in (1) are balls (up to
sets of measure zero).

This suggests the natural question of stability, namely: If the isoperimetric deficit
P (F ) − P (B1) is small, is F close to a ball in a suitable topology? The answer
can be elegantly formulated in terms of a quantitative version of the isoperimetric
inequality (1) of the form

(2)
1

C
inf

x0∈Rd
ρ2(F−x0, B1) ≤ P (F )− P (B1) for all F ⊂ Rd with |F | = |B1|,

where ρ is a suitable “distance” between sets and the constant C = C(d) is inde-
pendent of F . The first complete quantitative isoperimetric inequality was proven
by Fusco, Maggi, and Pratelli [12] in 2008, and since then a few alternative proofs
have been found. Figalli, Maggi, and Pratelli [5] used optimal transport instead
of symmetrization, quantifying an argument laid out by Gromov [15, Appendix].
Cicalese and Leonardi [2] found the optimal constant based on a selection prin-
ciple and regularity theory for almost-minimizers of the perimeter. All of these
proofs use the Fraenkel asymmetry on the left-hand side of (2), i.e., the L1-distance
ρ(F,B1) = |F∆B1|. Fusco and Julin obtained a lower bound in terms of the tilt-
excess ρ2(F,B1) =

´
∂∗F

|n∂∗F − n∂B1
|2 dHd−1 in [11].

1.2. Our contribution. In the present work, we propose an alternative, direct
proof of the quantitative isoperimetric inequality based on the notion of calibrations.
Our “quantitative calibration” is a vector field ξ that is designed to be an almost
calibration for the ball B1 and, at the same time, to penalize deviations of any
competitor F from B1 in a suitable way. The construction of ξ is straight-forward
in our case of the ball, see Figure 1, and we expect this to be possible also in more
complex problems, for example isoperimetric clusters, by combining our ideas here
with those from [8]. This quantitative calibration allows us to quantify the error
in the calibration argument for minimality precisely and in the natural topology.
The previous results on the quantitative isoperimetric inequality with the Fraenkel
asymmetry [12, 5] or the tilt-excess [11] are then direct corollaries.

More precisely, our new notion of quantitative calibration ξ naturally induces
the following excess-type functional

ρ2(F,B1) = Erel[F |ξ] =
ˆ
∂∗F

(1− ξ · n∂∗F ) dHd−1.

The main novelty of the present work is Theorem 2 below, which, for any γ > 0,
provides the sharp lower bound

(1− γ)
1

2
ρ2(F,B1) ≤ P (F )− P (B1)

in the perturbative regime ρ(F,B1) ≪γ 1, and with F having the same barycenter
as B1. This can be viewed as a nonlinear, geometric Fuglede-type result in BV .

1Here, by scaling invariance, we restrict ourselves to the case of the unit ball B1.
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Note that, unlike Fuglede [10], we do not require additional assumptions like graph-

structure or smoothness on F , and we obtain the optimal constant
(
1
2

)−
.

In the proof, starting from an arbitrary set of finite perimeter F with ρ2(F,B1) ≪
1, by a slicing argument, we first replace it by a BV graph, then by a smooth graph,
and then conclude by a version of Fuglede’s classical result, see Figure 2. Here, the
key is to estimate all errors in the approximations and the spectral argument by
our functional ρ2(F,B1) = Erel[F |ξ]. To obtain our global result, Theorem 1, we
only need to combine this local result with a standard compactness argument in
the case Erel[F |ξ] ≳ 1.

The idea of using calibrations to prove the isoperimetric inequality (1) was al-
ready suggested by Hélein [13]. However, to the best of our knowledge, our work is
the first to prove a quantitative version via a calibration argument. The beautiful
theory of calibrated geometry has a long history, dating back to Wirtinger [16] and
de Rham [4]. Crucial to the present work are recent techniques from [7, 9, 8]. One of
the main advantages of such a calibration argument is that it is direct and does not
rely on heavy regularity theory. In fact, the most technical aspect of our proof is a
slicing argument. We are optimistic that variants of this calibration argument can
be applied to other geometric settings and in particular to isoperimetric clusters.

Most recently, in an independent work [6], Figalli and Zhang prove a similar BV
Fuglede result in the graph setting with different techniques.

1.3. Notation. For two sets A,B we denote their symmetric difference by A∆B.
The open ball of radius R > 0 and centered at the origin is given by BR, with ∂BR

denoting its boundary. For a measurable set A ⊂ Rd, we write χA for its associated
indicator function. If F ⊂ Rd is a set of finite perimeter, ∂∗F refers to its reduced
boundary, in particular P (F ) = Hd−1(∂∗F ). We denote its measure theoretic
(interior) unit normal by n∂∗F : ∂∗F → Sd−1. The d-dimensional Lebesgue measure
and the (d−1)-dimensional Hausdorff measure are denoted by Ld and Hd−1. We
also make use of standard notation for Lebesgue and Sobolev spaces: Lp and W k,p.

2. Main results

We define our notion of a “quantitative calibration of the unit ball B1” and state
our version of the quantitative isoperimetric inequality for the associated excess.

Theorem 1. Let d ≥ 2. We define a vector field ξ ∈ W 1,∞(Rd;Rd) by

ξ(x) := max
{
1−

(
1−|x|

)2
, 0
}(

− x

|x|

)
(3)

and call it a quantitative calibration of B1. For a set of finite perimeter F ⊂ Rd,
we define the associated relative energy Erel[F |ξ] by

Erel[F |ξ] :=
ˆ
∂∗F

1− n∂∗F · ξ dHd−1.(4)

Then, there exists a constant C = C(d) ∈ (1,∞) such that for all sets of finite
perimeter F ⊂ Rd satisfying

Ld(F ) = Ld(B1) =: ωd(5)

it holds
1

C
inf

x0∈Rd
Erel[F−x0|ξ] ≤ Hd−1(∂∗F )−Hd−1(∂B1).(6)
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Figure 1. A set of finite perimeter F and a ball B of the same
volume (left). To measure the closeness of the two, we define the
quantitative calibration ξ (center); then we integrate ξ (against the
measure theoretic normal n∂∗F ) along the reduced boundary ∂∗F
(right).

The main contribution of the present paper consists of the following “Fuglede-
type” result. The novelty lies in the formulation of the allowed perturbation:
whereas Fuglede’s classical result [10] assumes C1-closeness of the competitor in-
terface to the unit sphere, we only require smallness of excess (4) with respect to
the quantitative calibration ξ of B1, see (3). We emphasize that in our version
the same measure of distance is used to quantify both the perturbative nature of
the competitor and the resulting stability in the isoperimetric problem. This is in
strong contrast to Fuglede’s work transferring C1-smallness of the height function
parametrizing the interface of the perturbative competitor to a lower bound of the
isoperimetric deficit in terms of the W 1,2-norm of the height function. Apart from
being interesting in its own right, this allows us to completely bypass the usage of
any type of regularity theory to upgrade the perturbative statement of Theorem 2
into the quantitative isoperimetric inequality of Theorem 1: indeed, excess (4) is
stable under strict convergence of sets of finite perimeter as the correction to the
perimeter of the competitor is a bulk term.

Theorem 2. Let d ≥ 2 and R ∈ [2,∞). For all γ ∈ (0, 1) one may choose
ε = ε(d,R) ≪ γ such that for all sets of finite perimeter F ⊂ Rd satisfying

Ld(F ) = Ld(B1) = ωd,(7) ˆ
F

x dx = 0,(8)

F ⊂ BR,(9)

it holds:
If the relative energy Erel[F |ξ] defined by (4) is small in the sense that

Erel[F |ξ] ≤ ε,(10)

then

(1−γ)
1

2
Erel[F |ξ] ≤ Hd−1(∂∗F )−Hd−1(∂B1).(11)

The constant ( 12 )
− is sharp with respect to the given ξ.
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The coercivity of the excess (4) entails that the quantitative isoperimetric in-
equalities obtained by Fusco, Maggi, and Pratelli [12] in terms of Fraenkel asym-
metry or Fusco and Julin [11] in terms of “classical excess” are simple corollaries
of Theorem 1.

Lemma 3. Let d ≥ 2. There exists a constant C = C(d) ∈ (1,∞) such that for all
sets of finite perimeter F ⊂ Rd satisfying (5) it holds

∣∣Ld(F∆B1)
∣∣2 ≤ CErel[F |ξ](12)

and

ˆ
∂∗F

1

2

∣∣∣n∂∗F (x)−
(
− x

|x|

)∣∣∣2 dHd−1(x) ≤ CErel[F |ξ],(13)

where the relative energy Erel[F |ξ] is defined by (4).

We finally state the entry point of our analysis consisting of an identity (!) re-
lating the difference in perimeters to the excess and a bulk term. We call this
identity the relative energy equality and it is the very reason why we interpret
our approach as a calibration-type argument. The main differences to the usual
calibration computation are two-fold and interrelated: i) we do not estimate from
below when passing from perimeter of the competitor to its approximation in terms
of flux, and ii) we do not require the resulting bulk term to vanish. Rather to the
contrary, our strategy relies on i) making the error between perimeter of the com-
petitor and its flux approximation as coercive as possible so that ii) the appearing
bulk term (actually having the dangerous sign for perturbative graph competitors)
can be absorbed into a fraction of the excess.

Lemma 4. Let d ≥ 2, and for given a ∈ R and b⃗ ∈ Rd, let La,⃗b : R
d → R be the

affine map La,⃗b(x) := a + b⃗ · x. Let F ⊂ Rd be a set of finite perimeter satisfying

the volume constraint (7) and the barycenter constraint (8). Then

(14)

Hd−1(∂∗F )−Hd−1(∂B1) = Erel[F |ξ]−
ˆ
Rd

(χF − χB1
)
(
∇ · ξ + (d−1)

)
dx

−
ˆ
Rd

(χF − χB1)La,⃗b dx,

where the relative energy Erel[F |ξ] is defined by (4).

Structure of the paper. In Section 3, we present the short proof of the relative
energy equality (14). In Section 3.2, we use it to give a proof of Fuglede’s classical
result to highlight the spirit of our methodology. Sections 4.1–4.5 contain the proof
of our main contribution, Theorem 2. The short proofs of Theorem 1 and Lemma 3
are presented in Sections 4.6 and 4.7, respectively.
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3. Another look at Fuglede’s result

3.1. The relative energy equality: Proof of Lemma 4. We compute

(15)

Hd−1(∂∗F ) =

ˆ
∂∗F

1− n∂∗F · ξ dHd−1 +

ˆ
∂∗F

n∂∗F · ξ dHd−1

= Erel[F |ξ]−
ˆ
Rd

χF∇ · ξ dx

= Erel[F |ξ]−
ˆ
Rd

(χF−χB1
)∇ · ξ dx+

ˆ
∂B1

n∂B1
· ξ dHd−1

= Erel[F |ξ]−
ˆ
Rd

(χF−χB1
)∇ · ξ dx+Hd−1(∂B1).

This, however, is equivalent to (14) as a consequence of the volume constraint (7)
and the centering of the barycenter (8). □

3.2. A proof of Fuglede’s result by the relative energy equality. In order to
introduce the reader to the relative energy (4), we revisit Fuglede’s classical result
based on the relative energy equality (14). To this end, we consider a set of finite
perimeter F ⊂ Rd satisfying (7)–(8) such that the reduced boundary of F is given
by a W 1,∞(∂B1) height function h : ∂B1 → R:

∂∗F =
{
x+ h(x)n∂B1

(x) : x ∈ ∂B1

}
,(16)

where n∂B1
(x) = − x

|x| . We claim that for all γ ∈ (0, 1) there exists ε ≪γ 1 such

that ∥h∥W 1,∞(∂B1) ≤ ε implies

(17)

Hd−1(∂∗F )−Hd−1(∂B1) ≥ (1−γ)
1

2
Erel[F |ξ]

≥ (1−γ)2
1

2

(ˆ
∂B1

h2 +
1

2
|∇∂B1h|2 dHd−1

)
.

We start by expanding the relative energy. With the change of variables Ψh : ∂B1 →
∂∗F , x 7→ x− h(x)n∂B1

(x), we obtain from the area formula

(18)

Erel[F |ξ] =
ˆ
∂B1

(1− h)d−1∣∣(n∂∗F ◦Ψh) · n∂B1

∣∣ (1− (n∂∗F · ξ) ◦Ψh
)
dHd−1

=

ˆ
∂B1

(1− h)d−1

√
1 +

( |∇∂B1h|
1− h

)2(
1− (n∂∗F · ξ) ◦Ψh

)
dHd−1.

Next, we split the relative energy density into two parts. We define η(x) := max{1−
(1−|x|)2, 0}; in particular, for dist(x, ∂B1) < 1 it holds η(x) = 1 − s2(x), where
s := s∂B1

denotes the signed distance to ∂B1 such that ∇s(x) = − x
|x| is the

inward pointing normal vector field along ∂B1. Recalling the definition (3) of the
quantitative calibration ξ, we then decompose by adding zero

(19)
1− (n∂∗F · ξ) ◦Ψh =

(
1− η ◦Ψh

)
+ η ◦Ψh

(
1− (n∂∗F ◦Ψh) · n∂B1

)
= h2 + η ◦Ψh

(
1− (n∂∗F ◦Ψh) · n∂B1

)
.

Taylor expanding the two resulting contributions in (18) therefore yields: For all
γ ∈ (0, 1) there exists ε ≪γ 1 such that if ∥h∥W 1,∞(∂B1) ≤ ε, then

(20) (1−γ)

ˆ
∂B1

h2 +
1

2
|∇∂B1h|2 dHd−1 ≤ Erel[F |ξ].
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For the expansion of the remaining volume term, we first record the following
computation on {x : dist(x, ∂B1) < 1}:

(21) ∇ · ξ + (d−1) = −2s−
(
1−s2

) d−1

1− s
+ (d−1) = −(d+1)s.

We thus obtain from an application of the coarea formula

(22)

−
ˆ
Rd

(χF−χB1
)
(
∇ · ξ + (d−1)

)
dx

= −
ˆ
∂B1

ˆ h

0

(1−s)d−1(d+1)sdsdHd−1.

Hence, a Taylor expansion entails: For all γ ∈ (0, 1) there exists ε ≪γ 1 such that
if ∥h∥W 1,∞(∂B1) ≤ ε, then

(23) −(1+γ)

ˆ
∂B1

1

2
(d+1)h2 dHd−1 ≤ −

ˆ
Rd

(χF−χB1)
(
∇ · ξ + (d−1)

)
dx.

With the expansions (20) and (23) in place, we proceed by decomposing into
spherical harmonics. Denoting by πkf the orthogonal projection of f ∈ L2(∂B1)
onto the subspace of spherical harmonics of degree k, we obtain

(24)

ˆ
∂B1

h2 +
1

2
|∇∂B1

h|2 dHd−1 =

∞∑
k=0

(
1 +

1

2
k
(
k + (d−2)

))
∥πkh∥2L2(∂B1)

as well as

(25) −
ˆ
∂B1

1

2
(d+1)h2 dHd−1 = −

∞∑
k=0

1

2
(d+1)∥πkh∥2L2(∂B1)

.

Comparing coefficients, it follows that, as it should be, we have a spectral gap
for modes k ≥ 2, whereas k = 0 is unstable and k = 1 is, to leading order,
indeterminate. More precisely, for the stable modes it holds

(26)

∞∑
k=2

1

2
(d+1)∥πkh∥2L2(∂B1)

=
1

2

∞∑
k=2

d+1

1 + 1
2k

(
k + (d−2)

)(1 + 1

2
k
(
k + (d−2)

))
∥πkh∥2L2(∂B1)

≤ 1

2

∞∑
k=2

(
1 +

1

2
k
(
k + (d−2)

))
∥πkh∥2L2(∂B1)

since Ck := d+1
1+ 1

2k(k+(d−2))
≤ C2 = 1 for k ≥ 2.

The unstable and indeterminate modes may be corrected based on the last right
hand side term of (14). To be precise, fix constants c0 ∈ (0,∞) as well as c1 ∈ (0,∞)
and choose accordingly

a = c0

ˆ
∂B1

hdHd−1 ∈ R and b⃗ = c1

ˆ
∂B1

xhdHd−1 ∈ Rd(27)

such that

(28)

ˆ
∂B1

ah+ (⃗b · x)hdHd−1 = c0∥π0h∥2L2(∂B1)
+ c1∥π1h∥2L2(∂B1)

.
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A Taylor expansion then gives: For all γ ∈ (0, 1) there exists ε ≪γ,c0,c1 1 such that
if ∥h∥W 1,∞(∂B1) ≤ ε, then

(29) c0∥π0h∥2L2(∂B1)
+ c1∥π1h∥2L2(∂B1)

− γErel[F |ξ] ≤ −
ˆ
Rd

(χF − χB1
)La,⃗b dx.

Inserting all this information into (14), we deduce that for all γ ∈ (0, 1) there
exists ε ≪γ,c0,c1 1 such that if ∥h∥W 1,∞(∂B1) ≤ ε, then
(30)

Hd−1(∂∗F )−Hd−1(∂B1) ≥ (1−γ)Erel[F |ξ]

−
∑

k∈{0,1}

(
(d+1)− ck

)
∥πkh∥2L2(∂B1)

− 1

2
(1+γ)

∞∑
k=2

(
1 +

1

2
k
(
k + (d−2)

))
∥πkh∥2L2(∂B1)

.

A suitable choice of the constants c0 ∈ (0,∞) and c1 ∈ (0,∞) therefore allows to
infer that
(31)

Hd−1(∂∗F )−Hd−1(∂B1) ≥ (1−γ)Erel[F |ξ]

− 1

2
(1+γ)

∞∑
k=2

(
1 +

1

2
k
(
k + (d−2)

))
∥πkh∥2L2(∂B1)

≥ (1−γ)Erel[F |ξ]− 1

2

1+γ

1−γ
Erel[F |ξ].

This, however, entails (17).

Remark 5. We note that only the lower bound (20) actually required the assump-
tion ∥h∥W 1,∞(∂B1) ≪ 1. The remaining arguments are even valid under the less
restrictive assumption ∥h∥L∞(∂B1) ≪ 1.

3.3. Outline of strategy. The proof of our main contribution, Theorem 2, is
based on two explicit “coarse-graining” steps for the geometry of the competitor F ,
both being compatible with the structure of the relative energy equality (14) and
the isoperimetric inequality (11) we aim to derive from it.

• Step 1 (“tubular neighborhood averaging”): We introduce a height function
h : ∂B1 → R by integrating the symmetric difference F∆B1 along normal
rays from ∂B1. This height function serves as a BV graph approxima-
tion Fh of the competitor F . Within the relative energy inequality (14) we
may pass from F to Fh since we prove in Lemma 6

Erel[F |ξ] ≪ 1 ⇒
∣∣∣∣ˆ

F∆Fh

∇ · ξ + (d−1) dx

∣∣∣∣ ≪ Erel[F |ξ].(32)

Furthermore, we establish in Lemma 7 a careful BV analogue of the second
lower bound of (17), i.e., that relative energy controls suitably height h and
slope Dtanh. Roughly speaking, we show that relative energy provides L2

control in terms of height, L2 control in terms of slope for parts of ∂∗F
already being in a “Fuglede regime”, and total variation control in terms
of slope for all other parts of ∂∗F .

• Step 2 (“smoothing by mollification”): To enter the spectral analysis by
spherical harmonics, we mollify the BV graph approximation Fh at a scale λ
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Figure 2. Starting from a general set of finite perimeter (left), we
first approximate it by a BV graph over ∂B1 (middle), and then
by a smooth one (right). The key is to control the error in each
step by the relative energy Erel[F |ξ].

directly linked to the relative energy Erel[F |ξ] and obtain a smooth graph
approximation Fhλ

. The associated smooth height function hλ essentially
satisfies the second lower bound of (17)

Erel[F |ξ] ≪ 1 ⇒ ∥h∥2L2(∂B1)
+

1

2
∥∇∂B1

h∥2L2(∂B1)
≤ Erel[F |ξ].(33)

The precise statement is the content of Lemma 8. We may also again pass
from Fh to Fhλ

in the relative energy inequality (14) by showing in Lemma 9

Erel[F |ξ] ≪ 1 ⇒
∣∣∣∣ˆ

Fh∆Fhλ

∇ · ξ + (d−1) dx

∣∣∣∣ ≪ Erel[F |ξ].(34)

After these two coarse-graining steps, which themselves are derived by a careful
slicing argument for which we set the stage in Section 4.1, we may close the estimates
by our interpretation of Fuglede’s argument from Section 3.2. The above two coarse-
graining steps are in their essence not new and are, for a different purpose in a
different setting, in non-optimized form already present in [7] (see also [8] for some
multi-phase versions of our slicing arguments). In the present contribution, we
are in contrast to [7], however, not allowed to loose arbitrary constants in the
estimates as our goal is to absorb the bulk term from the relative energy equality
into a fraction of the relative energy. Within this coercivity argument, we also
aim to identify the same spectral gap as in the first lower bound of (17); now, of
course, under the substantially weaker smallness of excess assumption (4). These
requirements lead to the streamlined and optimized version of the geometry coarse-
graining of the present contribution.

4. Proofs of main results

The following subsections 4.1–4.5 provide a proof of Theorem 2, for which we
fix throughout a set of finite perimeter F ⊂ Rd satisfying the constraints (7)–(10),
and determine the constant ε ∈ (0, 1) in the course of the proof.

4.1. Coercivity of the relative energy. It is our goal to specify the error control
provided by the relative energy. To this end, we distinguish between its behaviour
within and outside a tubular neighborhood around ∂B1. We start with the former.

Let δ ∈ (0, 1
4 ), define Tπ := [0, π)d−2 × [0, 2π), and consider the map

(35)
f : (−∞, 1)× Tπ → Rd \ {0},

(s, θ⃗) 7→ f(s, θ⃗),
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induced by polar coordinates, where the radial variable is replaced by the signed
distance s to ∂B1. The restriction of f to the interior of Tπ is a diffeomorphism
onto Rd \{x ∈ Rd : xd = 0, xd−1 ≥ 0}. By stability of sets of finite perimeter under
diffeomorphic coordinate changes (cf. [14, Section 17.1]) and BV slicing theory (cf.

[1, Section 3.11]), we know that for Ld−1-a.e. θ⃗ ∈ Tπ

(S1)θ⃗ the set Fθ⃗ := {s ∈ (−δ, δ) : f(s, θ⃗) ∈ F} is a set of finite perimeter in (−δ, δ),
i.e., a union of finitely many open and bounded intervals,

(S2)θ⃗ χF (f(s, θ⃗)) = χ∗
F (f(s, θ⃗)) for L1-a.e. s ∈ (−δ, δ), where χ∗

F denotes the
precise representative of χF ,

(S3)θ⃗ ∂∗Fθ⃗ = {s ∈ (−δ, δ) : f(s, θ⃗) ∈ ∂∗F},
(S4)θ⃗ n∂∗F (f(s, θ⃗)) · n∂B1(f(0, θ⃗)) ̸= 0 for all s ∈ ∂∗Fθ⃗,

(S5)θ⃗ lims̃↓s χ
∗
F (f(s̃, θ⃗)) = 1 as well as lims̃↑s χ

∗
F (f(s̃, θ⃗)) = 0 if n∂∗F (f(s, θ⃗)) ·

n∂B1
(f(0, θ⃗)) > 0, s ∈ ∂∗Fθ⃗,

(S6)θ⃗ lims̃↓s χ
∗
F (f(s̃, θ⃗)) = 0 as well as lims̃↑s χ

∗
F (f(s̃, θ⃗)) = 1 if n∂∗F (f(s, θ⃗)) ·

n∂B1
(f(0, θ⃗)) < 0, s ∈ ∂∗Fθ⃗.

Denoting the Ld−1 null set in Tπ for which the above does not apply by N , i.e.,

(36) Tπ \ N = {θ⃗ ∈ Tπ : (S1)θ⃗, . . . , (S6)θ⃗ apply},

we now decompose Tπ \ N in the form of

Tπ \ N = Θoutside ∪Θgraph ∪Θslope,(37)

where

Θoutside :=
{
θ⃗ ∈ Tπ \ N : #∂∗Fθ⃗ = 0

}
,(38)

Θgraph :=
{
θ⃗ ∈ Tπ \ N : ∂∗Fθ⃗ = {s},n∂∗F (f(s, θ⃗)) · n∂B1

(f(0, θ⃗)) > 0
}
,(39)

and

(40)
Θslope :=

{
θ⃗ ∈ Tπ \ N : either #∂∗Fθ⃗ ≥ 2 or ∂∗Fθ⃗ = {s}

such that n∂∗F (f(s, θ⃗)) · n∂B1
(f(0, θ⃗)) < 0

}
.

Or in words, Θoutside represents the set of those angles θ⃗ ∈ Tπ for which the
interface of F does not appear in the slice Fθ⃗, Θgraph represents the set of those

angles θ⃗ ∈ Tπ for which the interface of F appears once and with correct orientation

in the slice Fθ⃗, and Θslope represents the set of those angles θ⃗ ∈ Tπ for which
the interface of F appears either with overlaps or exactly once but with wrong
orientation in the slice Fθ⃗.

It will also be crucial to identify the set of those angles θ⃗ ∈ Θgraph corresponding
to perturbatively small slope of the height function, i.e., the Fuglede regime:

ΘFuglede :=
{
θ⃗ ∈ Θgraph : n∂∗F (f(s, θ⃗)) · n∂B1(f(0, θ⃗)) ≥

1√
1+c2

}
,(41)

where c ∈ (0, 1].

Define the relative energy density erel(s, θ⃗) := (1 − n∂∗F · ξ)(f(s, θ⃗)), (s, θ⃗) ∈
(−δ, δ)×Tπ, as well as η(s) := 1− s2, s ∈ (−δ, δ). In particular,

erel(s, θ⃗) = 1− η(s)n∂∗F (f(s, θ⃗)) · n∂B1
(f(0, θ⃗)), (s, θ⃗) ∈ (−δ, δ)×Tπ.(42)
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Defining N δ := {f(s, θ⃗) : θ⃗ ∈ N , s ∈ (−δ, δ)}, we then obtain from the area formula

(43)

ˆ
∂∗F∩({dist(·,∂B1)<δ}\N δ)

1− n∂∗F · ξ dHd−1

=

ˆ
Tπ\N

∑
s∈∂∗F

θ⃗

(1−s)d−1

|n∂∗F (f(s, θ⃗)) · n∂B1(f(0, θ⃗))|
erel(s, θ⃗) dθ⃗.

Since

(44)
erel(s, θ⃗) =

(
1−η(s)

)
+ η(s)

(
1−n∂∗F (f(s, θ⃗)) · n∂B1(f(0, θ⃗))

)
= s2 + (1−s2)

(
1−n∂∗F (f(s, θ⃗)) · n∂B1

(f(0, θ⃗))
)
,

we get
(45)̂

∂∗F∩({dist(·,∂B1)<δ}\N δ)

1− n∂∗F · ξ dHd−1

≥
ˆ
Tπ\N

∑
s∈∂∗F

θ⃗

(1−s)d−1

|n∂∗F (f(s, θ⃗)) · n∂B1
(f(0, θ⃗))|

(
eheight(s, θ⃗) + eslope(s, θ⃗)

)
dθ⃗,

where in the last line we abbreviated

eheight(s, θ⃗) := s2,(46)

eslope(s, θ⃗) := (1−δ2)
(
1−n∂∗F (f(s, θ⃗)) · n∂B1

(f(0, θ⃗))
)
.(47)

We also control the length of vertical components of the competitor interface by
means of
(48)̂

∂∗F∩{dist(·,∂B1)<δ}∩N δ

1− n∂∗F · ξ dHd−1

≥ Hd−1

(
∂∗F ∩ {dist(·, ∂B1) < δ} ∩ N δ ∩

{
x : n∂∗F (x) · n∂B1

( x

|x|

)
= 0

})
.

For x ∈ Rd with dist(x, ∂B1) ≥ δ, we simply note that (1−n∂∗F · ξ)(x) ≥ δ2.
Hence, outside the δ-tubular neighborhood we control the length of the interface of
the competitor in the sense ofˆ

∂∗F∩{dist(·,∂B1)≥δ}
1− n∂∗F · ξ dHd−1 ≥ δ2Hd−1

(
∂∗F ∩ {dist(·, ∂B1) ≥ δ}

)
.(49)

4.2. From general competitor to its BV graph approximation. Let δ ∈
(0, 1

4 ). We define a height function h : Tπ → [−δ, δ]

h(θ⃗) := −
ˆ δ

−δ

(χF−χB1
)(f(s, θ⃗)) ds.(50)

In what follows, we will always identify h with its periodic extension from Tπ =
[0, π)d−2×[0, 2π) to Rd−1. The point of this height function is that it provides a
BV graph approximation χh to χF up to an admissible error in the relative energy:

χh(f(s, θ⃗)) := χB1
(f(s, θ⃗))− χ{(s,θ⃗) : 0≤s≤h(θ⃗)}(s, θ⃗) + χ{(s,θ⃗) : h(θ⃗)≤s≤0}(s, θ⃗).(51)

Indeed:
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Lemma 6. For every C ′ ∈ (1,∞) one may choose δ ≪ 1 and ε ≪δ 1 such that

−
ˆ
Rd

(χF − χh)(∇ · ξ + (d−1)) dx ≥ − 1

C ′Erel[F |ξ].(52)

Proof of Lemma 6. By the change of variables (−∞, 1)×Tπ ∋ (s, θ⃗) 7→ x := f(s, θ⃗)

with associated Jacobian determinant Jf (s, θ⃗), we may split the task into three
parts: ˆ

Rd

(χF − χh)(∇ · ξ + (d−1)) dx =: I + II + III,(53)

where

I :=

ˆ
Tπ

ˆ δ

−δ

(
χF−χh

)
(f(s, θ⃗))

(
∇ · ξ+(d−1)

)
(f(s, θ⃗))Jf (s, θ⃗) dsdθ⃗,(54)

II :=

ˆ
Tπ

ˆ 1

δ

(
χF−1

)
(f(s, θ⃗))

(
∇ · ξ+(d−1)

)
(f(s, θ⃗))Jf (s, θ⃗) dsdθ⃗,(55)

III :=

ˆ
Tπ

ˆ −δ

−∞
χF (f(s, θ⃗))

(
∇ · ξ+(d−1)

)
(f(s, θ⃗))Jf (s, θ⃗) dsdθ⃗.(56)

We start with the contribution from III and note that, since ξ is compactly sup-
ported, |III| ≲ Ld((Rd \ B1+δ) ∩ F ). Due to the volume constraint (7), Ld((Rd \
B1+δ) ∩ F ) ≤ ωd and thus by the relative isoperimetric inequality in Rd \ B1+δ it

follows |III| ≲ Hd−1((Rd \ B1+δ) ∩ ∂∗F )
d

d−1 . However, by the error control (49),
Hd−1((Rd \ B1+δ) ∩ ∂∗F ) ≤ 1

δ2Erel[F |ξ] so that the smallness of the relative en-
ergy (10) implies for ε ≪δ 1

|III| ≤ 1

3C ′Erel[F |ξ].(57)

The argument for the required estimate of II is similar. However, in order to
avoid a degenerating constant from the relative isoperimetric inequality in B1−δ,
we actually perform a case distinction. To this end, we first consider the case that
Ld

(
B1−δ \ F

)
≤ 1

2 (1−δ)dωd. Arguing as for III, but now based on the relative

isoperimetric inequality in B1−δ, shows |II| ≤ 1
3C′Erel[F |ξ]. In the other case,

recalling the volume constraint (7) and noting that Ld(B1+δ \ B1−δ) = O(δ)ωd, it
follows Ld((Rd \ B1+δ) ∩ F ) ≥ ωd − O(δ)ωd − 1

2 (1−δ)2ωd, which may be bounded
from below by ωd

4 provided δ ≪ 1. Hence, provided δ ≪ 1, we may estimate

Ld(B1−δ \ F ) ≤ (1−δ)2ωd = 4(1−δ)2 ωd

4 ≤ 4(1 − δ)2Ld((Rd \ B1+δ) ∩ F ). The
argument for III therefore enables us to conclude the second case, so that in both
cases for δ ≪ 1 and ε ≪δ 1

|II| ≤ 1

C ′Erel[F |ξ].(58)

It remains to estimate the contribution from I. First note that for θ⃗ ∈ Θoutside∪
Θgraph it holds

(
χF−χh

)
(f(s, θ⃗)) = 0 for a.e. s ∈ (−δ, δ). Hence, we only have to

provide an estimate for θ⃗ ∈ Θslope. A crude estimate then gives

|I| ≲
ˆ
Θslope

ˆ δ

−δ

(1−s)d−1 dsdθ⃗ = Ld−1(Θslope)O(δ).(59)

Next, we claim

Ld−1(Θslope) ≲ Erel[F |ξ].(60)
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Indeed, for each θ⃗ ∈ Θslope we may find sθ⃗ ∈ ∂∗Fθ⃗ such that n∂∗F (f(sθ⃗, θ⃗)) ·
n∂B1

(f(0, θ⃗)) < 0; in particular, eslope(sθ⃗, θ⃗) ≥ 1− δ2, see (47). Hence,

(61)

Ld−1(Θslope)

≤ (1+O(δ))

ˆ
Θslope

(1−sθ⃗)
d−1

|n∂∗F (f(sθ⃗, θ⃗)) · n∂B1
(f(0, θ⃗))|

eslope(sθ⃗, θ⃗) dθ⃗

so that (60) follows from (45). In summary, we obtain for δ ≪ 1

|I| ≤ 1

3C ′Erel[F |ξ].(62)

This concludes the proof. □

We will also require the following properties:

Lemma 7. The height function h defined by (50) satisfies h ∈ BV (Tπ), and we

denote by Dh = ∇hdθ⃗ +Dsh the associated Radon–Nikodym decomposition of the
distributional derivative Dh (recall here that we always identify h with its periodic
extension from Tπ = [0, π)d−2×[0, 2π) to Rd−1).

Furthermore, for every C ′ ∈ (1,∞) one may choose δ ≪ 1 and ε ≪δ 1 such that
we obtain

i) a global L2 estimate for the height of the BV graph approximation (recall
the notation from 4.1)

(63)

ˆ
Tπ

h2 dθ⃗

≤
(
1+O(δ)

) ˆ
Tπ\N

∑
s∈∂∗F

θ⃗

(1−s)d−1

|n∂∗F (f(s, θ⃗)) · n∂B1(f(0, θ⃗))|
eheight(s, θ⃗) dθ⃗

+
1

C ′Erel[F |ξ],

ii) in the graph regime with perturbatively small slope (i.e., in the Fuglede
regime (41)) an L2 estimate for the absolutely continuous part of Dh

(64)

ˆ
Tπ∩ΘFuglede

|∇h|2 dθ⃗

≤
(
2
√
1+c2+O(δ)

)
×
ˆ
(Tπ\N )∩ΘFuglede

∑
s∈∂∗F

θ⃗

(1−s)d−1

|n∂∗F (f(s, θ⃗)) · n∂B1
(f(0, θ⃗))|

eslope(s, θ⃗) dθ⃗,

iii) in all other regimes at least a total variation estimate for the absolutely
continuous part of Dh

(65)

ˆ
Tπ\ΘFuglede

|∇h|dθ⃗

≤
(
max

{
3,
(
1− 1√

1+c2

)−1}
+O(δ)

)
×
ˆ
Tπ\(N∪ΘFuglede)

∑
s∈∂∗F

θ⃗

(1−s)d−1

|n∂∗F (f(s, θ⃗)) · n∂B1(f(0, θ⃗))|
eslope(s, θ⃗) dθ⃗,
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iv) and finally a total variation estimate for the singular part of Dh
(66)
∥Dsh∥TV (Tπ)

≤ Hd−1

(
∂∗F ∩ {dist(·, ∂B1) < δ} ∩ N δ ∩

{
x : n∂∗F (x) · n∂B1

( x

|x|

)
= 0

})
.

Proof of Lemma 7. We split the proof into three steps.
Step 1 (Proof of h ∈ BV (Tπ)). We first introduce an auxiliary height function

h̃ : ∂B1 → [−δ, δ] by means of h̃(f(s, θ⃗)) := h(θ⃗), θ⃗ ∈ Tπ. Let η ∈ C∞(∂B1;Rd)
such that η(x) ∈ Tanx∂B1 for all x ∈ ∂B1. Then, with the convention η̃(x) :=
η(x+s(x) x

|x| ), x ∈ {dist(·, ∂B1) ≤ δ}, we first obtain by the chain rule and∇2s(x) =

− 1
1−s(x) (Id−∇s(x)⊗∇s(x)) that

(67)

∇η̃(x) = (∇tanη)
(
x+s(x)

x

|x|

)(
Id−∇s(x)⊗∇s(x)− s(x)∇2s(x)

)
= (∇tanη)

(
x+s(x)

x

|x|

) 1

1− s(x)

(
Id−∇s(x)⊗∇s(x)

)
.

As a consequence, we may compute based on an integration by parts along ∂B1,
the definition of the height function h̃, an integration by parts within the tubular
neighborhood x ∈ {dist(·, ∂B1) < δ}, and the fact that η̃(x) · ∇s(x) = η̃(x) ·
n⃗∂B1

( x
|x| ) = −η̃(x) · x

|x| = 0,

(68)

⟨Dtanh̃, η⟩ = −
ˆ
∂B1

h̃∇tan · η dS(x)

=

ˆ
∂B1

(∇tan · η)(x)
ˆ δ

−δ

(χF−χB1
)
(
x−s

x

|x|

)
dsdS(x)

=

ˆ
∂B1

ˆ δ

−δ

(
(∇ · η̃)(χF−χB1

)
)(

x−s
x

|x|

)
(1−s) dsdS(x)

=

ˆ
{x : dist(x,∂B1)<δ}

(∇ · η̃)(χF−χB1
)

1

(1−s)d−2
dx

= −
ˆ
∂∗F∩{x : dist(x,∂B1)<δ}

η̃ · n∂∗F
1

(1−s)d−2
dHd−1

= −
ˆ
∂∗F∩{x : dist(x,∂B1)<δ}

η̃ · 1

(1−s)d−2

(
Id−∇s⊗∇s

)
n∂∗F dHd−1.

Hence, for any Borel measurable U ⊂ ∂B1 we have the representation formula

(69)

Dtanh̃(U)

=
1

(1−s)d−2

(
Id−∇s⊗∇s

)
n∂∗F H1

(
∂∗F ∩ Uδ ∩ {x : dist(x, ∂B1) < δ}

)
,

where Uδ = {x− s x
|x| : x ∈ U, s ∈ (−δ, δ)}. This shows h̃ ∈ BV (∂B1) and thus h ∈

BV (Tπ). More precisely, introducing the unit length tangent vectors ti(f(0, θ⃗)) :=

(∂θif)(0, θ⃗), θ⃗ = (θ1, . . . , θd−1) ∈ Tπ, we obtainˆ
Tπ

ζei · dDh =

ˆ
∂B1

ζ̃ti · dDtanh̃(70)
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for all ζ ∈ C∞(Tπ) and ζ̃(f(0, θ⃗)) := ζ(θ⃗), θ⃗ ∈ Tπ, and all i = 1, . . . , d−1.
Step 2 (Proof of (64)–(66)). We deduce from (69) that

∥Dsh∥TV (Tπ) ≤ H1
(
∂∗F ∩ (suppDsh)δ ∩ {x : dist(x, ∂B1) < δ}

)
.(71)

Since suppDsh ⊂ N and Ld−1(N ) = 0, it further follows
(72)

Hd−1
(
∂∗F ∩ (suppDsh)δ ∩ {x : dist(x, ∂B1) < δ}

)
≤ Hd−1

(
∂∗F ∩N δ ∩ {x : dist(x, ∂B1) < δ} ∩

{
n∂∗F (x) · n∂B1

( x

|x|

)
̸= 0

})
+Hd−1

(
∂∗F ∩N δ ∩ {x : dist(x, ∂B1) < δ} ∩

{
n∂∗F (x) · n∂B1

( x

|x|

)
= 0

})
=

ˆ
Tπ∩N

∑
s∈∂∗F

θ⃗

n∂∗F (f(s,θ⃗))·n∂B1
(f(0,θ⃗)) ̸=0

(1−s)d−1

|n∂∗F (f(s, θ⃗)) · n∂B1
(f(0, θ⃗))|

dθ⃗

+Hd−1

(
∂∗F ∩N δ ∩ {x : dist(x, ∂B1) < δ} ∩

{
n∂∗F (x) · n∂B1

( x

|x|

)
= 0

})
= Hd−1

(
∂∗F ∩N δ ∩ {x : dist(x, ∂B1) < δ} ∩

{
n∂∗F (x) · n∂B1

( x

|x|

)
= 0

})
.

Hence, (66) follows from the previous two displays.
For a proof of (64) and (65), we first record that by (69), (70) and the notational

shorthand PTanx∂B1 for the orthogonal projection onto Tanx∂B1, x ∈ ∂B1,

(73) ∇h(θ⃗) =
∑

s∈∂∗F
θ⃗

1−s

|n∂∗F (f(s, θ⃗)) · n∂B1
(f(0, θ⃗))|

PTan
f(0,θ⃗)

∂B1

(
n∂∗F (f(s, θ⃗))

)
for all θ⃗ ∈ Tπ \ N . In particular,

∇h(θ⃗) = 0, θ⃗ ∈ Θoutside.(74)

Furthermore, by the Pythagorean theorem,

(75)
q(s, θ⃗) :=

∣∣PTan
f(0,θ⃗)

∂B1

(
n∂∗F (f(s, θ⃗))

)∣∣
|n∂∗F (f(s, θ⃗)) · n∂B1(f(0, θ⃗))|

≤ c

⇔ |n∂∗F (f(s, θ⃗)) · n∂B1(f(0, θ⃗))| ≥
1√
1+c2

.

We can therefore perform the following case distinction for fixed θ⃗ ∈ Θgraph∪Θslope

and fixed s ∈ ∂∗Fθ⃗:

1) If n∂∗F (f(s, θ⃗)) · n∂B1
(f(0, θ⃗)) < 0, then due to eslope(s, θ) ≥ 1 − δ2 and

|PTan
f(0,θ⃗)

∂B1(n∂∗F (f(s, θ⃗)))| ≤ 1

(1−s)q(s, θ⃗) ≤ (1+O(δ))
(1−s)d−1

|n∂∗F (f(s, θ⃗)) · n∂B1
(f(0, θ⃗))|

eslope(s, θ⃗).(76)

2a) If θ⃗ ∈ ΘFuglede ⊂ Θgraph, in particular by definition q(s, θ⃗) ≤ 1, then due

to |PTan
f(0,θ⃗)

∂B1
(n∂∗F (f(s, θ⃗)))|2 = 1 − |n∂∗F (f(s, θ⃗)) · n∂B1

(f(0, θ⃗))|2 ≤
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2eslope(s, θ⃗) and (75)

(77)

(1−s)2q2(s, θ⃗)

≤
√
2

(1−s)2

|n∂∗F (f(s, θ⃗)) · n∂B1
(f(0, θ⃗))|

(
1−

(
n∂∗F (f(s, θ⃗)) · n∂B1(f(0, θ⃗))

)2)
≤ 2

√
1+c2(1+O(δ))

(1−s)d−1

|n∂∗F (f(s, θ⃗)) · n∂B1
(f(0, θ⃗))|

eslope(s, θ⃗).

2b) If θ⃗ ∈ Θslope, n∂∗F (f(s, θ⃗)) · n∂B1
(f(0, θ⃗)) > 0, and q(s, θ⃗) ≤ 1, then choose

first an adjacent s̃ ∈ ∂∗Fθ⃗ \ {s} such that n∂∗F (f(s̃, θ⃗)) · n∂B1(f(0, θ⃗)) < 0
and estimate

(78)

(1−s)q(s, θ⃗)

≤ 1+O(δ) ≤ (1+O(δ))
(1−s̃)d−1

|n∂∗F (f(s̃, θ⃗)) · n∂B1
(f(0, θ⃗))|

eslope(s̃, θ⃗).

3) Finally, if n∂∗F (f(s, θ⃗)) · n∂B1
(f(0, θ⃗)) > 0 and q(s, θ⃗) > 1, then due to

|PTan
f(0,θ⃗)

∂B1
(n∂∗F (f(s, θ⃗)))| ≤ 1 and, by the equivalence (75), 1− 1√

1+c2
≤

1− n∂∗F (f(s, θ⃗)) · n∂B1
(f(0, θ⃗)) = eslope(s, θ⃗) we obtain

(79)

(1−s)q(s, θ⃗)

≤
(
1− 1√

1+c2

)−1 1−s

|n∂∗F (f(s, θ⃗)) · n∂B1(f(0, θ⃗))|
(
1− n∂∗F (f(s, θ⃗)) · n∂B1

(f(0, θ⃗))
)

≤
(
1− 1√

1+c2

)−1

(1+O(δ))
(1−s)d−1

|n∂∗F (f(s, θ⃗)) · n∂B1
(f(0, θ⃗))|

eslope(s, θ⃗).

Item 2a) with (73) immediately yields (64). Furthermore, we carefully note that

for θ⃗ ∈ Θslope one can always arrange the choice of an adjacent s̃ ∈ ∂∗Fθ⃗ \ {s} from
item 2b) such that one uses the error control given by item 1) for that particular s̃
at most 2 times through an application of item 2b), hence overall at most 3 times.
In summary, combining items 1), 2b) and 3) with (73) and (74) yields (65).

Step 3 (Proof of (63)). First, we claim that for every C ′ ∈ (1,∞) one may
choose δ ≪ 1 and ε ≪δ 1 such thatˆ

Θoutside∪Θslope

h2 dθ⃗ ≤ 1

C ′Erel[F |ξ].(80)

For the case of angles in Θslope, this follows from the simple estimateˆ
Θslope

h2 dθ⃗ ≤ δ2Ld−1(Θslope)(81)

and the already established estimate (60). For the case of angles in Θoutside, one
may argue based on

(82)

ˆ
Θoutside

h2 dθ⃗ ≲ Ld−1(Θoutside)δ
2

≲ δ
(
Ld(B1− δ

2
\ F ) + Ld

(
(Rd \B1+ δ

2
) ∩ F

))
as well as an argument relying on the relative isoperimetric inequality in B1− δ

2
resp.

Rd \B1+ δ
2
analogous to the proof of Lemma 6.
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For the remaining contribution from Θgraph, we simply observe

(83)

ˆ
Θgraph

h2 dθ⃗

≤ (1+O(δ))

ˆ
Θgraph

(1−h(θ⃗))d−1

|n∂∗F (f(h(θ⃗), θ⃗)) · n∂B1(f(0, θ⃗))|
eheight(h(θ⃗), θ⃗) dθ⃗.

This concludes the proof. □

4.3. From BV graph approximation to smooth graph approximation. In
order to arrive at a situation where we will apply a Fuglede-type argument to close
the estimates, we need to regularize our BV graph approximation. To this end,
let ρ ∈ C∞

cpt(R; [0, 1]) be a standard radial symmetric mollifier with unit mass and

support in {x′ ∈ Rd−1 : |x′| ≤ 1}, and let λ ∈ (0, 1) be an upper bound for the
relative energy in the sense that

Erel[F |ξ] ≤ λ2 ≪ 1.(84)

We think of λ as

λ2(d−1) := M2Erel[F |ξ], with M ≫ 1 and ε ≪M 1.(85)

We then define a smooth height function hλ : Tπ → [−δ, δ] by means of (again,
we remind the reader that we identify h, cf. (50), with its periodic extension from
Tπ = [0, π)d−2×[0, 2π) to Rd−1)

hλ(θ⃗) :=

ˆ
Rd−1

1

λd−1
ρ
( θ⃗ − θ⃗′

λ

)
h(θ⃗′) dθ⃗′.(86)

Lemma 8. For each C ′ ∈ (1,∞) and c ∈ (0, 1] one may choose the constants
M ≫C′,c 1, δ ≪ 1, and ε ≪δ 1 such that for λ from (85) with corresponding
mollified height function hλ from (86) we have an L2 estimate for the height of the
smooth graph approximation (recall the notation from 4.1) in the form of

(87)

ˆ
Tπ

h2
λ dθ⃗

≤
(
1+O(δ)

) ˆ
Tπ\N

∑
s∈∂∗F

θ⃗

(1−s)d−1

|n∂∗F (f(s, θ⃗)) · n∂B1
(f(0, θ⃗))|

eheight(s, θ⃗) dθ⃗

+
1

C ′Erel[F |ξ],
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as well as an L2 estimate for its derivative in the form of
(88)ˆ

Tπ

|∇hλ|2 dθ⃗

≤
(
2
√
1+c2+O(δ)+

1

C ′

)
×
ˆ
(Tπ\N )∩ΘFuglede

∑
s∈∂∗F

θ⃗

(1−s)d−1

|n∂∗F (f(s, θ⃗)) · n∂B1
(f(0, θ⃗))|

eslope(s, θ⃗) dθ⃗

+ 2

ˆ
Tπ\(N∪ΘFuglede)

∑
s∈∂∗F

θ⃗

(1−s)d−1

|n∂∗F (f(s, θ⃗)) · n∂B1
(f(0, θ⃗))|

eslope(s, θ⃗) dθ⃗

+ 2Hd−1

(
∂∗F ∩ {dist(·, ∂B1) < δ} ∩ N δ ∩

{
x : n∂∗F (x) · n∂B1

( x

|x|

)
= 0

})
.

In other words, recalling (45) and (48), the analogue of the sharp lower bound
of (20) holds.

Proof of Lemma 8. Since (87) follows directly from (63), we immediately turn our
attention to the proof of (88).

Define the convex function G : [0,∞) → [0,∞)

G(ℓ) :=

{
ℓ2, if ℓ ∈ [0, 1],

2ℓ− 1, if ℓ ∈ (1,∞).
(89)

Note that

G(ℓ+ℓ̃) ≤ 2G(ℓ) + 2G(ℓ̃), ℓ, ℓ̃ ∈ [0,∞),(90)

and

G(ℓ+ℓ̃) ≤ (1+κ2)ℓ2 + (1+κ−2)ℓ̃2, ℓ, ℓ̃ ∈ [0, 1], ℓ+ ℓ̃ ≤ 1, κ ∈ (0, 1).(91)

Since

∇hλ(θ) =

ˆ
Rd−1

1

λd−1
ρ
( θ⃗ − θ⃗′

λ

)
∇h(θ⃗′) dθ⃗′ +

ˆ
Rd−1

1

λd−1
ρ
( θ⃗ − θ⃗′

λ

)
dDsh(θ⃗′),

(92)

it follows from non-negativity of ρ, monotonicity of G, (90), and Jensen’s inequality
(93)
G(|∇hλ|)

≤ G

(ˆ
Rd−1

1

λd−1
ρ
( θ⃗ − θ⃗′

λ

)∣∣∇h(θ⃗′)
∣∣dθ⃗′ + ˆ

Rd−1

1

λd−1
ρ
( θ⃗ − θ⃗′

λ

)
d
∣∣Dsh

∣∣(θ⃗′))
≤
ˆ
Rd−1

2G
(∣∣∇h(θ⃗′)

∣∣) 1

λd−1
ρ
( θ⃗ − θ⃗′

λ

)
dθ⃗′

+ 2G

(ˆ
Rd−1

1

λd−1
ρ
( θ⃗ − θ⃗′

λ

)
d
∣∣Dsh

∣∣(θ⃗′)).
Since, by (66),

ˆ
Rd−1

1

λd−1
ρ
( θ⃗ − θ⃗′

λ

)
d
∣∣Dsh

∣∣(θ⃗′) ≤ 1

λd−1

ˆ
∂∗F∩N δ

1− n∂∗F · ξ dHd−1(94)
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and since by (64)–(65) and G(ℓ) ≤ 2min{ℓ, ℓ2}

(95)

ˆ
Rd−1

2G
(∣∣∇h(θ⃗′)

∣∣) 1

λd−1
ρ
( θ⃗ − θ⃗′

λ

)
dθ⃗′

≤ 4

(
max

{
3,
(
1− 1√

1+c2

)−1}
+O(δ)

)
× 1

λd−1

ˆ
(∂∗F\N δ)∩{dist(·,∂B1)<δ}

1− n∂∗F · ξ dHd−1,

we obtain for M ≫c 1 the global Lipschitz bound
(96)
G(|∇hλ|)

≤ G

(ˆ
Rd−1

1

λd−1
ρ
( θ⃗ − θ⃗′

λ

)∣∣∇h(θ⃗′)
∣∣dθ⃗′ + ˆ

Rd−1

1

λd−1
ρ
( θ⃗ − θ⃗′

λ

)
d
∣∣Dsh

∣∣(θ⃗′))
≤

√
Erel[F |ξ] ≤ 1,

i.e., |∇hλ|2 = G(|∇hλ|) ≤ 1. Denoting by Θ̃Fuglede ⊂ Rd−1 the periodic extension
of ΘFuglede ⊂ Tπ to Rd−1, we capitalize on the previous estimate by using (91)
instead of (90) to get, for all κ ∈ (0, 1),

(97)

ˆ
Tπ

|∇hλ|2 dθ⃗

≤
ˆ
Tπ

ˆ
Θ̃Fuglede

(1+κ2)
∣∣∇h(θ⃗′)

∣∣2 1

λd−1
ρ
( θ⃗ − θ⃗′

λ

)
dθ⃗′ dθ⃗

+

ˆ
Tπ

(1+κ−2)

(ˆ
Rd−1\Θ̃Fuglede

∣∣∇h(θ⃗′)
∣∣ 1

λd−1
ρ
( θ⃗ − θ⃗′

λ

)
dθ⃗′

)2

dθ⃗

+

ˆ
Tπ

(1+κ−2)

(ˆ
Rd−1

1

λd−1
ρ
( θ⃗ − θ⃗′

λ

)
d
∣∣Dsh

∣∣(θ⃗′))2

dθ⃗.

Choosing κ ≪C′ 1 such that (1+κ2)2
√
1+c2 ≤ 2

√
1+c2 + 1

C′ , we thus obtain
from (64)

(98)

ˆ
Tπ

ˆ
Θ̃Fuglede

(1+κ2)
∣∣∇h(θ⃗′)

∣∣2 1

λd−1
ρ
( θ⃗ − θ⃗′

λ

)
dθ⃗′ dθ⃗

≤ first r.h.s. term of (88).

Furthermore, we may choose M ≫C′,c 1 such that (65) and (45) imply

(99)

ˆ
Tπ

(1+κ−2)

(ˆ
Rd−1\Θ̃Fuglede

∣∣∇h(θ⃗′)
∣∣ 1

λd−1
ρ
( θ⃗ − θ⃗′

λ

)
dθ⃗′

)2

dθ⃗

≤ Ld−1(Tπ)(1+κ−2)
1

M2Erel[F |ξ]

(ˆ
Tπ\ΘFuglede

|∇h|dθ⃗
)2

≤ second r.h.s. term of (88).
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Finally, by choosingM ≫C′ 1 it follows from (94), (66) andHd−1(∂∗F∩{dist(·, ∂B1) <
δ} ∩ N δ ∩ {x : n∂∗F (x) · n∂B1(

x
|x| ) = 0}) ≤ Erel[F |ξ]

(100)ˆ
Tπ

(1+κ−2)

(ˆ
Rd−1

1

λd−1
ρ
( θ⃗ − θ⃗′

λ

)
d
∣∣Dsh

∣∣(θ⃗′))2

dθ⃗

≤ Ld−1(Tπ)(1+κ−2)
1

M2Erel[F |ξ]

×Hd−1

(
∂∗F ∩ {dist(·, ∂B1) < δ} ∩ N δ ∩

{
x : n∂∗F (x) · n∂B1

( x

|x|

)
= 0

})2

≤ third r.h.s. term of (88).

Hence, (88) follows from the previous three estimates. □

The estimates from Lemma 7 and Lemma 8 allow us to pass from the BV graph
approximation χh of χF to the smooth graph approximation χhλ

of χF defined by

χhλ
(f(s, θ⃗)) := χB1

(f(s, θ⃗))− χ{(s,θ⃗) : 0≤s≤hλ(θ⃗)}(s, θ⃗) + χ{(s,θ⃗) : hλ(θ⃗)≤s≤0}(s, θ⃗).

(101)

Lemma 9. For each C ′ ∈ (1,∞) one may choose M ≫ 1, δ ≪ 1, and ε ≪M 1
such that for λ from (85) with corresponding mollified height function hλ from (86)
it holds

−
ˆ
Rd

(χh − χhλ
)(∇ · ξ + (d−1)) dx ≥ − 1

C ′Erel[F |ξ].(102)

Proof of Lemma 9. We change variables and make use of (21) to compute

(103)

∣∣∣∣ˆ
Rd

(χh − χhλ
)(∇ · ξ + 1) dx

∣∣∣∣
≤
ˆ
Tπ

∣∣∣∣ ˆ hλ

h

(1−s)d−1
(
d+1)sds

∣∣∣∣dθ⃗.
Since |h| ≤ δ and |hλ| ≤ δ, we may estimate based on the L2 estimates (63) and (87)∣∣∣∣ˆ

Rd

(χh − χhλ
)(∇ · ξ + 1) dx

∣∣∣∣ ≲ ˆ
Tπ

∣∣h2
λ − h2

∣∣ dθ⃗ +O(δ)Erel[F |ξ].(104)

Furthermore, by x2 − y2 = (x − y)(x + y), the Cauchy–Schwarz inequality, again
the L2 estimates (63) as well as (87), and (45)

ˆ
Tπ

∣∣h2
λ − h2

∣∣dθ⃗ ≲

(ˆ
Tπ

(hλ − h)2 dθ⃗

) 1
2√

Erel[F |ξ].(105)

Smuggling in a telescope sum, we obtain from the triangle inequality(ˆ
Tπ

(hλ − h)2 dθ⃗

) 1
2

≤
∞∑
k=0

(ˆ
Tπ

(
h2−(k+1)λ − h2−kλ

)2
dθ⃗

) 1
2

.(106)

A BV slicing argument with respect to a suitable hyperplane in Rd−1 moreover
yields

sup
θ⃗∈Tπ

∣∣h2−(k+1)λ(θ⃗)− h2−kλ(θ⃗)
∣∣ ≲ 2−kλ∥Dh∥TV (Tπ).(107)



A QUANTITATIVE ISOPERIMETRIC INEQUALITY VIA CALIBRATIONS 21

Together with the estimate
(108)
∥Dh∥TV (Tπ)

≤
ˆ
Tπ

|∇h|χ|∇h|≥1 dθ⃗ +
√
Ld−1(Tπ)

(ˆ
Tπ

|∇h|2χ|∇h|≤1 dθ⃗

) 1
2

+ ∥Dsh∥TV (Tπ),

it follows from (64)–(66), (85), and the previous estimatesˆ
Tπ

∣∣h2
λ − h2

∣∣dθ⃗ ≲ M
1

d−1Erel[F |ξ]
1

2(d−1)Erel[F |ξ].(109)

Plugging this estimate back into (104) yields the claim. □

4.4. The Fuglede argument for the smooth graph approximation. Wemove
on by estimating the error between the smooth graph approximation χhλ

of the fixed
competitor F and the minimizer B1.

Lemma 10. For each γ ∈ (0, 1) one may choose M ≫ 1, δ ≪M 1, ε ≪δ,M 1,

a ∈ R and b⃗ ∈ Rd such that for λ from (85) with corresponding mollified height
function hλ from (86) it holds

(110)
−
ˆ
Rd

(χhλ
− χB1

)(∇ · ξ + 1) dx−
ˆ
Rd

(χhλ
− χB1

)La,⃗b dx

≥ −(1+γ)
1

2
Erel[F |ξ].

as well as

(111) −
ˆ
Rd

(χF − χhλ
)La,⃗b dx ≥ −γErel[F |ξ].

Proof of Lemma 10. Recalling Remark 5, the bounds from Lemma 8 precisely allow
us to prove (110) based on the same arguments as presented in Section 3.2 for the
proof of the classical Fuglede result (17), but now of course under the substantially
weaker assumption of Erel[F |ξ] ≪ 1.

It remains to prove (111). To this end, it is important to recall from comparing
with (27) that

a = c0

ˆ
Tπ

hλ(θ⃗) dθ⃗ and b⃗ = c1

ˆ
Tπ

hλ(θ⃗)f(0, θ⃗) dθ⃗,(112)

so that in particular by (87) and (45) it follows

|a|+ |⃗b| ≲
√
Erel[F |ξ].(113)

This in turn entails∣∣∣∣ˆ
Rd

(χh − χhλ
)La,⃗b dx

∣∣∣∣ ≲ √
Erel[F |ξ]

ˆ
Tπ

|h− hλ|dθ⃗.(114)

A telescope bound together with (107), (108), (64)–(66), and (85) thus guarantees∣∣∣∣ˆ
Rd

(χh − χhλ
)La,⃗b dx

∣∣∣∣ ≲ M
1

d−1Erel[F |ξ]
1

2(d−1)Erel[F |ξ],(115)

which is a bound of required form.
To control the contribution from the difference between the competitor F and

its BV graph approximation, we observe that, due to the assumption F ⊂ BR, we
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may simply employ the argument from the proof of Lemma 6 to deduce that for
every γ ∈ (0, 1) one may choose δ ≪ 1 and ε ≪δ,R 1 such that∣∣∣∣ˆ

Rd

(χF − χh)La,⃗b dx

∣∣∣∣ ≤ γErel[F |ξ].(116)

In summary, (111) follows from (115) and (116). □

4.5. Proof of Theorem 2. We complete the

Proof of Theorem 2. It remains to choose for given γ ∈ (0, 1) the constants M ≫ 1,
δ ≪M 1 and ε ≪δ,M 1 such that Lemma 6 and Lemma 9 guarantee

−
ˆ
Rd

(χF − χhλ
)(∇ · ξ + 1) dx ≥ −γErel[F |ξ].(117)

Inserting this estimate as well as the Fuglede-type estimates from Lemma 10 back
into our relative energy equality (14) establishes (11). □

4.6. Proof of Theorem 1. We proceed in two steps, the combination of which
yielding the claim of Theorem 1.

Step 1 (Reduction to bounded sets). We claim that there exist R ∈ [2,∞) and
C ∈ (1,∞) such that for all sets of finite perimeter F ⊂ Rd with Ld(F ) = ωd we
may construct another set of finite perimeter F ′ ⊂ Rd such that

F ′ ⊂ BR,(118)

Ld(F ′) = ωd,(119)

inf
x0∈Rd

Erel[F−x0|ξ] ≤ inf
x0∈Rd

Erel[F
′−x0|ξ](120)

+ C
(
Hd−1(∂∗F )−Hd−1(∂B1)

)
,

Hd−1(∂∗F ′)−Hd−1(∂B1) ≤ C
(
Hd−1(∂∗F )−Hd−1(∂B1)

)
.(121)

This reduction step essentially follows from the existing literature; in our partic-
ular case of a tilt-excess type distance from [11], which itself is based on [12]. For
the former, a careful inspection of the argument shows that we only need to deal
with a generalization of [11, inequality (3.5), page 931].

The relevant setting is the following: suppose we are given a set of finite perime-
ter F as in the claim as well as a second set of finite perimeter F̃ ⊂ F such that
∥χF − χF̃ ∥L1(Rd) = Ld(F ) − Ld(F̃ ) ≲d Hd−1(∂∗F ) −Hd−1(∂B1); cf. [11, inequal-

ity (3.4), page 930]. Let x̃ be such that Erel[F̃−x̃|ξ] = infx0∈Rd Erel[F̃−x0|ξ]. We
then estimate

(122)

inf
x0∈Rd

Erel[F−x0|ξ]− inf
x0∈Rd

Erel[F̃−x0|ξ]

≤ Erel[F−x̃|ξ]− Erel[F̃−x̃|ξ]

= Hd−1(∂∗F )−Hd−1(∂B1)

+Hd−1(∂B1)−Hd−1(∂∗F̃ )

+

ˆ
Rd

(
χF−x̃ − χF̃−x̃

)
∇ · ξ dx.

Since the last right hand side term may be estimated by ∥∇·ξ∥L∞∥χF−χF̃ ∥L1(Rd) ≲d

Hd−1(∂∗F ) − Hd−1(∂B1), we infer the claim of Step 1 as in the proof of [11,
Lemma 3.2].
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Step 2 (Contradiction by compactness). Let R ∈ [2,∞) be the radius to which
the conclusions of Step 1 apply. We claim that there exists C ∈ (1,∞) such that
for all sets of finite perimeter F ⊂ Rd satisfying (7) and (9) it holds

1

C
inf

x0∈Rd
Erel[F−x0|ξ] ≤ Hd−1(∂∗F )−Hd−1(∂B1).(123)

We argue by contradiction and assume (123) does not hold. In particular, for
each k ∈ N we may choose a set of finite perimeter Fk ∈ Rd satisfying (7) and (9)
such that in addition

Hd−1(∂∗Fk) < Hd−1(∂B1) +
1

k
inf

x0∈Rd
Erel[Fk−x0|ξ].(124)

It immediately follows for xk := 1
ωd

´
F
xdx that

Hd−1
(
∂∗(Fk−xk)

)
< Hd−1(∂B1) +

1

k
Erel[Fk−xk|ξ].(125)

Since by construction Erel[Fk−xk|ξ] ≤ Hd−1
(
∂∗(Fk−xk)

)
+ ωd∥∇ · ξ∥L∞(Rd), we

may upgrade the previous inequality to(
1−1

k

)
Hd−1

(
∂∗(Fk−xk)

)
< Hd−1(∂B1) +

1

k
ωd∥∇ · ξ∥L∞(Rd).(126)

Hence, we may find a sub-sequence (kl)l∈N and a set of finite perimeter F ⊂ BR such
that ∥χF − χFkl

−xkl
∥L1(Rd) → 0 as l → ∞, in particular Ld(F ) = ωd,

´
F
xdx = 0,

as well as Hd−1(∂∗F ) ≤ liml→∞ Hd−1(∂∗Fkl
). From that, we furthermore deduce

Hd−1(∂B1) ≤ Hd−1(∂∗F ) ≤ lim
l→∞

Hd−1(∂∗Fkl
) ≤ Hd−1(∂B1),(127)

where the first inequality is a consequence of the qualitative isoperimetric inequal-
ity, and where the last inequality follows from (126). We deduce Hd−1(∂B1) =
Hd−1(∂∗F ) = liml→∞ Hd−1(∂∗Fkl

), so that B1 = F and

0 = Erel[F |ξ] = lim
l→∞

Erel[Fkl
−xkl

|ξ].(128)

In summary, we obtain a contradiction to Theorem 2 (with R replaced by 2R). □

4.7. Proof of Lemma 3. We again proceed in two steps.
Step 1 (Proof of (12)). Smuggling in the BV graph approximation (51) to χF ,

we deduce from the triangle inequality that∣∣Ld(F∆B1)
∣∣2 ≤ 4

(ˆ
Rd

|χF − χh|dx
)2

+ 4

(ˆ
Rd

|χh − χB1 |dx
)2

.(129)

The first term yields a bound of required type by the argument for the proof of
Lemma 6, whereas the second term as well yields a bound of required type by the
L2-control (63) and the coercivity property (45).

Step 2 (Proof of (13)). Recall that ξ = max{1−s2, 0}∇s, where s denotes the
signed distance to ∂B1 such that ∇s(x) = n∂B1

( x
|x| ) = − x

|x| . We first recognize

1

2

∣∣∣n∂∗F (x)−
(
− x

|x|

)∣∣∣2 ≤ 1− n∂∗F (x) · n∂B1

( x

|x|

)
.(130)

In case n∂∗F (x) · n∂B1
( x
|x| ) < 0 we have

(131) 1− n∂∗F (x) · n∂B1

( x

|x|

)
≤ 2 ≤ 2

(
1− n∂∗F (x) · ξ(x)

)
,
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whereas in case n∂∗F (x) · n∂B1
( x
|x| ) ≥ 0 it holds due to max{1−s2, 0} ≤ 1

(132) 1− n∂∗F (x) · n∂B1

( x

|x|

)
≤ 1− n∂∗F (x) · ξ(x).

The previous three displays thus imply (13). □
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