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Abstract

The present thesis is concerned with the derivation of weak-strong uniqueness principles for
curvature driven interface evolution problems not satisfying a comparison principle. The spe-
cific examples being treated are two-phase Navier—Stokes flow with surface tension, modeling
the evolution of two incompressible, viscous and immiscible fluids separated by a sharp inter-
face, and multiphase mean curvature flow, which serves as an idealized model for the motion
of grain boundaries in an annealing polycrystalline material. Our main results—obtained in
joint works with Julian Fischer, Tim Laux and Theresa M. Simon—state that prior to the
formation of geometric singularities due to topology changes, the weak solution concept of
Abels (Interfaces Free Bound. 9, 2007) to two-phase Navier—Stokes flow with surface tension
and the weak solution concept of Laux and Otto (Calc. Var. Partial Differential Equations 55,
2016) to multiphase mean curvature flow (for networks in R? or double bubbles in R?) rep-
resents the unique solution to these interface evolution problems within the class of classical
solutions, respectively.

To the best of the author’s knowledge, for interface evolution problems not admitting
a geometric comparison principle the derivation of a weak-strong uniqueness principle rep-
resented an open problem, so that the works contained in the present thesis constitute the
first positive results in this direction. The key ingredient of our approach consists of the
introduction of a novel concept of relative entropies for a class of curvature driven interface
evolution problems, for which the associated energy contains an interfacial contribution be-
ing proportional to the surface area of the evolving (network of) interface(s). The interfacial
part of the relative entropy gives sufficient control on the interface error between a weak
and a classical solution, and its time evolution can be computed, at least in principle, for
any energy dissipating weak solution concept. A resulting stability estimate for the relative
entropy essentially entails the above mentioned weak-strong uniqueness principles.

The present thesis contains a detailed introduction to our relative entropy approach,
which in particular highlights potential applications to other problems in curvature driven
interface evolution not treated in this thesis.
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CHAPTER

Introduction

1.1 Curvature driven interface evolution: Applications

Interfaces evolving under the effect of extrinsic curvature quantities such as mean curvature
are ubiquitous in a wide variety of applications. We briefly discuss some of these fascinating
topics including applications from image processing, biology, flame propagation in combustion
processes, fluid mechanics, and finally applications from materials science.

e The first example concerns the removal of noise and the improvement of features in
a given image (cf. Sethian [144, Section 16]). Typical goals are to smooth out small-
scale oscillations in boundaries of distinct regions or to blend into the background color
scattered points of noise. A specific challenge in this context consists of keeping sharp
interfaces present in the image while trying to blur such noise or small-scale oscillations
of boundaries. One strategy which overcomes this challenge is to let the image defin-
ing intensity function evolve by a speed function depending in a suitable way on the
mean curvature of the contour lines of this intensity function. We refer to the books of
Sethian [144], Sapiro [134], Aubert and Kornprobst [14] as well as Cao [28] for precise
representations of such schemes.

e Curvature driven interface evolution also appears as a model to explain the effect of
the surface geometry of supporting structures (e.g., the geometry of scaffolds in tissue
engineering with applications to defect healing) on observed growth patterns for in vitro
tissue formation (cf. Rumpler et al. [133]). For instance, Rumpler et al. [133] show that
numerical experiments modeling tissue growth within various two-dimensional scaffold
structures (i.e., triangular, square, hexagonal and circular shapes) based on the hypoth-
esis that the tissue interface evolves proportional to its mean curvature, indeed match
the results from corresponding in vitro cell growth experiments. For further results
on curvature driven tissue growth and relevant applications, we refer to the works of
Bidan et al. |21], Bidan et al. [22] as well as Guyot et al. [77].

e One way to model flame propagation within combustion processes is to view the evolving
flame front as a sharp interface separating the burnt and unburnt regions (cf. Sethian [144,

1
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Section 18.1]). A simplified model taking into account, amongst other things, a depen-
dence of the normal speed of the flame front on its mean curvature as a result of heat
conduction is due to Markstein [112]. Apart from this, the modeling of combustion pro-
cesses also has to incorporate the fluid dynamics within both the burnt and unburnt
regions, and has to account for several effects coupling the motion of the fluids and the
evolution of the flame front, which affect each other. For a discussion of such models and
further references to the relevant literature, we refer to the book of Sethian [144] as well
as the papers by Sethian [143] and Osher and Sethian |122].

e Further applications of curvature driven interface evolution in the context of fluid me-
chanics concerns, e.g., the analysis of the evolution of two incompressible, immiscible
and viscous fluids (e.g., the motion of droplets of oil in surrounding water) under surface
tension effects (see, e.g., Denisova [49], Sussmann, Smereka and Osher [147], Chang, Hou,
Merriman and Osher [32] and Priiss and Simonett [127]), or the propagation of a “cold”
flame front (see, e.g., Zhu and Sethian [150]) meaning that effects of the combustion zone
on the fluid dynamics within the burnt and unburnt regions are neglected.

e A very prominent example of curvature driven interface evolution is given by the motion
of grain boundaries (i.e., the interfaces between crystals with differing orientation) dur-
ing grain growth in an annealing polycrystalline material like a piece of aluminum (cf.
Mullins [120] or Brakke |23, Appendix A|). The driving force behind this coarsening pro-
cess is the reduction of (in principle anisotropic) surface energy in form of surface tension
associated with each grain boundary. The resulting evolution of the grain boundaries
takes place in the direction of their center of curvature with a speed being proportional to
their mean curvature (see, e.g., Beck and Sperry 18] and Rhines, Craig and DeHoff [130]).

e We conclude by mentioning the important example of liquid-solid interface evolution
in solidification processes like crystal growth or the formation of dendritic patterns (cf.
Sethian [144, Section 18.2]). The modeling of such phenomena requires to account for
interactions between the evolving liquid-solid interface and the associated temperature
field, which solves a heat equation away from the interface. Curvature appears in these
models in form of boundary conditions for the temperature field along the moving liquid-
solid interface as well as for the jump of the heat flux in normal direction across it (see,
e.g., the works of Mullins and Sekerka [121], Langer [94], Ben-Jacobi, Goldenfield, Langer
and Schon [20] or Gurtin |76]).

1.2 Curvature driven interface evolution: A small sample of
mathematical models

We present in this section three important mathematical models accounting for curvature
driven interface evolution: i) two-phase Navier-Stokes flow with surface tension, ) multi-
phase mean curvature flow, and i) the Stefan problem with isotropic Gibbs—Thomson law
together with its quasi-static version, the Mullins—Sekerka equation. Our selection is mainly
motivated by the fact that the main results presented and announced in this thesis (cf. Sec-
tion 1.4) are precisely concerned with these models. The focus of the following discussion lies
on the mathematical formulation of these problems and a brief discussion of selected parts
of the existence theory for weak and strong solution concepts.

Of course, this section only provides a very small glimpse into the rich variety of mathe-
matical models accounting for curvature driven interface evolution. For instance, we neglect
at this stage considerations concerning evolution problems incorporating anisotropic resp.
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crystalline surface energies (see, e.g., [29], [19], [73], [90], [31] or [30]) or the alternative rep-
resentation of the evolving interface in terms of diffuse interface approximations (see, e.g.,
[33], [46], [9], [4], [7], [5] or [6]) instead of sharp interfaces. For an excellent overview article
on the topic, we refer the reader to Garcke [72].

1.2.1 Two-phase Navier—Stokes flow with surface tension

As a first example, we consider the flow of two immiscible, incompressible and viscous fluids
incorporating surface tension effects. For such a system of two fluids, the most basic model
featuring a sharp interface is described as follows. Because of the immiscibility, the evolution
of the interface between the fluids is governed by a transport equation along the fluid flow.
The motion of each single fluid is moreover modeled by means of the incompressible Navier—
Stokes equation. Finally, surface tension acts on the sharp interface by exerting a force which
is proportional to the mean curvature vector of the interface.

In terms of a mathematical formulation, we consider a full space setting with time hori-
zon T € (0,00). The two fluids fill two disjoint evolving open domains QF = (Q(t))ieo,1]
and Q= = (R%\ w)te[o,ﬂ in R, d € {2,3}, respectively. The evolving interface separating
the two regions is denoted by (I(t))ejo,r)- Imposing a no-slip boundary condition at the
interface for the velocity fields of the single fluids, one may treat them as a single vector field
u = u(x,t). One may also denote the pressure as a single scalar field p = p(z,t), which in
general however jumps across the interface. Denoting for each t € [0,7] by x = x(-,¢) the
indicator function of the domain €(¢), by p4 the shear viscosities of the two fluids, by p+
their densities, by o > 0 a surface tension constant, by H; = Hj(+,¢) the mean curvature
vector of the interface I(t), as well as by |Vx| = |Vx|(, t) the corresponding surface measure,
one obtains the following PDE formulation in R%x [0, T for the above two-phase fluid system

ox+ (u-V)x =0, (1.1a)
O (p(x)u) +V- (p(x)u ® u) =-Vp+V- (,u(x)(Vu + (VU)T)) + oH;| Vx|, (1.1b)
V-u=0, (1.1c)

where we introduced the abbreviations p(x) := p4+x+p—(1—x) and p(x) := psx+u—(1—x).
Writing n = n(-,¢) for the unit normal along I(¢) pointing inside €(¢), the right hand side
of (1.1b) encodes the Young-Laplace law along the interface:

- (u(x)(Vu+ (Vu)T) —pId)]I(t) = oH; (1.2)

for all ¢ € [0,7], where [];) denotes the jump across the interface. In words, the normal
component of the jump of the viscous stress tensor across the interface equals the mean
curvature vector of the interface times the surface tension constant.

The energy functional for the free boundary problem (1.1a)—(1.1¢) is given by

E[x,u](t) := / %p(x(~,t))]u(-,t)|2dx + O'/( | 1dH, telo, T, (1.3)
I(t

and thus consists of a combination of kinetic energy due to the two fluids and interfacial energy

due to surface tension. We discuss in the following a selection of results from the existence

theory (either local-in-time for strong solutions or global-in-time for weak solutions) of finite

energy solutions to (1.1a)—(1.1c) satisfying the associated energy dissipation inequality (or

rather its time-integrated version)

D)+ [ S0 Va0 (V)T do < (1.4)



1.

INTRODUCTION

The existence and uniqueness of local-in-time strong solutions in Sobolev—Slobodeckij
spaces is due to Denisova [49], building on earlier works by Denisova ([47] and [48]) as well
as Denisova and Solonnikov ([50] and [51]) on the linearized problem in Sobolev—Slobodeckij
spaces resp. Holder spaces. As always in the context of free boundary problems, a major
difficulty for the construction of solutions stems from the fact that the domains on which the
PDEs are formulated are themselves part of the problem. In the context of strong solutions,
the standard approach to handle this issue is to transform the problem under consideration
into a setting with a fixed domain. The above mentioned works by Denisova and Solonnikov
achieve this by passing to Lagrangian coordinates.

Instead of employing Lagrangian coordinates, another strategy consists of a parametriza-
tion of the evolving interface in terms of a height function over the initial interface, and to
transform the free boundary problem into a setting with a fixed domain by means of this
height function. The resulting evolution problem in the fixed domain is of highly nonlinear
nature, and a major step in the analysis then consists of a careful study of the corresponding
linearized problems in order to facilitate in the end a contraction mapping principle argument
for the nonlinear problem. This idea dates back to a work of Hanzawa [78| on the existence of
strong solutions for the one-phase Stefan problem, which is why the associated transformation
to a fixed domain is usually referred to in the literature as the Hanzawa transform.

In the case that the initial interface is given by a graph over R"!x{0} and assuming
a smallness condition on the initial data, Priiss and Simonett [126] establish based on this
approach a short time existence and uniqueness result for the two-phase Navier—Stokes flow
with surface tension. In contrast to the works of Denisova and Solonnikov, their methods even
allow to deduce a smoothing effect for positive times, namely guaranteeing real analyticity
of the interface as well as real analyticity of the velocity field and the pressure away from the
interface for positive times. The same result holds true if one allows gravity to act on the
system, see Priiss and Simonett [127] who also provide in their work [125] an analysis on the
Rayleigh—Taylor instability. For a general local-in-time existence and uniqueness result (i.e.,
without employing a parametrization assumption over a flat model interface R*1x{0}), we
refer to the work of Kéhne, Priiss and Wilke [89].

Thinking of the possibility of the pinch-off of a liquid drop into two separate drops, or
the coalescence of two drops into a single drop, a mathematical formulation of the evolution
problem in terms of a strong PDE solution concept necessarily breaks down from the first
topology change onwards. For a global-in-time existence result with respect to general initial
data, one therefore has to resort to weaker descriptions of the dynamics.

A first guess in this direction is provided by the desired energy dissipation inequality (1.4).
On one side, it suggests to require u € L>°(0, T; L>(R%; R%)) and Vu € L?(0, T; L*(R?; R?*%))
for the solenoidal velocity field w (with (1.1c) interpreted in a distributional sense). On the
other side, it suggests to represent the underlying evolving geometry QF = (Q(t))iepo,r) in
terms of a time-dependent family of sets of finite perimeter, so that the associated inter-
faces I(t) are given by the reduced boundaries 0*Q(t) for all ¢ € [0,7]. In other words, one
may require Y € L>°(0,T; BV(R%{0,1})) for the corresponding time-dependent indicator
function. How do these choices reflect in a weak formulation of (1.1a)—(1.1b)?

In a smooth setting (i.e., I(t) being a smooth and closed manifold without boundary), the
surface divergence theorem (cf. [128, Equation (2.31)]) implies the following distributional
representation of the mean curvature vector Hy = Hy (-, )

/ Hy-@dH = —/ (Id—n®n) : VpdH! (1.5)
I(t) I(t)

for all compactly supported and smooth test vector fields ¢ € Cy (R RY). Observing that

the right hand side of (1.5) even makes sense in the setting of sets of finite perimeter, whereas

4
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the left hand side in general does not, one may try to solve (1.1b) in form of

/p(X('uT/))u('7T/) : 90('7T/) dz — /p(X(,O))U(,O) : 90(70) dz

T T
/ / Ju - 8tgodxdt+/ / Ju®@u: Vodrdt (1.6)

Tl
— U U xdt — o nen d—1
/0 n(x) (Vut(Vu) ") : Vodadt / / (Id—n®n) : VedHi dt

for almost every 7" € [0, 7] and all solenoidal ¢ € ngt(Rd [0, T]; RY). A weak formulation
of the transport equation (1.1a) making sense in the energy space for (x,u) is in turn given

by requiring

"
Jemoe e = [x0ot.0de = [ [x@o+ Vo) drae ()

for almost every T € [0,T] and all ¢ € CZ5 (R?x[0,T7).

However, there is an immediate problem when one tries to construct solutions to (1.1a)—
(1.1b) in the sense of the BV formulation (1.6)-(1.7) by, say, passing to the limit in an
approximating sequence of solutions (xx, ur), k € N, associated with a regularized version of
the problem. Indeed, the energy dissipation inequality (1.4) only allows to infer boundedness
of the sequence (xz)ren in the space BVio(R?) which in turn implies weak* convergence
of a subsequence in this space (cf. [12, Section 3.1]). In particular, in such a setting we
in general only know that a subsequence of Vy; converges to Vy weakly* in the sense of
finite Radon measures on R?. Without additional information (e.g., convergence of the total
variations |Vxz|(R?) to the total variation of the weak* limit |Vx|(R?) which then allows to
exploit Reshetnyak’s continuity result [12, Theorem 2.39]), this in turn is not sufficient to
pass to the limit in the nonlinear functional (1.5) representing the mean curvature vector (cf.
the discussion of Abels |2, Section 3|).

Following the work of Plotnikov [124], Abels [1] deals with this problem by passing to
an even weaker notion of solutions; a framework which he refers to as varifold solutions (cf.
Abels |2, Definition 3.2]). The key ingredient is the concept of an oriented varifold, which
is a finite Radon measure V on the product space R¢xS?!1 (where S*~! denotes the unit
sphere). Any oriented varifold may be equivalently expressed in terms of its disintegration

= |V| ® (Vg)pera (cf. [12, Theorem 2.28|), where |V| denotes the associated local mass
density (i.e., |V|(U) := V(UxS? 1) for all Borel measurable U C R?) and (v),cpa is a
family of probability measures on S¢~!. Since the data associated with the sets of finite
perimeter represented through the indicator functions xj can be lifted to an oriented varifold
Vi == |[Vxe| ® (6&@))%]}@, one may pass to the weak®™ limit in the sense of oriented
varifolds. Due to '~ %!

Vixe - VX /
—0 Id— ® :Vod|Vxr| = -0 Id—s® s) : V(x)dVi(z, s),
o (oo ) Tediud = [ (os0): Do) V(e

this in turn allows to pass to the limit in the “varifold formulation” of the mean curvature
functional.
These arguments motivate Abels [1]| to consider the following generalization of (1.6)

/p(x(-,T’))U(»T')‘w(-»T')dm—/p(x(-,O))U(wO)-90(-,0) dz

T T
/ / Ju - 8tcpdxdt—|—/ / Ju®u: Vedrdt (1.8)

T
_/0 p(x )(Vu—i—(Vu) ) Vgodxdt—a/ /]Rded 1 (Id—=s® s) : Vo(z,t) dVi(z, s) dt
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in terms of a time-dependent family of oriented varifolds (V});c[o,r), Which is coupled to the
time-dependent indicator function y through the natural compatibility condition

/ s () dVi(z, 5) = / n(z,1) - (x) AHE (2) (1.9)
RdxS§d—1

1(t)

for all ¢ € [0,7] and all ¢ € C%(R%R?). Abels [1] then proves for general initial data
the global-in-time existence of varifold solutions (x,u, V) satisfying (1.7)—(1.9), and which

dissipate the energy given by

Elx,u, V](t) ::/;p(x(.’t))]u(-,t)|2d:c+a/RdXSd1 1dVi(z,s), te€][0,T]. (1.10)

His analysis even provides that x solves the transport equation (1.l1a) in a renormalized
sense of DiPerna and Lions [54], and that one may include a class of non-Newtonian fluids
by passing to a concept of measure-valued varifold solutions (cf. Abels [1, Definition 1.2 and
Theorem 1.6]).

1.2.2 Evolution by multiphase mean curvature flow

As a second example, we consider evolution by multiphase mean curvature flow. In short,
this evolution problem concerns the evolution of a network of interfaces which is formed by
an underlying partition of a domain into several phases. Any given point on one of these
interfaces is required to move with a velocity which is proportional to the mean curvature
vector at this point. The proportionality factor accounts for surface tension at the respective
interface, and it may vary from interface to interface. (We will only consider the isotropic
regime in the following.) A major motivation behind studying multiphase mean curvature
flow is that it represents idealized grain boundary motion in a recrystallized metal which
underwent a process of heat treatment (cf. Mullins [120]). The analysis of multiphase systems
which evolve by the mean curvature flow rule is also a mathematically intriguing problem
due to its inherent singular character: junctions form at points where more than two phases
meet, parts of the boundary and even whole phases vanish during the evolution of the system,
and so on. For a visual illustration, we refer to the grain growth movies on Brakke’s webpage
(http://facstaff.susqu.edu /brakke).

In mathematical terms, evolution by multiphase mean curvature flow may be phrased in a
full space setting with time horizon T' € (0, 00) as follows. Let P > 2 be an integer denoting
the number of phases, and consider a family Q = (Qu(t),...,Qp(t))ic,7] representing an
evolving partition of R? in the sense that for all ¢ € [0,7] the family (Q(t),...,Qp(t))
consists of P pairwise disjoint open sets which partition R?. For each ¢ € [0,7] and each
pair of distinct phases i,j € {1,..., P}, the common boundary of the ith phase Q;(¢t) and
the jth phase ;(t) describes the associated interface and is denoted by I; j(t). Denoting
by Vi, = Vi, ;(-t) and Hy,;, = Hp,,(-,t) the normal velocity vector field and the mean
curvature vector field along an interface I; j(t), respectively, the geometric evolution problem
then simply reads

Vi,

0,3

0,3

along each interface I; ;(t), t € [0,T],1# j € {1,..., P}. (1.11)

Evolution by mean curvature can be derived as the L?-gradient flow of interfacial surface
area (cf. Garcke |72, Section 2.3|). In the multiphase case (1.11), interfacial energy is given
by a weighted sum of the surface areas of the evolving interfaces . The weights account for
surface tension at the interfaces, and are represented by a symmetric matrix ¢ € RF*¥ such
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that (at least) 0;; = 0 for all 4 € {1,...,P} as well as 0;; > 0 for all i,5 € {1,...,P}
with ¢ #£ j. The associated energy is then defined by

P

1

EQt) =5 > am-/ 1dHYY, telo,T). (1.12)
2 a®

Under the assumption that only exactly three phases may meet along codimension two junc-
tions, and under the assumption that along each of these triple junctions the Herring angle
condition is satisfied in form of (where n;; = n;;(-,t) denotes the unit normal along the
interface I; ;(t) pointing from the ith to the jth phase)

04,j0ij + 05k k + Okilg; = 0 (1.13)

for the associated pairwise distinct phases i,j,k € {1,..., P}, the energy (1.12) is then
formally subject to the energy dissipation inequality

P
d 1
—E[Q)(t) + = PaH* <. 1.14
GPO0 45 D e [ vt <o (1.14)

i,j=1,i%j

After these preliminaries, we next turn to local-in-time existence and uniqueness of strong
solutions to multiphase mean curvature flow. We start with results concerning the evolution
of planar networks (i.e., d = 2) with equal surface tensions (i.e., the classical 120° Herring
angle condition at triple junctions). In this context, the first result establishing local-in-
time existence and uniqueness of strong solutions in Hoélder spaces is due to Bronsard and
Reitich [25], who restrict themselves to the specific case of three regular curves v*: [0,1] x
[0,7] - D C R2 (z,t) — ~%(xz,t), i € {1,2,3}, joining at a single triple junction, and
where D C R? is an open and convex domain with smooth boundary. In their work, the
requirement (1.11) is expressed in terms of an evolution equation for the curves

B |8:B'Yi|2’

Oy i€ {1,2,3}, (1.15)
which corresponds to a special choice for the tangential velocity. The resulting system of
equations is then amended with compatibility conditions up to second order. This in par-
ticular includes the 120° Herring angle condition, which in turn necessitates a non-trivial
tangential velocity at the triple junction in order to allow for the motion of the junction.
Indeed, if the velocity vector at the triple junction for each curve would only consist of the
associated normal component, the velocity vector would have to vanish as a consequence.

Given an initial triod which is parametrized by three curves such that the required com-
patibility conditions up to second order hold, Bronsard and Reitich [25] (cf. also Mantegazza,
Novaga and Tortorelli [111]) then show local-in-time existence and uniqueness of strong so-
lutions to (1.15). A global-in-time existence result for strong solutions in a perturbative
regime of initial conditions close to minimal (Steiner) configurations is due to Kinderlehrer
and Liu [88]. Finally, the result of Bronsard and Reitich [25] can be extended to a local-in-
time existence and uniqueness result for the full network case in the plane, see the work of
Mantegazza, Novaga, Pluda and Schulze [110].

Results in the framework of strong solutions in Holder spaces are also available for double
bubbles moving by mean curvature in ambient dimension d = 3. In the special case that
the three surfaces are represented by graphs over a fixed domain, this follows from the works
of Freire (|[71] and [70]). For general double bubble clusters, local-in-time existence and
uniqueness is due to Depner, Garcke and Kohsaka [52] (cf. in this context also the works of
Schulze and White [138] as well as Gofwein, Menzel and Pluda [75]).
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There is also considerable interest in short-time existence results for the planar network
flow when considering non-regular networks as initial data. The main motivation stems from
configurations which arise from topology changes in the evolving partition (e.g., the collision
of two triple junctions) at which the above mentioned existence results for strong solutions
necessarily stop to hold. With this in mind, a short-time existence result for the curvature
flow of non-regular initial networks can thus be interpreted as a restarting result for the
curvature flow of a network past a singularity, which explains its importance. The first work
accomplishing this task is the paper by Ilmanen, Neves and Schulze [83]. An alternative
approach is provided in the very recent work of Lira, Mazzeo, Pluda and Saez [106].

Let us now turn to the existence theory for weak solutions to multiphase mean curvature
flow (1.11). The seminal work in this direction is the one of Brakke [23|, who provides a global-
in-time existence result for general initial data in a geometric measure theory context. His
notion of solutions roughly speaking consists of a localized version of the energy dissipation
inequality (1.14), the so-called Brakke inequality, which is formulated in terms of an evolving
integral varifold with locally bounded first variation. Instead of diving into the technical
GMT details of the solution concept in the sense of Brakke, we refer the reader to the
inequality (1.19) below for a BV formulation of Brakke’s inequality.

Since solutions to multiphase mean curvature flow in the sense of Brakke are defined by
means of a localized energy dissipation principle alone, a sudden and arbitrary loss of surface
measure at any stage of the time evolution is admissible with the definition. Therefore,
the recently obtained existence result of Kim and Tonegawa [87| constitutes a significant
improvement since they succeeded in proving that a variant of Brakke’s original scheme
converges towards a non-trivial Brakke flow. Non-triviality of the evolution more precisely
follows from the fact that the authors can bound the total variation measure of the evolving
varifolds from below by the boundary measure of a partition of R% formed by a finite family of
open sets (as introduced above). Moreover, the Lebesgue measure of this partition is shown
to depend continuously on the time parameter, thus preventing an arbitrary and sudden loss
of measure for the total variation of the evolving varifolds.

We finally comment on the BV formulation of energy dissipating solutions (1.14) to multi-
phase mean curvature flow (1.11). This solution concept is modeled on a time-evolving parti-
tion Q0 = (Q1(t),...,Q2p(t))tepo,r) of RY, such that for all ¢ € [0,T] each phase Q1(t), ..., Qp(t)
is a set of finite perimeter, and all phases except for, say, the Pth phase have finite mass.
Denoting for each i € {1,..., P} by x; € L=(0,T; BViec(R%; {0,1})) the time-dependent in-
dicator function associated with the ith phase, one then first requires the existence of normal
velocity vector fields V; € L%(0,T; L*(R?, d|Vx;|; R?)) such that it holds in a distributional
sense

dixi + (Vi -V)xi =0 in RYx[0,T] for all i € {1,...,P}. (1.16)
A weak formulation of the evolution law (1.11) is given by imposing

Tl
Z o—w// Vi pdH4tdt
1i (1)

i,j=1,i#j

Tl
Z aw/ / (Id—n;; ®@n; ;) : Ve dH T dt
Li.j (1)

1,j=1,i#j

(1.17)

for almost every T” € [0,7] and all ¢ € Co3(Rx[0,T];R?). The energy dissipation in-
equality (1.14) is finally imposed by defining the interface normal velocities Vy, ; through
restriction of V; to I; ;.

Conditional global-in-time existence results of such BV solutions to multiphase mean
curvature flow are established by Laux and Otto [98] as well as Laux and Simon [101] (see also
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Laux and Lelmi [96] for the case of arbitrary mobilities). These works study the convergence
of numerical schemes for multiphase mean curvature flow based on an additional energy
convergence assumption in the spirit of the seminal work of Luckhaus and Sturzenhecker [109]
on an implicit time-discretization for two-phase mean curvature flow. More precisely, the
work of Laux and Otto [98] is concerned with the convergence of the thresholding scheme of
Merriman, Bence and Osher ([113] and [114]), and is based on the minimizing movements
reformulation of this scheme due to Esedoglu and Otto [58]. Laux and Simon [101] in contrast
establish the convergence of solutions of the vector-valued Allen—Cahn equation.

Laux and Otto [99] in addition show the convergence of the thresholding scheme (again
under an additional energy convergence assumption) towards a BV formulation of multiphase
mean curvature flow which is in the spirit of Brakke’s varifold solution concept with a localized
energy dissipation principle at its heart. More precisely, next to working with a family
of time-dependent indicator functions x; € L>®(0,T; BViee(R% {0,1})) as in the previous
formulation, their BV formulation of Brakke flow requires the existence of a single vector
field H: R%x [0,T] — R?, which on one side has the interpretation of a mean curvature vector
in form of the weak formulation

P T
Z JZ‘J‘/ / H-(ded_l dt
I ’ (1.18)
Z au/ / (Id—n;; @n; ;) : VdH 1 dt
1,7=1,i#7j

for all ¢ € Cgfjt(Rd [0, T]; RY), and on the other side gives rise to a localized energy dissipa-

tion inequality

P P
1
3 2 o) eman =5 3 ey [ coant!
4,j=1,i#] Lig(T) 1,j=L,i#] L3 (0)

P

1
<3 % / / G+ () D ar=t (1.19)

1,j=1,i# 1; j

for all non-negative ¢ € CZ5 (R4x[0, T7; [0, 00)).
For reviews on the BV formulation of multiphase mean curvature flow (either in the sense
of (1.16)—(1.17) or in the sense of (1.18)—(1.19)), we finally refer the reader to Laux [95] and

Laux and Otto [100].

1.2.3 The two-phase Stefan problem with isotropic Gibbs—Thomson law

Consider the problem
d(u+x) =Au in R x [0,T7, (1.20)

where xy = x(-,t) again denotes the characteristic function of an evolving open set Q(t) in R?,
€ [0,T]. This PDE is referred to as the (two-phase) Stefan problem, which is a model for
liquid-solid interface evolution accounting for freezing and melting processes. Interpreting
the variable u = u(-,t) as the deviation from the melting temperature of the material, a
simple modeling assumption consists of imposing u = 0 along the liquid-solid interface I(t)
for all ¢ € [0,T]. This boundary condition leads to the classical (two-phase) Stefan problem.
However, this model does not account, e.g., for the phenomenon of supercooling (resp.
superheating), meaning that the fluid (resp. the solid) withstands temperatures below its
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freezing point (resp. above its melting point). To accommodate for such effects, one incorpo-
rates surface tension in form of

uw=ocH; along the liquid-solid interface I(t), t € [0,7], (1.21)

which is referred to as the isotropic Gibbs—-Thomson law. In this context, H; = Hj(-,t)
denotes the mean curvature of the interface I(t) oriented with respect to the normal pointing
inside Q(t). The energy functional for the evolution problem (1.20)—(1.21) is then given by

1
Bl ul(t) = / Sl 1) o + a/ VARt te (0,7, (1.22)
1(t)
and formally subject to the energy dissipation inequality

GEU® + [ [Vu(, 0P ds <o (1.23)

In terms of strong solutions, one expresses the distributional formulation (1.20)—(1.21) in
form of the free boundary problem

Opu — Au =0 in R%\ I(t), (1.24)
u=ocHj along I(t), (1.25)
Vi=—[n-V)ul 1" along I(t) (1.26)

for all ¢ € [0,T], where V; = V[(-,t) again denotes the normal velocity vector of the inter-
face I(t), n = n(-,t) the unit normal along I(t) pointing inside Q(¢), and []r¢) the jump
across the interface I(t) in the direction of the normal n.

Local-in-time existence of strong solutions to (1.24)—(1.26) was first provided by Radke-
vich [129] in a Holder space setting. However, uniqueness of solutions within the considered
function spaces was left open. Escher, Priiss and Simonett [55] took care of this issue es-
tablishing a local-in-time existence and uniqueness result, proving in particular for positive
times real analyticity of the interface as well as smoothness of u away from the interface.
Strictly speaking, the results of Escher, Priiss and Simonett [55] are restricted to a model
geometry at the initial time (i.e., that the initial interface is given by a graph over the flat
model interface R?~1x{0}) and a smallness assumption on the initial data. The extension to
general geometries for the initial interface is announced in Escher, Priiss and Simonett [55];
however, the author of this thesis was not able to locate this paper in the literature. Both
works of Radkevich [129] and Escher, Priiss and Simonett [55] are based on the approach by
the Hanzawa transform.

Turning to global-in-time existence of weak solutions to (1.20)—(1.21), one way to pro-
ceed is to consider again a BV formulation. Consistent with the energy dissipation inequal-
ity (1.23), one tries to construct u € L>(0,T; L?(RY)) with Vu € L?(0,T; L*(R% R%)) as
well as x € L>(0,T; BV (R% {0, 1})) satisfying

.
/ () T)$(, T d — / () 0)6 (-, 0) dz = /0 / ()0 — V- Vo dar dt
(1.27)

for almost every T € [0, 7] and all ¢ € C55(R?%[0,T7), as well as

T T
—0/ / (Id—n®n) : VodHtdt = —/ /XV - (ugp) de dt (1.28)
o Jiw 0
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for almost every 7" € [0,7] and all ¢ € CZ(R?x[0,T];R?). Recalling (1.5), the iden-
tity (1.28) indeed represents a weak formulation of the isotropic Gibbs—Thomson law (1.21).

In the context of this BV formulation, Luckhaus ([107] and [108]) provides a global-in-time
existence result for general initial data by considering a suitable implicit time-discretization.
His scheme (cf. the discussion of Roger [131, Section 4|) avoids a loss of interfacial surface area
in the limit of vanishing time-step size, thus enabling to take the limit in the approximations
of (1.28) without the need to pass to a varifold solution concept. This in turn is achieved
by selecting in each approximation step a global minimizer to an associated time-discrete
functional. The resulting limit consequently enjoys additional regularity properties which, as
noted by Roger [131, Section 1|, may render the resulting limit as too restrictive.

Motivated by this observation, Roger [131] proposes a varifold solution concept which
generalizes the BV formulation (1.28) of the isotropic Gibbs—Thomson law (cf. [131, Defini-
tion 1.1 and Proposition 3.1] for the interpretation of the mean curvature vector, and [131,
Proposition 3.3| for the consistency with the BV formulation). He then establishes a global-
in-time existence result for general initial data in this varifold context based on a suitable
modification of the scheme of Luckhaus [108]. The limit passage in the varifold formula-
tion of the isotropic Gibbs—Thomson law is facilitated by a geometric measure theory result
of Schétzle [135] concerning hypersurfaces whose mean curvature is represented through an
ambient Sobolev function (which precisely resembles the case of (1.21)).

We conclude this section by mentioning that an important variant of the Stefan problem
with isotropic Gibbs-Thomson law (1.20)—(1.21) consists of its quasi-static version

dx = Au in R x [0,7T7. (1.29)

Amended with the isotropic Gibbs—Thomson law, the resulting evolution problem is typically
referred to as the Mullins—Sekerka flow. Energy for the Mullins—Sekerka flow is given by
interfacial surface area alone

Bl ul(®) ;_a/l(t)m}zd—l, te[0,7], (1.30)

which is formally dissipated in form of

SEu©+ [ FutoPd <o (1.31)

The Mullins—Sekerka equation (1.29) with isotropic Gibbs—Thomson law (1.21) may in fact
be derived as the H~!-gradient flow of the interface energy functional (1.30), cf. the review
article of Garcke [72, Section 2.5|.

For local-in-time existence and uniqueness of strong solutions for the Mullins—Sekerka
equation based on the Hanzawa transformation approach, we refer the reader to the works of
Bazalii [17], Chen, Hong and Yi [35], and Escher and Simonett (|56] and [57]). In the context
of strong solutions, one may even allow for contact point dynamics with a fixed-in-time
contact angle of 90° as the work of Abels, Rauchecker and Wilke [8] shows.

A BV formulation of the Mullins—Sekerka equation (1.29) with isotropic Gibbs—Thomson
law (1.21) is obtained by requiring next to (1.28) the following obvious modification of (1.27)

/X(~,T’)¢(-,T’) dx—/x(-,O)qb(-,O) de — /OT//X(?@—Vu-V(ﬁdxdt (1.32)

for almost every T € [0,T] and all ¢ € C5(R?x[0,T]). As Luckhaus and Sturzenhecker
remark in their seminal work [109], their implicit time-discretization scheme can be used to
provide a global-in-time existence result for general initial data in this setting. Convergence
towards (1.28) is facilitated by an additional energy convergence assumption. Without the
latter, Roger [132] establishes in the spirit of his work on the two-phase Stefan problem [131]

a global-in-time existence result for general initial data in a varifold solution context.
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1.3 Uniqueness of weak solution concepts: What is known?

The main aim of this section is to summarize what has been known so far concerning unique-
ness properties of weak solution concepts with respect to the three models considered in
Section 1.2. To the best of the author’s knowledge, this in fact restricts to the well-posedness
of the level set approach to (two-phase) mean curvature flow. Uniqueness of weak solutions
in this context heavily relies on the availability of a comparison principle as well as partly on
techniques which are specific to the problem of mean curvature flow. However,

e neither two-phase Navier-Stokes flow with surface tension (1.1a)-(1.1c),
e nor multiphase (i.e., P > 3 phases) mean curvature flow (1.11),

e nor the two-phase Stefan problem with isotropic Gibbs-Thomson law (1.20)—(1.21) resp.
the two-phase Mullins—Sekerka equation (1.29) with isotropic Gibbs-Thomson law (1.21)

satisfy a comparison principle, which is one of the main reasons why for these curvature driven
interface evolution models no uniqueness result for any associated weak solution concept has
been established so far (to the best of the author’s knowledge).

We conclude this section presenting an interesting result due to Jerrard and Smets [85],
who derived a weak-strong uniqueness principle for binormal curvature flow of curves in R3.
Even though they consider a geometric evolution equation for a codimension two object
(hence, in this sense not an interface evolution problem), we decided to include their result in
this section since their approach is based on a quantitative “weak-strong stability estimate”
which turns out to be the analogue for curves in R?® of our approach to the question of
weak-strong uniqueness for curvature driven interface evolution as presented in Chapter 2.

1.3.1 Well-posedness of the level set approach to mean curvature flow

The formulation of the level set approach to evolution by (two-phase) mean curvature flow
is basically the following. Consider an initial compact interface I(0), and assume that there
exists a continuous g: RY — R such that I(0) can be represented as the zero level set of g,
i.e., it holds

1(0) = {z € R%: g(z) = 0}. (1.33)

We then consider for a function u: R¥x[0,00) — R the PDE

o VU VU . 2 . d
Byu = (Id ol ® W> Y in R¥x (0, 00), (1.34)
u(-,0) =g in RY, (1.35)
and define for all ¢ € [0, 00)
I(t) == {z € R*: u(z,t) = 0}. (1.36)

Neglecting for the moment technical issues due to the degeneracy of the parabolic equa-
tion (1.34) and even its lack of a meaning whenever Vu = 0, let us first motivate why (1.34)
indeed encodes that the interfaces (1.36) given by the zero level sets of u evolve by their mean
curvature. To this end, a straightforward computation reveals that for smooth solutions
of (1.34) satisfying Vu # 0, we may rewrite the PDE (1.34) in form of

Vu Vu Vu ) (1.37)

dyu = (Id—m ® W) V2 = |VulV - (W

12



1.3. Uniqueness of weak solution concepts: What is known?

Since the vector field |§Z£:73| restricted to I(t) represents a unit normal along I(t), and

since %Z(:”? represents the normal speed of I(t) with respect to this unit normal, we in-
deed obtain that (1.34) in form of (1.37) encodes evolution by mean curvature of the level
sets (1.36) for smooth u with Vu # 0.

The level set approach (1.34)—(1.36) to mean curvature flow was first considered by Osher
and Sethian [122], who devised numerical algorithms based on this formulation to compute
the motion of interfaces propagating with normal speeds depending on their mean curvature.
A rigorous and well-posed weak solution concept for the level set approach (typically referred
to in the literature as wviscosity solutions) was then developed independently in the seminal
works of Chen, Giga and Goto [36] and Evans and Spruck [60]. The problem of the degeneracy
of the PDE (1.34) is dealt with by treating the problem from the viewpoint of the theory
of viscosity solutions to second order nonlinear PDEs (cf. the user’s guide to this theory by
Crandall, Ishii and Lions [42]), which, however, also needs to be extended in order to provide
a weak meaning of (1.34) whenever Vu = 0.

The main result of the works by Chen, Giga and Goto [36] and Evans and Spruck [60]
then consists of the construction of a global-in-time unique viscosity solution to the level set
approach (1.34), so that moreover (1.36) is indeed well-defined by showing that these sets are
independent of the choice of g for the initial condition (1.33). These results are established
as consequences of two cornerstone principles underlying the theory of viscosity solutions to
second order nonlinear PDEs: the availability of a comparison principle in terms of sub- and
supersolutions as well as stability of the viscosity formulation with respect to limit passages.
Apart from well-posedness of viscosity solutions, one can also show consistency with smooth
solutions in form of a weak-strong uniqueness principle, cf. for instance Evans and Spruck [60,
Theorem 6.1]. The latter relies on specific properties of the signed distance function for sets
whose boundary evolves smoothly by mean curvature flow.

Despite of providing a well-posed theory of viscosity solutions for the level set approach
to mean curvature flow (1.34), there is a well-known shortcoming of the solution concept of
Chen, Giga and Goto [36] and Evans and Spruck [60], respectively. The problem consists of
the fact that the level set (1.36) in general may develop a non-trivial interior and thus fails to
describe an actual interface in form of a hypersurface. Interestingly, this phenomenon, which
is typically referred to as the fattening of level sets in the literature, can be explained in terms
of non-uniqueness of evolutions for an intrinsic viscosity formulation of mean curvature flow
due to Soner [146]. More precisely, Soner [146] first develops a viscosity formulation which
is purely based on the signed distance function associated with the underlying evolving sets,
then provides a global-in-time existence result for a maximal viscosity solution in this intrinsic
sense [146, Theorem 10.4|, next shows that his weak formulation in general allows for non-
unique evolution [146, Section 8] by providing specific examples, and finally establishes that
this non-uniqueness is directly related to the fattening of level sets [146, Corollary 11.2] of
viscosity solutions in the sense of Chen, Giga and Goto [36] and Evans and Spruck [60].

Yet another view on viscosity solutions of Chen, Giga and Goto [36] and Evans and
Spruck [60] is provided by Ilmanen’s notion of set-theoretic subsolutions to evolution by
mean curvature flow (cf. [81] or [82, Paragraph 10]). A family of closed subsets (I(t)):e[0,00)

of R? is called a set-theoretic subsolution to mean curvature flow if an avoidance principle
with respect to smooth solutions holds true: for all ¢ € [0, 00), all s € (0, 00) and all smoothly
evolving compact interfaces (S(t))iecf v+ moving by mean curvature flow it is required

INSH)=0 = It)NSt)=0 forallte [t t'+s]. (1.38)

Based on a comparison principle for set-theoretic subsolutions |82, Lemma 10.2], [lmanen then
proceeds by showing that any viscosity solution in the sense of Chen, Giga and Goto [36] and
Evans and Spruck [60] is in fact a maximal set-theoretic subsolution, and vice versa (cf. [82,
Lemma 10.4]).
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Imanen also provides in his work [82] an inclusion principle stating that the support
of any codimension one Brakke flow, whose support at the initial time is contained in the
zero level set of a viscosity solution, remains contained in the zero level set of this viscosity
solution at all later times (cf. [82, Theorem 10.7]). The proof of this fact is based on an
avoidance principle for codimension one Brakke flows and that any codimension one Brakke
flow in fact is a set-theoretic subsolution to mean curvature flow (cf. [82, Lemma 10.5 and
Lemma 10.6]).

We conclude our discussion of the level set approach to mean curvature flow by mentioning
that the theory of Chen, Giga and Goto [36] and Evans and Spruck [60] can be generalized
to the setting of mean curvature flow of surfaces with arbitrary codimension, which is due to
Ambrosio and Soner [13]. Their work in particular includes the higher codimension analogue
of Ilmanen’s inclusion principle with respect to Brakke flows, as well as a consistency check
in form of a weak-strong uniqueness principle (the latter based on specific properties of the
squared distance function to the smoothly evolving surface).

1.3.2 Binormal curvature flow of curves in R3

Consider a finite time horizon T' € (0, 00) and a family of embedded arc-length parametrized
closed curves (y(-,t): R/LZ — R3, s+ Y(8,1))tefo,r] in R3 for some L > 0. For a smoothly
evolving family of such curves, the binormal curvature flow is represented by

8t’Y = 857 X ass'Ya (139)

with x denoting the cross product of vectors in R3. Existence of solutions to (1.39) in the
parametrized setting can only be guaranteed for short times due to the possibility of the
formation of self-intersections and/or collisions in finite time (cf. the discussion of Jerrard
and Smets [85]). To account for evolutions past such singularities, a suitable weak formulation
of (1.39) has to be considered.

One way to proceed is based on the following identity satisfied by smooth solutions to

evolution by binormal curvature flow (1.39)
d L L
G | b0 005,005 = = [ (T9x0) @],y 235,00 9 1 (5.0) s

(1.40)

for all ¢ € CZ5 (R R?), cf. Jerrard and Smets [35, Lemma 1]. The importance of (1.40) stems
from the observation that it can be generalized to a varifold setting. To this end, one considers
oriented varifolds V' (i.e., a finite Radon measure on the product space (z,7) € R3xS?)

satisfying the compatibility condition
> L
/‘ o) -7dV(z,7) = Z/ go(’yj(s)) - 0sv4(s)ds (1.41)
R3 xS? j=170

for a family (v;: R/LZ — R3);>1 of injective Lipschitz closed curves in R3 such that
Z‘;‘;l length(vy;) < oco. In the language of Federer and Fleming, the previous identity as-
serts that the first moment of the oriented varifold with respect to the “tangential variable”
7 € S? represents a so-called finite mass integral one current without boundary in R3.

Jerrard and Smets (cf. [85, Definition 2|) then introduce a weak solution concept for
binormal curvature flow of curves in R3 in terms of a time-dependent family of oriented
varifolds (V (-, -,))¢e[0,00) Subject to the compatibility condition (1.41), for which it is required
that

d

dt 52 o(z) - 7dV(x,7,t) = —/ (V(ngo))(x) T @7dV(x,T,t) (1.42)

R3xS2
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holds true for all ¢ € CZ5 (R R?) in analogy to (1.40), as well as that for all ¢ € [0,00)
the mass |V|(R3xS?,t) is bounded from above by the mass of the underlying finite mass
integral one current without boundary in R? at the initial time ¢ = 0. Jerrard and Smets
then proceed by establishing a global-in-time existence result for general initial data [85,
Theorem 1] for this weak solution concept of binormal curvature flow of curves in R3.

Apart from a global-in-time existence result, Jerrard and Smets also prove a weak-strong
uniqueness principle [85, Theorem 2| showing that as long as a smooth solution to binormal
curvature flow of curves in R? in the sense of (1.39) exists, any weak solution in the above
varifold sense (1.42) starting from the same initial smooth curve has to coincide with this
smooth solution (in the sense of the identity (1.45) below). The interesting point in connec-
tion with the topics of this thesis is that their qualitative uniqueness result is derived as a
consequence of a quantitative “weak-strong stability estimate” [85, Theorem 3]. This stability
estimate is moreover formulated in terms of a “distance measure” between a smooth and a
varifold solution to binormal curvature flow of curves in R?, which in fact is an analogue for
curves of our approach to weak-strong uniqueness for curvature driven interface evolution (cf.
Section 2.1 for two-phase evolution problems as well as the second part of Section 2.3 for its
generalization to varifold solution concepts).

More precisely, Jerrard and Smets introduce for a given smooth solution I' = (v(-, t))te[O,T]
and a given varifold solution V' = (V(-,,)):c[0,00) With associated initial finite mass inte-
gral one current without boundary Ty the functionals

VD)) = |T| /RS E(a,t) - 7dV (w7 0) (1.43)
2/ L=l t) - T dV (@, 7, 1) = Bo[VIT](0), (1.44)
R3xS2

where ¢: R3x[0,7] — R? is some vector field associated with the strong solution I', and
where the lower bound (1.44) is a consequence of the requirement for a varifold solution that
[VI(R3xS?,t) < |Tp| for all t € [0,00). For Ej[V|T] resp. E2[V|T] to be a suitable error
functional, it is required that for each t € [0, 7] the vector field £(-,¢) at least represents an
extension of the tangent vector field 0s7y(-,t) subject to the length constraints |{(-,¢)] < 1
in R3 and |{(z,t)| = 1 if and only if 2 = (s, t) for some s € R/LZ. Indeed, the second con-
dition ensures that Es[V|I'] > 0, whereas the combination of the first and the last condition
guarantees that E1[V|I'] = E2[V|I'] = 0 implies that the varifold solution V' is given by the
natural varifold lift of the smooth solution I, i.e.,

L
/ Y(x,7)dV (z,T,1) :/ Y(v(s,t),057(s, 1)) ds (1.45)
R3 x§2 0
for almost every ¢ € [0, 7] and all ¢ € CS5 (R3xS?), cf. [35, Proof of Theorem 2|.

With these definitions in place, the already mentioned “weak-strong stability estimate” of
Jerrard and Smets for binormal curvature flow of curves in R? then takes the form (for some

suitably constructed vector field &)
d
LEWITO| S BWVIT0 < BIINO, €01 (1.46)

so that an application of Gronwall’s inequality and the properties of the functionals E1[V|T']
resp. E3[V|I'] imply the asserted qualitative weak-strong uniqueness.

1.4 Informal statement of main results

In general, global-in-time uniqueness can not be expected in the class of weak solutions
for curvature driven interface evolution problems due to singularities. An example in the
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context of multiphase mean curvature flow is already included in the work of Brakke [23,
Section C.4 and Figure 5], cf. also our work [65, Figure 3| or the work of Lira, Mazzeo, Pluda
and Saez [106, Figure 3|, where the same example is discussed. The example more precisely
concerns the singular planar configuration at which four phases meet at a quadruple junction
with equal angles of 90°, for which two possible continuations of the evolution exist (by
splitting the quadruple junction into two separate triple junctions at which the correct angle
condition holds). On the other side, uniqueness may not be guaranteed even prior to the first
topology change and the resulting singular configuration. The prime example for this consists
of Brakke’s notion of varifold solutions to multiphase mean curvature flow as discussed in
the second part of Section 1.2, for which a sudden and arbitrary loss of surface measure
at any stage of the time evolution is admissible with the definition of his solution concept.
In particular, one can enforce non-uniqueness by hand at any time by simply replacing the
evolving varifold with the empty varifold.

In summary, the best one can hope for in the context of weak solution concepts for
curvature driven interface evolution problems is a conditional uniqueness result. A way
to formalize this consists of so-called weak-strong uniqueness principles: prior to the onset
of geometric singularities due to topology changes, weak solutions are unique in the class
of strong solutions. In other words, in the presence of a weak-strong uniqueness principle
non-uniqueness of the weak solution concept under consideration may only arise at the first
singular time of the unique strong solution. For general initial data, the first singular time
of a strong solution is of course expected to be finite. For example, one could think of grain
boundaries in an annealing metal which may collapse, or a liquid drop which may pinch-off
into two separate drops.

As already remarked at the beginning of the preceding Section 1.3, for interface evolution
problems not admitting a geometric comparison principle, as it is for instance the case in
multiphase geometric evolution equations or two-phase fluid flow, the derivation of a weak-
strong uniqueness principle or a weak-strong stability estimate represented to the best of
the author’s knowledge an open problem. The works presented in this thesis are precisely
concerned with such problems, and thus, again to the best of the author’s knowledge, are the
first to provide a positive result in this direction. We summarize in the following theorem
the main results of this thesis.

Theorem (Weak-strong uniqueness and stability of evolutions for two-phase Navier—Stokes
flow with surface tension and multiphase mean curvature flow; joint works with Julian Fischer,
Tim Laux, and Theresa M. Simon). Energy dissipating weak solutions to

o two-phase Navier—Stokes flow with surface tension (1.1a)—(1.1c) in the sense of Abels’ [1]
varifold solutions (u, x, V),

e planar multiphase mean curvature flow (1.11) in the sense of BV solutions (xi, Vi)ie(1,....p}
of Lauz and Otto [98] resp. Lauzx and Simon [101],

e multiphase mean curvature flow (1.11) of double bubbles in R? in the sense of BV solu-
tions (Xi, Vi)ief1,2,3y of Lauz and Otto [98] resp. Lauz and Simon [101],

satisfy a weak-strong uniqueness principle: for each of these three curvature driven interface
evolution problems, as long as a strong solution exists, any energy dissipating weak solution
in the above sense starting from the same initial data has to coincide with the unique strong
solution.

Moreover, these qualitative uniqueness results are derived as a consequence of an associ-
ated weak-strong stability estimate, which is formulated in terms of a novel distance measure
between a strong and a weak solution. This distance measure is capable of controlling the
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interface error between a strong and a weak solution in a sufficiently strong sense, and its
interfacial contribution has the structure of a relative entropy with respect to the energy func-
tional given by interfacial surface area.

Precise versions of this result with references to the specific formulations of the underlying
solution concepts are given in Theorem 3.1, Theorem 4.1 and Theorem 5.1, respectively. Let
us mention in this context that a similar result holds true for energy dissipating weak solutions
of the Mullins—Sekerka equation (1.29) with isotropic Gibbs-Thomson law (1.21) in the sense
of the BV formulation (1.32) and (1.28), for which we refer to our forthcoming work [67].

The remainder of this thesis is structured as follows. We conclude this introduction with
the upcoming Section 1.5 by briefly discussing the concept of relative entropies in the classical
setting of a strictly convex and dissipated energy functional. Chapter 2 then provides a rather
extensive account on our novel notion of relative entropies for a class of interface evolution
problems, and thus serves as a unified framework behind our strategy for the derivation of
the main results of this thesis. Chapter 3, Chapter 4 and Chapter 5 finally contain the proofs
of our main results in the order they are mentioned in the previous theorem (cf. in this regard
the List of Collaborators and Publications section in the preamble to this thesis).

1.5 The relative entropy method: Classical setting

Weak-strong uniqueness principles happen to be true in a lot of classical applications from
mathematical continuum mechanics, at least if the problem under consideration satisfies an
energy dissipation principle. (However, there are counterexamples to this rule-of-thumb as
the work of Colombo, De Lellis, and De Rosa [41] shows.) For instance, in the case of
the incompressible Navier—Stokes equations, weak-strong uniqueness for energy dissipating
weak solutions was established by Leray [105] and Serrin [142]. Many more examples for the
validity of a weak-strong uniqueness principle are known in the context of mathematical fluid
mechanics. For a survey, we refer to the review article of Wiedemann [149].

One common feature to most of these results is that they rely on the relative entropy
method, which in turn originates in the works of Dafermos [43] and DiPerna [53] on conser-
vation laws. A relative entropy is a nonlinear functional measuring the “distance” between a
weak (denoted for concreteness by u) and a fixed strong solution (say v). In the case where
the problem under consideration is equipped with a dissipated strictly convex energy (or
entropy) functional E[-], one may obtain such a distance measure by subtracting the first
order approximation to E[-] around the “base point” v

Elulv] := Eu] — DE[v](u —v) — E[v]. (1.47)

Convexity of the energy E|-] implies non-negativity of the relative entropy FElulv] > 0,
whereas strict convexity of EJ-] ensures on top that Efulv] = 0 if and only if u = v. Finally,
in order to control the time evolution of the quantity E[u|v] one in principle relies on only
two ingredients: i) the dissipation of energy in form of & E[u] < —D[u] for a non-negative
dissipation functional D[u] > 0, and i) the possibility of using (in general nonlinear) func-
tionals of the more regular strong solution v as a test function in the weak formulation of the
weak solution w. In classical applications of the relative entropy method (e.g., conservation
laws or fluid mechanics), one then leverages on the properties of the functional E[u|v] to
deduce an estimate of the form

d
aE[u\v] < C(v)Elulv]. (1.48)
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An application of Gronwall’s lemma in turn allows to infer from (1.48) weak-strong uniqueness
and stability in form of the estimate

Elulv](t) < et Elulv)(0). (1.49)

With the general structure (1.47)—(1.49) of the relative entropy approach in place, we
provide for illustration purposes three specific examples describing how the general structure
materializes in some classical problem settings:

e (Conservation laws) We consider a scalar conservation law in spatial dimension d = 1
with smooth and strictly convex flux function F': R — R given by

du+ 9y (F(u)) =0 in Rx(0,00). (1.50)

More precisely, we are interested in so-called entropy solutions (cf. for what follows the
book of Evans [59, Subsection 11.4.3]) whose main defining condition consists of requiring
in a distributional sense

O (n(u)) < —0x(q(u)) in Rx(0,00) (1.51)

for all entropy/entropy-flux pairs (7,q), meaning that the map n is smooth, strictly
convex, and it holds

¢ =F'n, (1.52)

where f’ denotes the derivative of a differentiable f: R — R. For an entropy solu-
tion u and a given entropy/entropy-flux pair (7,q), we define the associated entropy
functional E,[u] := [n(u)dz.

Following Dafermos [43] and DiPerna [53], we then introduce for each entropy/entropy-
flux pair (n,q) a relative entropy

n(ulv) = n(u) = n'(v)(u—v) = n(), u,veR,

as well as a relative entropy-flux

a(ulv) = q(u) — o/ (0) (F(u)=F (1)) — q(v), w0 € R,

It is important to observe that, for each fixed v € R, the pair (n(-|v), ¢(-|v)) represents
again an admissible entropy/entropy-flux pair of (1.50), which in view of the entropy
condition (1.51) is then a key ingredient for the computation of the time evolution of the
error functional

By fulv] = /n<u\v> dz. (1.53)

Note also that for bounded entropic solutions v and bounded strong solutions v, the
relative entropy E,[u|v] is comparable to the L? distance between u and v thanks to the
entropy 7 being smooth and strictly convex.

As usual in the context of the relative entropy approach, some form of improved regu-
larity is required at the level of the strong solution v. For instance, a stability estimate
for E,[ulv] holds true once v is at least Lipschitz continuous (cf. Serre and Vasseur 140,
Section 3|). However, once one allows for discontinuities in the solution v (e.g., due to
shock waves) an estimate of the form (1.48) for Ej[u|v] in general fails. We refer the
reader to Serre and Vasseur [140, Section 3.1] for a concrete counterexample.
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During the last decade, a refined version of the relative entropy method—the theory
of weak-strong stability up to a (time-dependent) shift—has been developed in order
to incorporate discontinuities in the strong solution v. The basic idea is to shift the
discontinuity of v by a (time-dependent) velocity adapted to the entropic solution w.
For results based on this idea in the context of conservation laws, we refer to the works
of Leger [103], Leger and Vasseur [104], Serre and Vasseur ([139] and [141]), Kang and
Vasseur [86], Krupa and Vasseur ([92] and [93]), and finally Krupa [91].

(Incompressible viscous fluid flow) We consider the Navier-Stokes equations (2 C R%)
Ou+ (u-V)u=pAu—Vp+ f in Qx[0,T7, (1.54)
Vou=0 in Qx[0, 7. (1.55)

Weak solutions in the sense of Leray [105] and Hopf [80] are required to satisfy an energy
inequality of the form (strictly speaking, the integral version of it)

4 g < —/u!Vu\gdx—i—/f-ud:r (1.56)
dt Q Q

with respect to kinetic energy
1
Elu] == / —|u?dz. (1.57)
Q2

In this setting, the relative entropy ansatz (1.47) then simply boils down to

Efulu] ;:/Q;|u—v|2dx:E[u]—/Qu-(u—v)dx—E[v]. (1.58)

As already mentioned, weak-strong uniqueness based on an estimate for the time evolu-
tion of the L? distance is due to Leray [105] in the full space setting and due to Serrin [142]
for domains.

For the incompressible Euler equations, the situation is known to be drastically different.
Scheffer [136] was the first to construct nontrivial weak solutions which are compactly
supported in time, see also the work of Shnirelman [145]. This phenomenon for the Euler
equations was later studied by De Lellis and Székelyhidi [44] as an instance of Gromov’s
h-principle (see also [45]). Their insights and techniques paved the way for a series of
works establishing further striking non-uniqueness results in mathematical fluid mechan-
ics. E.g., the resolution of Onsager’s conjecture by Isett [84] and Buckmaster, De Lellis,
Székelyhidi, and Vicol [27], the non-uniqueness of distributional solutions with bounded
kinetic energy of the 3D incompressible Navier—Stokes equations due to Buckmaster and
Vicol [26], or the non-uniqueness of entropy solutions for the isentropic compressible Eu-
ler equations due to Chiodaroli [37] and Chiodaroli, De Lellis, and Kreml [38], to mention
just a few of them.

(Compressible viscous fluid flow) As a third and last example, we consider the following
compressible Navier-Stokes system (2 C R%)

Op+V-(pu)=0 in Qx[0,T7, (1.59)

O(pu) + V- (pu@u) =V -S(Vu) — Vp(p) + pf in Qx[0, 77, (1.60)

with the viscous stress tensor defined by S(Vu) := pu(Vu+(Vu)"—2(V-u)Id) +n(V-u)ld,
and the pressure p = p(p) € C[0,00) N C?(0,00) being subject to the conditions (y > 3)

?'(p)

_ / -
p(0)=0, p >0in (0,00), -1

—a>0as p— oo,

p
H(p) ::p/ pg)dz<ooforallp>0.
0

19



1. INTRODUCTION

In this context, Feireisl, Jin, and Novotny [62] (see also the work of Germain [74]) provide
a weak-strong uniqueness principle for weak solutions of (1.59)—(1.60) with finite energy

1
Blp.ul = [ Soluf? + H(p)da.

Defining the auxiliary quantity H(p|r) := H(p) — H'(r)(p—r) — H(r), the associated
relative entropy for a given strong solution (r,v) is given by

1
Blp.ulrio] = [ Solu—vl+ H(plr) do

We conclude by mentioning that their analysis can be extended to the case of the full
Navier—Stokes—Fourier system, see the work of Feireisl and Novotny [63].

The main contribution of the works contained in this thesis consists of a suitable adap-
tation of the classical relative entropy ansatz (1.47) to a certain class of curvature driven
interface evolution equations. The next chapter is devoted to a detailed exposition of our
relative entropy approach for such problems, adopting in the process a viewpoint which is as
general as possible.
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CHAPTER

The relative entropy approach for a
class of interface evolution problems

To the best of the author’s knowledge, no analogue of the relative entropy method has
been used or developed for interface evolution problems in general. In our recent works [64]
and [65], we introduced a notion of a relative entropy for two-phase and multiphase evolution
problems, respectively, for which the total energy functional is dissipated and contains an
interfacial energy contribution being proportional to the surface area of the evolving interface.
(In the multiphase case, the constant of proportionality is allowed to vary for interfaces
corresponding to different pairs of phases.) In these works, our novel concept of a relative
entropy for interface evolution problems serves the crucial purpose of overcoming the lack of
a geometric comparison principle.

It is the aim of this chapter to give a rather precise and extensive account on the main
ideas and principles underlying our approach to the uniqueness problem for such curvature
driven interface evolution problems. In particular, we want to emphasize those parts of our
arguments which do not specifically rely on the precise formulation of the free boundary
problem at hand (i.e., an equation for the normal velocity vector). The ideas presented in
this chapter therefore constitute a unified framework connecting all the results on uniqueness
properties of weak solution concepts mentioned in Section 1.4 above.

For the purposes of most of this chapter, we put ourselves in the most simple situation
and consider only energy functionals given by the surface area of the evolving interface (up to
proportionality constants, which in the multiphase case may vary for interfaces corresponding
to different pairs of phases). In particular, we will neglect further contributions to the energy
functional (e.g., kinetic energy in two-phase fluid flow with sharp interface). We will also
exclude for the sake of the discussion the possibility that the evolving interface may intersect
the boundary of a given domain, and instead consider a full-space setting (under a finite mass
assumption for all except of one of the phases). The reader may keep in mind the case of
evolution by mean curvature as a prime example.

In light of these simplifying restrictions, we conclude this chapter by a discussion of the
robustness of our relative entropy approach to curvature driven interface evolution problems.
More precisely, we remark how the ideas and principles of the following two sections extend
and/or apply to other settings, including two-phase fluid flow driven by surface tension (in
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particular, the extension to varifold solution concepts), interface evolution in bounded do-
mains with the possibility of boundary contact of the interface with a fixed-in-time contact
angle, and finally the derivation of convergence rates for diffuse interface models to a sharp
interface limit. Parts of this discussion include an outlook on possible future projects.

2.1 The relative entropy method: The case of two phases

For the purposes of this section, we fix the following setup. Let T' € (0,00) be a finite time
horizon, let Q = (€2(t))c[o,7] be a family of sets of finite perimeter in R? (modeling the phase
of a weak solution) with finite mass, and let the reduced boundary I(t) := 0*Q(t) of Q(t) be
the associated interface for all ¢ € [0,T]. We are interested in interface evolution problems
with an interfacial energy contribution proportional to the surface area of the interface

E[Q](t) == a/[(t) 1dHY, teo,T), (2.1)

with the proportionality factor given by surface tension ¢ > 0. Moreover, consider a
“smoothly evolving” family of open and bounded sets Q = (_Q(t))te[o,T_] (modeling the phase
of a strong solution) with “smoothly evolving” interfaces I(t) := 0€Q(t) for all t € [0,T].
(One way to encode a smooth evolution would be to assume that ©(0) € R? is an open and
bounded set with finitely many connected components and smooth boundary 9(0), and
that there exists a smooth space-time diffeomorphism W: R%x [0, 7] — R9x[0, 7] such that
Q(t)x{t} = ¥(Q(0),t) for all t € [0,T].)

We aim to introduce a quantity E[Q|Q)] which is based on the energy functional (2.1),
mimics the structural properties of a classical relative entropy as in (1.47), and gives sufficient
control on the interface error between the two evolving interfaces (1(t))tejo.r) and (I(t))seo,r1-
To this end, we make use of duality to rewrite the energy (2.1) in form of

E[Q](t) = sup / V- o€de.
€eC; Q1)

Cpt(Rd;Rd)7 ||£HL°° <1

This in turn motivates the following ansatz

E[QIQ)(t) = U/I(t) L) - €0, ) dHY, te [0,7), (2.2)

where n(-,t) denotes the (measure-theoretic) unit normal along the reduced boundary I(t)
pointing inside the phase 2(¢), and £ is a smooth space-time vector field such that along the
smooth interface I(t) it coincides with the inward pointing unit normal vector field

£(,t) =a(-t) on I(t). (2.3)

Away from the interface, the length of £ is moreover required to decrease quadratically in the
distance to the interface

£(-,t)| < 1 — cmin{dist?(-, I(t)),1} in R? (2.4)

for some ¢ € (0,1]. One should recall at this point that a similar construction to (2.2)
was already employed by Jerrard and Smets [85] for a codimension two problem, namely the
derivation of a weak-strong uniqueness principle for the evolution of curves in R3 by binormal
curvature flow.
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The requirements on the vector field { are coercivity conditions in the sense that they
ensure non-negativity E[Q2[Q2] > 0, and that the validity of E[Q[€2]() = 0 for ¢ € [0,T] implies
I(t) C I(t). Moreover, property (2.4) immediately entails that

/ min{dist?(-, (), 1} dH?™ < ¢ Lo E[Q|Q](t). (2.5)

Note that E[Q|Q](t) also yields tilt-excess type control of the error in the interface normals
since trivially

/ (-, )&, )2 dHA < 20 LE[QI) (2). (2.6)
1)

Finally, the ansatz (2.2) indeed resembles the structural form (1.47) of a classical relative
entropy as one may compute by an integration by parts and the properties of the vector

field &

EQIQ)(t) = )+ V o) (-, t) dx (2.7)

\{O

V- (=08)) (1) dz — E[Q)(t),

where x(-,t) and ¥(-,t) denote the characteristic functions of the phases Q(t) and Q(t),
respectively.

In particular, in order to control the time evolution of the interface error functional
E[Q|Q], one in principle only relies on inserting V - o€ as a test function into the evolution
equation for the time-evolving phase €(t) of the weak solution, and an energy dissipation
principle to control the contribution of the term %E []. With respect to the former, we of
course need in addition an appropriate control on the time evolution of the vector field £. To
this end, it turns out to be beneficial (in the two-phase case mostly for clarity of exposition
and efficient organization of terms in the time evolution of the relative entropy) to introduce
a second vector field B, which shall represent a smooth space-time vector field whose normal
component along I equals the normal velocity Vj of the smoothly evolving interface I:

((B-n)n)(-, 1) = V(- 1).

Since the vector field ¢ extends the unit normal of the interface I, which itself gets transported
and rotated as a consequence of the motion of the interface, one may guess that the differential
operator 0;£+(B - V)é+(VB)T¢ captures the evolution of the vector field ¢ (up to admissible
error terms in the distance to the interface I). We refer to the next subsection for an
explanation of how to capitalize on the structure of this differential operator.

Of course, the arguments needed to eventually arrive at an estimate of the form (1.48) are
at some point specific to the geometric evolution equation under consideration. However, a
large part of the involved computations are in principle generic, and in order to underline this
fact, we will present in the next subsection the problem independent part of the computation
of the time evolution of the error functional E[Q|Q)]. In this context, it is an interesting
observation that these computations will naturally lead to (the BV formulation of) the mean
curvature functional associated with the interface I(t) tested against B(-,t), i.e., formally

—/ (Id—n®n)(-,t):VB(-,t)d7—ld1:/ H;(-,t) - B(-,t) dH! (2.8)
I(t) I(t)

with Hj(-,¢) denoting the mean curvature vector of the interface I(t), and where B is the
above mentioned velocity vector field. This may serve as one explanation why the relative
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entropy approach based on the error functional (2.2) is particularly well suited to curvature
driven interface evolution problems. In terms of the examples from Section 1.2, the left hand
side of (2.8) interpreted as the functional

Cl

cpt

(RERY) 3 0 — o (Id—n ®@n)(-,t) : Vo dHI ! (2.9)

is naturally an integral constituent of the corresponding weak (i.e., BV') formulation:

e In the case of evolution by mean curvature, the functional (2.9) is directly linked to
the normal velocity of the evolving interface I. For this example, the normal component
along I of the velocity vector field B is given by the mean curvature vector of the smoothly
evolving interface I.

e In the case of the Mullins—Sekerka equation, the functional (2.9) appears in the weak
formulation of the Gibbs-Thomson law, and the normal component along I of B may
be chosen as the jump across I of the Neumann data for the temperature field of the
smoothly evolving solution.

e In the case of two-phase Navier—Stokes flow with sharp interface, the functional (2.9) is
part of the weak formulation of the Young—Laplace law, and thus represents a coupling
term between the evolution equation for the domain occupied by one of the fluids and the
evolution equation for the fluid velocity. In this setting, one fixes the normal component
of B along I as the normal component of the fluid velocity of the smoothly evolving
solution.

2.1.1 The time evolution of the two-phase relative entropy

In the above setting, denote by x(-,¢) the indicator function of the phase Q(t) for all ¢ €
[0,T]. We further write V(-,t) for the normal velocity vector field of the associated evolving
interface I(t), i.e., it holds in a distributional sense

ox+ (Vi-V)x=0. (2.10)

Based on the representation (2.7) of the relative entropy functional (2.2), one may then
compute (we omit for notational convenience the dependence on the time variable)

d _ d d
P = th[QHdt/x(VJE) dz
— %E[Q] - U/I(V'S)(Vz n) dH! —U/In-&ggd?-[d—l.

We next add zero to the last right hand side term of the previous display in order to generate
the proposed PDE for the time evolution of the vector field £, which yields after adding
another zero in a second step

—0 / n-0EdHT = —¢ / n- (0&+(B - V)E+(VB)TE) dH!
I I
. . d—1 (. d—1
—i—a/In (B-V)¢dH +U/I£ (n-V)BdH
== [0 (06+(B - V)e+(VB)TE) an!
—o [ € (0&+(B-V)E) dH!
I

I

((n—¢) - -1, [ 4n.(B. d—1
+a/I§ (n—¢) - V)BdH +/ (B V)¢dH
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2.1. The relative entropy method: The case of two phases

By an application of the product rule and by adding zero, one may rewrite the last right
hand side term of the previous display in a form which generates the BV formulation of the
mean curvature functional (2.9)

a/n.(B.V)gde1:a/n.(v-(5®3))d¢zd1—0/(n.g—1)(v.3)d%d1
I I

1

— J/(Id—n@n) : VBdH! — J/n- (n-V)BdH L.
I I

Moreover, due to an integration by parts in the first right hand side term of the previous

display, the symmetry relation V- (V- (£ ® B)) = V- (V- (B®¥¢)), as well as the product
rule, we may also compute

J/In-(V-(ﬁ@B))d”Hd_l:—J/xV-(V-(£®B))dx
:J/XV-(V~(B®§))dx
—a/n-(v.(3®g))d%d1

I

:a/(v-g)(n-B)de—1+a/n- (&-V)BdHI.
I I

The combination of the previous four displays thus yields the following preliminary identity
for the time evolution of the relative entropy functional

%E[Q\Q] = %E[Q} - a/l(v L) ((Vi—B) -n) dH-! (2.11)

0 /I(Id—n ®n) : VBdHI?

—0 /I (&) - (&+(B - V)EH(VB)TE) dH
-0 /1 £ (0+(B - V)€) dH
—U/I(n-f—l)(V-B)d’Hd_l

—0 /I (m—¢) - (n—¢) - V)BdH* .

The first three right hand side terms of (2.11) are precisely those requiring a further
processing on an individual basis for a given specific two-phase free boundary problem. This
possibly involves further restrictions on the pair of vector fields (£, B) in addition to the
already stated properties. For instance, the reader may consult the first part of Section 4.2
for the argument in the context of evolution by mean curvature. There, the additional
condition (B - &+ V - €)(+,t) = O(min{dist(-, I(¢)), 1}) shows up, which is natural recalling
that & represents an extension of the unit normal of I.

The last four right hand side terms of (2.11), however, can already be dealt with in the
general setting of this subsection as follows. Under the assumption of a uniform bound on the
gradient of the velocity vector field B it is a trivial consequence of the definition (2.2) and the
coercivity property (2.6) that the last two right hand side terms of (2.11) are controlled by the
two-phase relative entropy E[Q2|Q]. Appealing in addition to the coercivity property (2.5),
and provided that the following error bounds hold true for the time evolution of the vector
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field £ as well as its length

(0 +(B - V)E+(VB)TE) (-, t) = O(min {dist(-, I(t)),1}) in R?, (2.12)
(O +(B - V)[E*) (-, t) = O(min {dist?(-, I(¢)),1}) in RY, (2.13)

also the fourth and fifth right hand side term of (2.11) are controlled by the two-phase relative
entropy E[Q|Q].

It thus remains to argue how to establish the estimates (2.12) and (2.13), which in turn
requires to provide an explicit construction of the pair of vector fields (£, B) given a smoothly
evolving phase (Q(t))e[o,7) With smoothly evolving interface (I(£))iejor)- In the two-phase
setting, this is rather straightforward and essentially a consequence of the assumed regu-
larity of the interface. More precisely, we may appeal first to the tubular neighborhood
theorem in order to fix a scale 7 € (0,1) such that within the space-time tubular neighbor-
hood Uyejo r{z € Re: dist(z, I(t)) < 7} x{t} the associated signed distance function sz(-,t)
to I(t) (with its orientation fixed by requiring Vsy(-, ) = (-, ) along I(t)) and the projec-
tion Pr(-,t) onto the nearest point on I(¢) are smooth space-time functions. Denoting further
by 1 a smooth quadratic cut-off satisfying min{r?,1} < 1—n(r) < Cmin{r?, 1} for all r € R
and some constant C' > 1 as well as suppn C [—1,1], and by Vj(-,t) the normal velocity
vector field of the smoothly evolving interface I(t) for all ¢t € [0, T, we then simply define for
all (z,t) € RIx[0,T]

&(z,t) = (F_lsf(x,t))VSf(J:,t), (2.14)
(f_ISj($,t))Vj(Pf(l',t),t). (2.15)

Note that (2.3) and (2.4) are immediate consequences of the definition (2.14). The esti-
mate (2.12) follows from the properties of the cut-off 1, the definitions (2.14) resp. (2.15),
the chain rule, and differentiating with respect to the spatial variable the identity

Osy(x,t) + (Vj(Pf(a:,t),t) V)sp(z,t) =0, (x,t): dist(z, I(t)) <7, (2.16)

which in turn is a well-known property for smooth evolutions. The estimate (2.13) finally
follows from [£(z,¢t)|* = n?(7'sj(x,t)), the properties of 7, the definition (2.15), the chain
rule, and the evolution equation for the signed distance from the previous display. Observe
carefully that this argument even works when including a smooth “tangential component” in
the definition (2.15) of the velocity B, which may prove helpful in applications.

2.1.2 Control in the limit of vanishing interface measure: The bulk error

Once one succeeded in providing a stability estimate in form of (1.48) with respect to the
relative entropy (2.2), one may deduce from it a “weak-strong inclusion principle” for the
underlying interface evolution problem:

I(0) € I(0) up to H4! null sets
—  I(t) C I(t) up to HI! null sets for a.e. t € [0,T]. (2.17)
In words, the property of the interface of the weak solution being contained in the interface
of the strong solution is stable with respect to the flow.

However, it is clear that any argument which is solely based on the error functional (2.2)
can not provide a full weak-strong uniqueness principle in form of

Q(0) = Q(0) up to a Lebesgue null set

= Q(t) = Q(t) up to a Lebesgue null set for a.e. t € [0,T]. (2.18)
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For example, it holds E[Q|Q](t) = 0 if Q(t) = 0 whereas (2.18) is obviously violated for
non-trivial evolution of the strong solution.

This observation motivates to introduce a second error functional which directly controls
the L! error between the two solutions € and €, and thus takes care of the lack of coercivity
of the relative entropy (2.2) in the limit of vanishing interface measure for the weak solution.
To this end, denoting again by x(-,t) (resp. x(+,t)) the indicator function of the phase Q(t)
of the weak solution (resp. the phase Q(t) of the strong solution) one defines for all ¢ € [0, T

EparlQ09 (1) = / (=) (- 1) 9, ) da, (2.19)

where 9: R?x[0,T] — [~1,1] is a smooth weight subject to (at least) the following require-
ments:

min{dist(-, I(¢)),1} < [9(-,t)| < Cmin{dist(-, I(t)), 1}, (2.20)
I(-,t) <0in Qt), 9(,t)>0in R\ Q(t) (2.21)

for some C' > 1 and all t € [0,T], where Q(t) denotes the closure of Q(t). Note that the
sign conditions of (2.21) are precisely what is needed to ensure non-negativity of the error
functional (2.19)

Foul Q)¢ /y [ [9(-, )] da :/ 9(-,4)| da > 0. (2.22)
QM)A

The second equality of the previous display together with (2.20) moreover show that the error
functional (2.19) is a slight modification of the well-known distance functional employed in
the famous works of Almgren, Taylor and Wang [10] and Luckhaus and Sturzenhecker [109],
respectively. In particular, for any ¢ € [0, T

Era[QQ)(t) =0 = Q(t) = Q(t) up to a Lebesgue null set. (2.23)

In order to deduce a weak-strong uniqueness principle of the form (2.18), the goal therefore
is to establish a stability estimate & la Gronwall in terms of Ep[Q]. In the spirit of the
previous subsection, we briefly discuss the part of the argument which is independent of
the specific geometric evolution equation under consideration. Appealing to the evolution
equation (2.10) of the phase of the weak solution, and noting that (2.21) implies 9(-,t) = 0
along I(t) for all t € [0, T, it follows (we again omit the dependence on the time variable)

%Ebulk[m(z] =— /I (Vi n)9dH! + / (X—X)09 dx
—/I(VI ) dH — /(X—X)(B V)0 dz
+ /(X—X)(atﬁJr(B - V)9) du,
where B denotes the velocity vector field from the computation of the time evolution of the

two-phase relative entropy (2.2). By an application of the product rule, an integration by
parts, and again using that ¥(-,t) = 0 along I(¢) for all ¢ € [0,T], we further compute

- / (x—X)(B - V)9 dz = / (x—X)(V - B)d da / (—X)V - (9B) dz
= /(x—X)(V -B)ddx + /(B -n)Y dHL
I
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Hence, the previous two displays imply

< B0 = - /I ((Vi-B) mo a4 [0 @d+(B- D) ds (220

+ /(x—)Z)(V - B)ddz.
Under the assumptions that
(000+(B - V)V9) (-, t) = O(min{dist(-, I(t)),1}) in R? (2.25)

and that the gradient of the velocity vector field B is uniformly bounded, the last two right
hand side terms of (2.24) are immediately controlled by the error functional (2.19) due to its
definition and (2.20). Realizing (2.25) in the two-phase setting is in turn straightforward by
means of the following procedure. Fixing a smooth truncation of the identity J: R — [—1, 1]
satisfying min{|r|, 1} < |[9(r)| < Cmin{|r|,1} for some C > 1 and all r € [-1,1], [9(r)| =1
for all r € R\ [—1,1], as well as 9(r) < 0 for r > 0 resp. J(r) > 0 for 7 < 0, we define for all
(z,t) € R¥x[0,T]

W, t) = 5(F_15j(x,t)), (2.26)

where the tubular neighborhood scale 7 € (0, 1] and the signed distance function s7 are chosen
as in the previous subsection. Note that the conditions (2.20)—(2.21) are obviously satisfied
due to the definition (2.26). Validity of the approximate evolution equation (2.25) is in turn
a consequence of the properties of the smooth truncation of the identity 9, the chain rule,
the evolution equation (2.16) of the signed distance function, and the choice (2.15) of the
velocity vector field B from the previous subsection.

Post-processing the first right hand side term of (2.24) again has to be performed on
a case-by-case basis for each specific free boundary problem at hand. This may require
additional restrictions on the weight 9. It is furthermore expected that one relies on an
already closed stability estimate for the interfacial relative entropy (2.2) in order to close the
Gronwall argument for the bulk error functional (2.19). (This is indeed the case for all the
results of this thesis.)

2.2 The relative entropy method: The case of multiple phases

Let P > 3, and consider for the case of multiple phases a time-evolving partition 2 =
(Q1(t), .-, Qp(t))reor) of RY such that for all t € [0,7] each phase Q1(t),...,Qp(t) is a
set of finite perimeter, and all phases except for, say, the Pth phase have finite mass. For
distinct phases i,j € {1,..., P} and all t € [0,T], we denote by I; j(t) := 0*Q;(t) N 0*Q;(t)
the interface between the ith and the jth phase. We also write n; j(-,t) for the (measure-
theoretic) unit normal along I; ;(t) pointing from the ith to the jth phase, i.e., the restriction
to I; j(t) of the (measure-theoretic) unit normal ng-q, () along the reduced boundary 9*$;(t)
pointing inside §2;(t). We are then interested in multiphase interface evolution problems with
an interfacial energy contribution given by

P

1

BQt) =5 > am-/ 1dHYY, telo0,T), (2.27)
2 ST L)

with proportionality factors given by a (symmetric) matrix of surface tensions o € Riﬁd. We
also consider a smoothly evolving partition Q = (Q1(¢),...,Qp(t))seo,r) of RY, with all the
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phases except for the Pth phase having finite mass, and the interfaces I; ;(t) := 9, (¢)N0Q;(t)
being smooth for all ¢ € [0,7] and all distinct 4,j € {1,..., P}.

The multiphase analogue for the interface error functional (2.2) is simply given by the
ansatz

E[0)0)(t Z a”/ Loy (o8) - Es( ) dHSY, te(0,T). (.28

i,j=1,i#]

Basic coercivity of this error functional follows from requiring the smooth vector fields &; ;
to coincide along the interface I; j(t) with the unit normal i; ;(-,¢) pointing from €2;(t) to
Q;(t) for all ¢t € [0,T], and to satisfy away from the interface I; j(t) the length constraint
& (-, )] < 1 — cmin{dist?(-, [; j(t)), 1} for all ¢ € [0,7] and some ¢ € (0,1]. However,
without further conditions on the family of vector fields (&; ;)i; we can not simply proceed
by an integration by parts as in (2.7) to rewrite the ansatz (2.28) into a form structurally
resembling the one of classical relative entropies (1.47).

The additional necessary ingredient in the multiphase case is given by the following alge-
braic relation: we assume that there exists a family of smooth vector fields (£;);cq1,....py such
that

04,8 =& — &+ (2.29)
Provided the structural requirement (2.29) is satisfied, one may then use the skew-symmetry
relation n; ; = —n;; to rewrite the multiphase relative entropy (2.28) as follows
_ 1 L
EQ|Q)@) = E[Q)() - 5 > / ni (1) - (&=&)(, 1) dH!
irj=1yij 7 13 (1)
P
— BRI+ Y [ -Gl AR
; 9*Q;(t)

Instead of surface integrals over individual interfaces (with weights depending on the asso-
ciated pairs of phases), the second term on the right hand side of the previous display now
involves surface integrals over the phase boundaries. Hence, performing first an integration
by parts and adding zero in a second step (exploiting also the fact that (1(t),...,Qp(1))
resp. (Q1(t),...,Qp(t)) are partitions of RY for all ¢ € [0,7]) yields

,
BO0)0) = Bl -3 [ V&t (2.30)
i=1 /%
P
= E[Q](t) — V- (&—&) (-, t)dx — E[Q](t), 2.31
- 3 [ A e R (RN

which is the multiphase generalization of (2.7). Again, the merit of having the representa-
tion (2.30) is that, on top of requiring an energy dissipation principle, we only rely on testing
the evolution equation of the ith phase 2;(t) of the weak solution with the test function V-¢&;
in order to compute the time derivative of the error functional E[Q|Q)].

2.2.1 The time evolution of the multiphase relative entropy

We briefly argue how to produce the multiphase analogue of (2.11). To this end, let us
denote by x;(+,t) the indicator function of the ith phase Q;(¢) for all ¢t € [0,7]. We further
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write V;(-,t) for the normal velocity vector field of the associated evolving phase bound-
ary 0*Q;(+,t), i.e., it holds in a distributional sense

oxi + (Vi-V)xi = 0. (2.32)

Starting point for the computation of the time evolution of the multiphase relative en-
tropy (2.28) is the representation (2.30), which together with the evolution equations (2.32)
implies (we again omit the dependence on the time variable)

d
SEIRI0) = Zdt/x@ (V&)

+Z/ (V- &)(Vi-ngeq,) dHE 1+Z/ na*gi-at&d?-{d_l.

By the same argument which allowed to proceed from (2.28) to (2.30) based on the condi-

tion (2.29) and the skew-symmetry relation n; ; = —n;;, it holds
P
Z/ ng«Q, a,fz d/Hdil = — Z Uzg/ n; ;- 8,5517] Hd L
=197 1,j=1,i#j Lij

Defining along I; ; the interface velocity Vyp, , := (Vi - 14 4)n, ; for all distinct phases i,j €
{1,..., P}, we also obtain for the same reasons

P
Z/Q (V-&)(Vi-ngeq,) dHT ! = Z f’w/ (V&) (Vi -nig) -
=1 i

’L] 1,i#7

so that the combination of the previous three displays entails

d d
L E0I0] = Z i / ni ;- O&i g AH!
1,j=1,i#j L
Z i / (V&) (Vi n ) dHT
1,5=1i#]

The next step consists of introducing a single velocity vector field B, which shall represent
a smooth space-time vector field whose normal component along I_” equals the normal veloc-
ity of the smoothly evolving interface 1:” for all distinct phasesi,j € {1,..., P}. Noting then
that (2.29) together with the skew-symmetry relation n; ; = —n;; again enables to switch
back and forth between surface integrals over individual interfaces and volume integrals over
individual phases, this time in form of

Z Uw/ ni; - (V- (&, ® B)) dH =~ Z/Xz (& ®B))dzx

1,j=1,i#j
= - Z/Xz B & gz))
= Z Tij / n ;- (B®&,))) dH 1,

1,j=1,i#j
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one may otherwise simply follow the exact same arguments leading to (2.11) (with obvious
notational modifications) in order to produce the identity

d d
O EQ|0] = - Z o*m/ (V-&5)( —B) -n;;) dH! (2.33)
i,5=1i#]
1 P
-5 > a”/ (Id—n; ; ®n; ;) : VBdHI™!

i,j=1,i#j

P
Z Uz,j/ HZ,j gl,j (8155%] ( )fi,j"i_(VB)T&J) d/Hdil
=1,2

P
Z 01,]/ gl,j at£2j (B V)&”L,j) Hd !

z,] 1,i#j
1 P
D) Z Uw/ (i - &y — DV B)dH!
i,5= 11759
Z a”/ (mij—&ig) - ((miy—&iy) - )Bd%dil'
’L] 1,i#7

As in the two-phase setting, the further processing of the first three right hand side terms
is subject to the specific evolution problem under consideration, and may in particular put
further conditions on the vector fields ((&; ;)i-j, B). We refer to the second part of Section 4.2
for the example of evolution by multiphase mean curvature flow.

For the remaining four right hand side terms, provided that the gradient of B is uniformly
bounded and it holds for all distinct 4,5 € {1,..., P}

1&.5( 1)) <1 — emin{dist?(-, I; ;(£)), 1} in R?, (2.34)
(0kij+(B - V)& ;+(VB)TE& ;) (1) = O(min {dist(-, I; j(t)),1}) in RY, (2.35)
(0e]&i 51 +(B - V)|& ;%) (-, 1) = O(min {dist?(-, [; ;(¢)), 1}) in RY, (2.36)

one immediately observes that these four terms are directly controlled by the multiphase
relative entropy E[Q|Q)] from (2.28). However, in contrast to the two-phase setting, the actual
construction of a family of vector fields ((&; ;)i-;, B) satisfying at least (2.29) as well as (2.34)—
(2.36) is a substantially more difficult task. This is due to the—even on the level of strong
solutions—inherent singular structure of the underlying network of interfaces (e.g., triple
and /or higher-order junctions will be present in general), and thus requires additional ideas.
For a realization of such a construction in the context of multiphase mean curvature flow of
networks in R?, or mean curvature flow of a double bubble in R3, we refer to Sections 4.4-4.6
and Sections 5.2-5.4, respectively.

2.2.2 Relation to the method of paired calibrations

The crucial algebraic requirement (2.29) provides an interesting connection to a well-known
notion from minimal surface theory (see, e.g., Harvey and Lawson [79] or Morgan [118]) resp.
the theory of the partition problem (see, e.g., Lawlor and Morgan [102] or Brakke [24]): the
concept of calibrations resp. paired calibrations.

In the context of the partition problem and employing the language of Lawlor and Mor-
gan [102], a family of (time-independent) vector fields (&;)icq1,...p} 18 called a paired cali-
bration for a (time-independent) partition Q = (€,...,Qp) of a bounded domain D C RY
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if —next to the algebraic requirement (2.29), the extension property &; ; = i; ; along I; ;, and
the global length constraint |&; ;| < 1—it satisfies the divergence constraint V - (§ —§&;) =0
throughout D for all distinet 4,5 € {1,..., P}. The interest in this concept stems from the
classical fact that the existence of a paired calibration implies global minimality of the inter-
facial energy (2.27) for the underlying partition amongst all partitions of D with the same
boundary data, see again Lawlor and Morgan [102].

Indeed, thanks to the additional constraint on the divergence of §—¢&;, the argument
leading to the identity (2.31) shows that for all other partitions @ = (Q,...,Qp) of the
domain D C R? with the same boundary data along 9D as the calibrated partltlon Q, it
holds

B0 = B[] + E[QIQ)] + Z / —¢;) da (2.37)
i =Ly 0%
= E[Q] + E[Q|Q)],

so that the claim follows from recalling that E[Q2|Q] > 0.
The above reasoning towards global minimality does not rely on any of the properties
of the relative entropy functional E[Q|)] except for its non-negativity. We develop in a
forthcoming work [66] a local analogue of the concept of paired calibrations, and leverage
on the local version of this concept to show that flat partitions of a bounded domain in the
plane (i.e., interfaces are straight line segments joining at triple junctions with the correct
angle condition) are local Dirichlet minimizer for the interface energy functional with respect
to the L' topology (for given boundary data). The idea behind this result stems from
the observation that for local minimality it may suffice to enforce the divergence constraint
V- (& —&;) = 0 only in a small neighborhood around the interface fi,j. For the remaining
contributions from the bulk terms meQj V - (&—¢;) dz appearing on the right hand side
of (2.37), we then argue that, at least for sufficiently small perturbations of the phases in L!,
they can be absorbed by the relative entropy functional exploiting its coercivity properties.

2.2.3 The bulk error functional in the multiphase regime

In analogy to the two-phase setting, a stability estimate of the form (1.48) for the multiphase
relative entropy (2.28) implies a “weak-strong inclusion principle”

I j(0) C I; j(0) up to H™! null sets for all i # j € {1,..., P}
— L ;(t) C I ;(t) up to H! null sets for a.e. t € [0,7] and all i # j € {1,..., P},
but in general does not yet imply a weak-strong uniqueness principle
€;(0) = Q;(0) up to Lebesgue null sets for all i € {1,..., P}
= Q;(t) = Q;(t) up to Lebesgue null sets for a.e. t € [0,7] and all i € {1,..., P}.

For the latter, one again relies on a stability estimate with respect to a bulk error func-
tional, which in the multiphase regime may be defined by means of

B [QQ) (¢ Z/ —xi) (5 1) 94+, ) da. (2.38)

Here, ¥;: R4x[0,T] — [~1,1] represents for each phase i € {1,..., P} a smooth and inte-
grable weight subject to (at least) the following conditions:

Di(-,t) < 0in Q(t), (-, t) > 0in RT\ Q;(1), (2.39)
min{dist(-, 9Q;(¢)), 1} < [9;(-,t)| < C min{dist(-, 9(t)), 1}, (2.40)
(0pi+(B - V)0;) (-, t) = O( min{dist(-, (¢)), 1}) (2.41)
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for some C' > 1, allt € [0,7] and all i € {1,..., P}, and where B denotes the velocity vector
field from the computation of the time evolution of the multiphase relative entropy (2.28).
Constructing such a family of weights is slightly more involved than the corresponding argu-
ment from the two-phase setting because the phase boundaries 9€; will in general contain
lower-dimensional boundaries in form of, e.g., corners. We refer to Section 4.7 or Section 5.5
for an explicit construction in the context of networks of interfaces in R? or double bubbles
in R3, respectively. (The flow rule being evolution by mean curvature is in fact not essential
for the construction of the weights.)

We conclude the discussion of the multiphase regime stating a preliminary representation
for the time evolution of the multiphase bulk error functional (2.38). In analogy to the
argument in the two-phase setting leading to the identity (2.24), one obtains the formula

d d—1
aZE%MkSM(Z }: .—B)-n;;)dH (2.42)
b= 1@751 Tig

+ Zl /<Xi_Xi) (atﬂi‘F(B : V)ﬂz‘) dz

P
=1

The last two right hand side terms are directly controlled by Fpu[©2|Q] due to (2.40)-(2.41),
whereas further computations for the first right hand side term depend on the specific problem
at hand.

2.3 Robustness of the relative entropy approach

The relative entropy approach to curvature driven interface evolution problems outlined in the
previous two sections turns out to be sufficiently robust to apply it to more general settings
than the ones considered before. We discuss in this section applications and/or extensions
of the previously developed ideas to i) two-phase Navier—Stokes flow with sharp interface, i)
varifold solution concepts, 4ii) interface evolution equations incorporating boundary contact
energies allowing for contact point dynamics with fixed-in-time contact angles, and finally,
leaving the realm of sharp interface models, iv) the rigorous derivation of convergence rates
for diffuse interface approximations.

2.3.1 Application to two-phase Navier—Stokes flow with sharp interface

We start by recalling that the energy for a weak solution (€2, u) of the free boundary problem
for the flow of two viscous, incompressible and immiscible fluids with surface tension in R¢,
d € {2,3}, is given by

B, ] == B[, 4] + E[Q), (2.43)

where F[Q)] represents the interfacial energy contribution due to surface tension defined
by (2.1), and where the kinetic energy contribution Fy,[€2, u] is given by

Exin[$2, u] ::/[)(2X)|u]2dx. (2.44)

Here, for each t € [0,7] we again denoted by x(-,t) the characteristic function of the
phase €(t), and given the two densities p+ of the two fluids, we defined p(x) := p+x+p—(1—X).
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Assuming for simplicity that the two shear viscosities of the two fluids are the same
(for a discussion of the highly non-trivial problem of different shear viscosities, we refer the
reader to the fourth subsection of Section 3.2), and denoting by (£2,v) a strong solution for
the two-phase Navier—Stokes system with surface tension, the ansatz for the relative entropy
functional splits into two contributions (mimicking the structure (2.43) of the total energy
functional)

E[Qa U‘Q7 U] = (Ekin [Qv u}_DEkin [Q’ U] ((Qv u)_(Qa ’U)) _Ekin[Qa 'U]) + E[Q‘Q] (2'45>

The second contribution of (2.45) is precisely the two-phase relative entropy from (2.2),
whereas the contribution based on the kinetic energy functional (2.44) fits into the classical
framework (1.47) with

Eyin[Q, u]— D Eyn [Q, v] ((Q, u)— (2, v)) — Fin [, V]

= [ o b = B2l = [ pO0u-vde+ [ o0 3lof dn

Making use of the identity from the previous display as well as the identity (2.11) in com-
bination with the subsequent discussion, we consequently obtain the following preliminary
representation for the time evolution of the total relative entropy (2.45)

%E[Q,u!ﬁ,v] = %E[Q,u] - jt/p(x)u ~vdx + % /p(x);\v|2d3: (2.46)
- a/(v “O)((Vi=B) -n)dH*! - a/(ld—n®n) : VBdH!
I I
+ O(E[Q|9)]).

In the context of the free boundary problem for the flow of two viscous, incompressible
and immiscible fluids with surface tension, one then proceeds as follows. The structure of
the second and third right hand side term of (2.46) suggests to use the vector field v as a
test function in the evolution equation for p(x)u and the scalar field 1|v|?
equation for p(x), respectively. After plugging in the energy dissipation inequality at the level
of the weak solution, one then tries to combine the resulting terms with the remaining fourth
and fifth right hand side term of (2.46). For the rigorous implementation of this argument,
we refer the reader to Section 3.6.

in the evolution

2.3.2 Application to a class of varifold solution concepts

As we already explained in some detail in Section 1.2, without imposing additional assump-
tions (e.g., an energy convergence assumption) one may only guarantee, if at all, the existence
of so-called varifold solutions to a given interface evolution problem. For a prominent instance
of such a varifold solution concept relating to the results of this thesis, we refer to Abels’
notion of generalized solutions for two-phase Navier—Stokes flow with sharp interface [1]. We
aim to make the point here that for a certain class of varifold solution concepts (i.e., for
which a natural compatibility condition holds true, cf. (2.47) below), the two-phase relative
entropy approach (2.2) extends naturally. To this end, recall that an oriented varifold is
a finite Radon measure V€ M(R¥xS%™1), and we write |[V| € M(R?) for its local mass
density: |V|(U) := V(UxS%1) for all Borel measurable U C R?.

For what follows, we assume that we are given a time-dependent family of oriented vari-
folds (V'(+, -, t))se(o,), Wwhich is coupled to the evolving phase (€2(t));c[o,7) of the weak solution
by means of the compatibility condition

/ s-(z)dV (z,s,t) = / n(z,t) - () dH () (2.47)
RdxSd—1

1(t)
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for all t € [0, T and all v € CF; (R4 R%). The energy functional is then given by

B, V(1) = a/

LaV (z, 5,1) :a/ LAV (2, 1). (2.48)
RdXSd—l

R4

It is a direct consequence of the compatibility condition (2.47) that for all ¢ € [0,7] the
Radon—Nikodym derivative 6(-,t) := W exists and satisfies |V|(-, ) a.e. 0(-,t) € [0, 1].
In particular, we may define a non-negative error functional by means of

B, VIQ)(t) = a/RdXSd_l 1= s-£( ) dV(x, 5,1) (2.49)

— B[O, V](#) - a/ n( ) - €, £) ML

I(t)

— BlI(t) + U/Rd L= 0( ) d|V (1),

where E[Q|Q] denotes the two-phase relative entropy defined by (2.2).
The definition itself of E[S2, V|Q)] ensures tilt-excess type control on the level of the “var-
ifold normal” in form of

/ s— €2 dV (x, 5, 1) < 20~ E[Q, V| (1), (2.50)
R xSd—1

whereas the third line of the previous display guarantees that E[€2, V'|Q)] inherits the coercivity
properties of the two-phase relative entropy (2.2) and that it controls the multiplicity error
(or in other words, the difference between being a BV solution or a varifold solution). The
second line of the previous display in turn allows for a computation of the time evolution of
the error functional E[Q, V|()].

In terms of a precise representation of the time evolution, we claim that it holds (omitting
again the dependence on the time variable)

%E[Q, VIQ] = %E[Q, V] - a/l(v &) ((Vi=B) -n) dH*! (2.51)

- O'/ (Id-s®s) : VBdV(x, s)
RéxSd—1
—0o /[ (n—&) - (0+(B - V)£+(VB)T§) du !
—0 /] & (0+(B - V)€) dH
—a/(n-g— 1)(V - B)dH!
I
o / (s—€) - ((5-€) - V) BdV (z,5)
R x§d—1
- a/ (0-1)(V - B)d|V]|(x)
Rd
—o [ 0-D(¢- (6 DB V(@)

Note that the last three right hand side terms do not involve any new difficulties as these
are directly controlled by the error functional E[Q, V|Q)] (provided the gradient of B is uni-
formly bounded). In view of the second line of (2.49) and the identity (2.11), the asserted
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representation (2.51) is a consequence of

—0 / (Id—n®n) : VBAH ! — ¢ / (&) - ((n—¢) - V)BdH*
I

I

= —O'/ (Id-s®s) : VBdAV (z,s) — 0/ (s=&) - ((s=&) - V)BdV (z,s)
Rd x§d—1 Rd xSd—1

—s / (0-1)(V - B)d|V|(x) — 0 / (6-1)(¢ - (¢ - V)B) d[V](z).
Rd Rd

The identity of the previous display, however, follows from straightforward computations
making use of the compatibility condition (2.47) and the definition of the Radon—Nikodym
derivative 6.

2.3.3 Application to interface evolution with boundary contact

We next turn to two-phase interface evolution within a bounded domain D C R? with
smooth boundary dD. We aim to outline a potential strategy to incorporate into our general
framework a class of boundary contact energies allowing for contact point dynamics with
fixed-in-time contact angles a € (0, 7). The rigorous implementation of the following argu-
ments in the context of evolution by mean curvature will be the subject of future work (in
ambient spatial dimension d € {2,3}). In the special case of & = T in the setting of planar
two-phase Navier—Stokes flow with sharp interface, we refer to the forthcoming work [68]
which will be a part of the PhD thesis of Alice Marveggio.

At the level of the weak solution, we consider a time-dependent family 2 = (€2(t)):co,1]
of subsets Q(t) C D, t € [0,T], which are of finite perimeter in D. For each ¢t € [0,T],
we denote by I(t) := 0*Q(t) the reduced boundary of (t) in R%. Surface tension along
the interface I(t) N D is again accounted for by o > 0, whereas we denote by v; and ~y_
the analogs for the “interfaces” I(t) N 9D and 9*(D \ Q(t)) N 0D, respectively. We assume
for these parameters that Young’s relation == € (—1,1) holds true, and that the fixed-
in-time contact angle o € (0, ), formally formed by the intersection of the tangent spaces
to dD and I(t) N D at a contact point through the region D\ Q(¢), is determined by Young’s
equation

gCcosa = y4 — Y. (2.52)

We then consider the energy functional defined as the sum of an interfacial energy con-
tribution in the bulk and a boundary contact energy in form of

EQ)(t) == 0/

TdH !t + O'/ cosa dH4L. (2.53)
1()nD

1(t)NdD

For the definition of a relative entropy in this context, we first consider a time dependent
family Q = (Q(t))iejo,7] of open subsets Q(t) C D, ¢ € [0,T], with finitely many connected
components. Defining for each ¢ € [0,7] the set I(¢) := 0§)(t), we assume that the clo-
sure I(t) N D of I(t) N D and the closure I(t) N dD of I(t) N dD are smooth manifolds with
common smooth boundary d(I(t) N D) C D along which the contact angle is given by a.
One shall think of the data (Q(t))te[O,T] and (j(t))te[O,T] as a strong solution of the under-
lying interface evolution problem. We next assume that we already constructed a pair of
continuous vector fields (£, B) on the closure of the domain D satisfying at least

&(-t) =0(, 1) along I(t)N D, (2.54)

1€, 1) <1 — emin{dist>(-, I(t) N D),1} in D, (2.55)

(86+(B - V)E+(VB)TE) (-, t) = O(min {dist(-,I(t)N D),1})  in D, (2.56)
(3|€>+(B - V)|€[}) (-, t) = O(min {dist*(-, I(t) N D),1}) in D, (2.57)
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for all ¢t € [0,7] and some ¢ € (0,1]. We finally define for all ¢ € [0, T
E[QQ)(#) = a/ () - €(, ) AR, (2.58)
I(H)ND

where n(-, t) denotes the measure theoretic unit normal along the interface I(¢) N D pointing
inside the phase Q(¢).

Before we derive the analogue of (2.11) in the present context of a fixed-in-time contact
angle, we first motivate the natural boundary condition for the pair of vector fields (£, B)
along the domain boundary 0D. The boundary condition for the extension &(-,¢) of the
unit normal fi(-,t) along the interface I(t) N D is chosen in such a way to ensure that the
definition (2.58) of the error functional E[Q|Q](¢) again mimics the properties of classical
relative entropies. More precisely, we impose for all ¢ € [0, 7] the condition

&(+,t) -npp(-) = cosa  along 0D, (2.59)

where ngp denotes the inward pointing unit normal along the domain boundary 0D. Based
on the boundary condition (2.59), we may add zero in a first step and then integrate by parts
in a second step to rewrite the definition (2.58) in form of

BRI = EI9) —o [ npg ECOAHT = B0+ [ (909 )dr (260

This structure is again precisely what is needed in order to evaluate the time evolution
of E[Q|Q)] based only on an energy dissipation inequality and testing the evolution equation
of the weak solution against the test function V - ¢€.

For the boundary condition of the velocity vector field B, we impose for all ¢ € [0, T

B(-,t) -ngp(-) =0 along 0D. (2.61)

This condition is indeed natural since the evolution of contact points is restricted to the
domain boundary 0D, so that the associated velocity has to be tangential to 0D. Note that
in the case of o # 7, this inevitably necessitates a non-trivial tangential component of B(-,)
at contact points (tangential meaning with respect to the interface I(t) N D). Recall from
the remark below (2.16) that the construction of B in principle allows for such flexibility.
We proceed with the computation of the time evolution of E[Q|()], pursuing the goal of
arriving at a preliminary representation analogous to (2.11). Denoting for every ¢ € [0, 7]
by x(-,t) the indicator function of the phase €(t), and denoting by V;np(-,t) an associated
velocity vector field for the interface I(¢) N D so that it holds (in a distributional sense)

8ix = —(Vinp -n)dH 'L (IN D), (2.62)

we again first compute by means of (2.60) and (2.62), omitting the dependence on the time
variable,

%E[Q]Q] _ %E[Q] - a/me ) (Vinp - n) dH—

—a/ n - & dH! —a/ nyp - € AH L,
InD INoD
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The last two right hand side terms of the previous display may be equivalently expressed—
based on by now routine arguments—as follows

—0/ n- 9 dH! —0/ nyp - O dH!
InD INoD

~ / (0—€) - (BE+(B-V)EH(VB)TE) dH ! — o / ¢ (B +(B - V)E) AW
InD IND

—a/ nyp - (0é+(B - V)§E) d?—ld_1+a/ ¢ ((n=¢) - V)BdH!
INoD I

nD

+a/ n-(B-V)gd%d—1+a/ nop - (B - V)EAHI
INnD INoD

Recalling the fact that the tangential gradient of ngp satisfies (ngp - V¥ )ngp = 0 and
(V¥ n5p) Tngp = 0 along 9D, it follows from an application of the product rule, the bound-
ary condition (2.61), the time-independence of ngp, and finally the boundary condition (2.59)

—0 / nop - (+(B - V)E) dH ! = o / ((Id—npp ®npp)€) - (B - Vngp dH "
InoD 1noD

Appealing to the product rule and adding zero twice moreover entails
a/ n-(B-V)EdH + a/ nop - (B - V)¢ dHe-!
IND INoD

:0/ n.(v.(§®B))d%d1+U/ nop - (V- (§®B)) dH*!
INnD INoD

—a/ (Id—n®n) : VBdH! —a/ (ngp - €)(V - B) dHI?

InD INoD

0/ (n~§1)(V-B)de_1a/ n-(n-V)BdHI
INnD INnD

Based on the by now routine procedure, using in addition only the boundary condition (2.61),
we further rewrite the first two right hand side terms of the previous display in form of

a/ n.(v-(§®B))dH“+a/ nop - (V- (€@ B))dH*?
INnD INoD
:a/xv-(v-(B®§))dx

D
:a/ (v-g)(B-n)de—1+a/ n- (& V)Bdne!

IND INnD

+a/ ngp - (€-V)BdHIL
INoD

Splitting the vector field £ along 0D into tangential and normal components, applying the
product rule, exploiting another time the boundary condition (2.61), as well as making use
of the symmetry of V'%¥'nyp, we infer

J/ nop - (§- V)BdH! = U/ (nap - €)nop - (nap - V)BdAH
noD 1moD
-0 / B ((Id—ngp ® npp)¢ - V)ngp dH*!
noD
= U/ (nop - &) npp - (nap - V)BAH?
oD

- 0/ (Id—ngp ®npp)E) - (B - V)ngp dH "
oD
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Finally, it holds due to the boundary conditions (2.59) and (2.61)
—a/ (mgp - €)(V - B)dH¥ ™ = —a/ cosa (V" . B) dH 4!
IndD IndD

— O'/ (ngp - &) ngp - (ngp - V)B dH4 .
INdD

The combination of the previous seven displays in total implies the following clean pre-
liminary identity for the time evolution of the relative entropy (2.58)

< p0jo] = LB -0 / (V- ((Virp—B) - n) dnt-! (269
InD

a/ (Id—n®n) : VBdHI ! cr/ cosa (V¥ . B) dH41
INnD INéD

I / (0+(B - V)E+(VB)TE) dnt!
IND

—0 £ (0+(B - V)€) dH
InD

B)dH"!

q

\~\

ﬁD

(n=¢) - (n=¢) - V) BdH.
InD
The last four right hand side terms are again already controlled by E[2|Q] thanks to the
requirements (2.55)—(2.57) and the definition (2.58).

We conclude our discussion of a potential relative entropy approach to interface evolution
problems incorporating an energy contribution of the form (2.53) by some remarks. The first
concerns the claim that the functional

cl (R4 RY) >
ept(RGRY) S ¢ - (Id—n®n) : VpdHI ™ — / cosa (VP . ) dHd!
w-ngp = 0 along 9D InD INdD

appearing on the right hand side of (2.63) represents a weak formulation of the mean curvature
functional in the BV setting when allowing for boundary contact of the interface with contact
angle a € (0, 7). To this end, we show in the smooth setting that

/ Hip - @dH = —/ (Id-n®i): VepdH ! — / cosa (V. o) dH4!
INnD IND 1noD
(2.64)

for all ¢ € CL(R%RY) such that ¢ - ngp = 0 along 0D, where Hyp denotes the mean
curvature vector of the interface I N D. For simplicity, we assume that the interface I N D is
connected. Along the smooth contact manifold (I N D) C D, we choose two unit normal
vector fields 77~ and 7pp, which in addition are tangential to IND and 0D, respectively,
and finally satisfy 7;+p - Top = cosa along d(I N D). There is a unique choice of these
unit length vector fields by requiring 77, to point inside D (i.e., in the direction of the
interface I N D), and in that case Tpp then points away from I NAD. By means of the surface

divergence theorem for smooth manifolds with boundary, we then obtain
/ HI_ﬂD : SOd,Hdil = _/ (Id—fl ® ﬁ) : V(p derfl — / TID - SDdf}_[dfl‘
InD InD a(IND)

Since ¢ is tangential to 0D, we obtain by the properties of 77, and 7pp that 77~p - ¢ =
(Ttnp - Top)(Tap - ¢) = cos a(Tap - ). Hence, by another application of the surface divergence
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theorem for smooth manifolds with boundary (recalling that 759p points away from I N D),
using in the process that ¢ is tangential to 0D, we deduce

—/ Tinp - e dHI! = —/ cos aTap - ) dHYL = —/ cosa (V1 . ) dH4 !
d(IND) a(IND) IndD

so that the claim (2.64) follows.

It is clear from the boundary conditions (2.59) and (2.61) that, for a given specific in-
terface evolution problem, the actual construction of a pair of vector fields (£, B) satisfying
at least (2.54)—(2.57) as well as (2.59) and (2.61) requires a careful argument in a tubular
neighborhood of the contact manifold (I N D) C dD. (A further processing of the first
four right hand side terms of (2.63) possibly puts additional constraints on the pair of vector
fields (&, B).) We will carry out this task in the context of evolution by mean curvature in a
future work.

However, for a satisfying weak-strong uniqueness result one should also at least be able to
say something about the existence of weak solutions in the BV setting. Assuming evolution
by mean curvature, the BV formulation consists roughly speaking of the evolution equa-
tion (2.62) and an additional condition which directly links the velocity Vinp with the weak
formulation of the mean curvature functional, cf. the right hand side of (2.64). A potential
strategy for an existence proof would be to study the Allen—Cahn equation on the domain D
together with an appropriate non-linear Robin boundary condition along 0D. The latter
shall be formulated in a way which formally ensures that in the sharp interface limit one
indeed obtains two-phase mean curvature flow with a fixed-in-time contact angle a € (0, 7).
Imposing an energy convergence assumption in the spirit of the classical work by Luckhaus
and Sturzenhecker [109] (cf. also the closely related work by Laux and Simon [101] for the
vector-valued Allen—Cahn approximation of a BV formulation of multiphase mean curvature
flow with periodic boundary data), it is tempting to ask whether one can provide a rigor-
ous convergence proof towards the above sketched BV formulation. Investigations in this
direction will be part of future work as well.

2.3.4 Phase field models: Convergence rates to sharp interface limits

Phase field models represent an alternative approach to describe the evolution of interfaces
past topology changes and geometric singularities. In contrast to sharp interface models,
where the evolution of a phase and its interface is, e.g., modeled by means of a characteristic
function x and the corresponding sharp phase boundary 9{x=1}, the phase field approach
is based on a smooth order function taking values in the continuum [—1,1]. For most parts,
the order function is required to take values close to 1 or —1, representing the bulk of the
phase and its complement, respectively. The interface in turn is characterized as the region
where the order function (rapidly) transitions from —1 to 1.
Such behavior may be enforced by introducing the Ginzburg-Landau energy functional

€ 1
Blpdi= [ 5190+ 2W(ee) da, (2.65)

with, say, a double well potential W(r) := C(1 — r2?)? and C' > 0 being a normalization
constant. For order functions ¢, with small energy E.[p.], the heuristic is that the energy
contribution coming from the potential forces ¢, to be close to 1 throughout most of R¢,
whereas the Dirichlet energy contribution forces the interfacial region to have finite (nonzero)
extent. Moreover, it turns out that the typical width of the interfacial region scales linearly
in the parameter ¢.

Recall that important examples of sharp interface evolution equations arise (formally) as
the gradient flow of the sharp interface energy functional (2.1): two-phase mean curvature flow
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being the gradient flow with respect to the L? scalar product, whereas the Mullins-Sekerka
equation may be identified as the gradient flow with respect to the H~! scalar product.
It is thus natural to consider the corresponding gradient flows for the Ginzburg-Landau
energy (2.65). The by a factor of % accelerated L? scalar product yields the Allen-Cahn
equation

1
Oyp- = Ap. — E—QW’(%), (2.66)

whereas the H~! scalar product gives rise to the Cahn-Hilliard equation
1
Oppe = Aue,  ue = —eApe + EW,(QDE)' (2'67)

The relation of the Ginzburg—Landau energy (2.65) with the sharp interface energy (2.1)
is classical: it was shown by Modica and Mortola [117] and Modica [115] that the energy
functional (2.65) converges as ¢ — 0 in the precise sense of I'-convergence to the energy
functional (2.1) with surface tension

ow = /1 V2W (r)dr. (2.68)
-1

The multiphase analogue of this statement is due to Baldo [16]. This in turn clearly motivates
to study the convergence of the solutions to the underlying gradient flow equations. For
instance, it was shown by Chen [33] and De Mottoni and Schatzman [46] that solutions to
the Allen-Cahn equation (2.66) converge to strong solutions of two-phase mean curvature
flow in arbitrary ambient dimension d > 2, assuming for the latter the existence of a (local-
in-time) smooth solution starting from well-prepared initial data (essentially meaning that a
diffuse interface of width ~ ¢ has already developed). Contact point dynamics with a fixed-
in-time 90° contact angle can be handled in the planar case d = 2 as was recently shown
by Abels and Moser [7]. An extension to arbitrary ambient dimension d > 2 and fixed-in-
time contact angle in a perturbative regime close to 90° can be found in the PhD thesis of
Moser [119]. Convergence of solutions to the Cahn-Hilliard equation (2.67) to solutions of
the Mullins—Sekerka problem was established by Alikakos, Bates and Chen [9] for arbitrary
ambient dimension d > 2 but excluding contact points. Generalization to more complex
phase field models are possible as well. For example, the case of a Stokes/Allen-Cahn system
is treated by Abels and Liu [4], and the case of a Stokes/Cahn-Hilliard system in the very
recent works of Abels and Marquardt [5] and [6] (all placed in the planar regime d = 2
without allowing boundary contact for the sharp interface in the limit).

Essentially all of the previously mentioned rigorous convergence results are facilitated
by the principles of a well-established method due to De Mottoni and Schatzman [46] and
Chen [34]: the combination of rigorous asymptotic expansions with a linear stability anal-
ysis for the Allen—Cahn or the Cahn—Hilliard operator, respectively. A completely different
approach, however, was recently proposed by Fischer, Laux and Simon [69] in the simplest
setting of the Allen-Cahn equation (2.66). For their derivation of optimal-order convergence
rates towards strong solutions of two-phase mean curvature flow, they rely on a phase field
analogue of the two-phase relative entropy method for sharp interface evolution problems as
described above. The aim of the following discussion is to summarize their approach and to
highlight parallels in the argument by adopting the general viewpoint from this chapter. To
this end, we will derive the corresponding “phase field analogue” of (2.11) (cf. [69, Lemma 5]).

In terms of the underlying strong solution, we again fix a finite time horizon T" > 0
and consider a “smoothly evolving” family of open and bounded sets Q = (Qt))seqo,r) with
“smoothly evolving” interfaces I(t) := 9Q(t) for all ¢ € [0,7]. Moreover, we assume that
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there exists a pair of vector fields (£, B) which is at least subject to the conditions (2.3)-
(2.4) and (2.12)—(2.13). In order to define a phase field analogue of the two-phase relative
entropy (2.2), we follow [69] and define for all (z,t) € R? x [0, T

(ps(l’,t

)
Ye(x,t) == \V2W (r) dr, (2.69)

-1

which serves (up to a multiplicative factor of o) as a proxy for the characteristic function
of the phase §2(t) in each fixed time slice ¢ € [0,7]. We also introduce a normal n. by

v if 0
nb:{v% Ve 720 (2.70)

S else,

with s € S¢~1 a fixed but otherwise arbitrary unit vector. Note that because of the previous
two definitions we always have

n:|Vee| = V. and n.|Vi| = V.. (2.71)

Based on the Ginzburg-Landau energy (2.65), one may then define an error functional by
means of

Ea[SDEK_Z] = Ecfpe] — /Rd § Vi do (2.72)

= /Rd;(\@’vg%‘ - \}E 2W(‘P6)>2dx+/Rd(1 — & n.)| V| da.

Note that the Modica—Mortola trick played the decisive role in order to proceed from the
definition of E.[p.|)] to the alternative representation from the second line of the previous
display. The latter in combination with (2.4) in turn implies the main coercivity properties
of the error functional E.[¢.|Q)], cf. [69, Lemma 4].

For a suitable representation of the time evolution of E.[¢.|Q], we first compute based
on the definitions (2.72) and (2.69), the chain rule, as well as an integration by parts

d ~ d
&EE[SO‘S‘Q] = aEs[SOs] + /(V : 5) V QW(QOE)@HDE dx — /V¢s - O du.

We next rewrite the term involving the time derivative of the vector field £ by appealing to
the second identity of (2.71) and adding zero several times

—/Vd}a <O dr = —/1’15 -0 |V | dz
—— [(0-9) - (B V)EH(VB)T) V] da
- [ ¢ @B V) [Vinldo
+ [ € (temg) V)BT do
+/mwﬂvmwwm.
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We further compute based on the second identity of (2.71) as well as adding zero several
times

[ oo BV velde = [ Voo (V- (€0 B) do
[ 6= 1V B) [Vl do
- /(Id— n. ®n.): VB|V,|dz
—/n€®n€:VB|V¢€|dm,

and moreover by two integration by parts, the product rule, and again the the second identity
of (2.71)

/w}g- (¢®B))dz —/%V-(V~(£®B))dx
:_/wsv-(V~(B®£))dx
:/V¢E~(V-(B®£))dx
— [ne- (¢ V)BIVGldo+ [(V-€)n - B) |90 d.

Together with the first identity of (2.71) and |Vi| = /2W (p.)| V.|, the previous four
displays in combination imply

GERN = SEded + [(V OV (et (B - V)p)de (23

- [a =m0 VBI ds

- [0 @&+ (B V) (VBT Vil da
- [ ¢ @B V) [Vl da

- [0-6) (- - V) BI V]

- [ 10 B) [Tu] da

which is exactly the already mentioned phase field analogue of (2.11).

In the specific context of the Allen-Cahn equation (2.66), Fischer, Laux and Simon [69]
proceed from (2.73) by a suitable post-processing of the first three right hand side terms
of (2.73), cf. again [69, Lemma 5]. The derived stability estimate in terms of E.[p:|(]
is then a key input for the derivation of a stability estimate of a “phase field version” of
the Luckhaus—Sturzenhecker type error functional (2.22). More precisely, given a weight ¢
associated with the smoothly evolving phase 2 and (at least) subject to the conditions (2.20)-
(2.21) and (2.25), one may define

Ebulk[¢s|Q] = /(’(/)6 — Uw)Z)lg dx. (2.74)

By the sign condition (2.21) and the definition (2.69), this again yields a non-negative
functional provided 1. € [0, 0], or equivalently ¢. € [—1,1]. The latter, however, can be

43



2.

THE RELATIVE ENTROPY APPROACH FOR A CLASS OF INTERFACE EVOLUTION PROBLEMS

ensured in the context of the Allen-Cahn equation (2.66) thanks to a maximum principle
argument (provided the values of the initial phase field satisfy the same restriction, which we
of course assume). With the definition (2.74) in place, let us briefly describe how to obtain
the analogue of the representation (2.24). To this end, one first computes by means of the
chain rule, the definition (2.69), and the fact that 9(-,¢) = 0 along I(t) for all t € [0, 77,

d
1 Ebulk ’lﬁgyﬁ /’19\/ (,08 8,5% dﬂ?+/ w —Uw)Z)at’ﬂdaZ.

Adding zero, applying the product rule, and integrating by parts (using again in the process
that 9(-,t) = 0 along I(t) for all t € [0,T]) furthermore yields

[ —owpias = [ - own@i+5- V) da
- /(we —owx)(V - (BY)) dz
+ /(1/)5 —owX)¥(V - B)dx
= /ﬁ\/W(B V). do
+ / (Ve — owX) (09+(B - V)9) da
+ [ = own)a(v - By,

where for the precise representation of the first right hand side term of the second identity
we also used the first identity of (2.71) and |V:| = \/2W (ve)|Vee|. The combination of
the previous two displays finally entails the following analogue of (2.24)

((11 B [v:|Q) = /19\/ (pe) (8,5@5 (B - V)gps) dz + /(wa —owX) (8t19+(B : V)ﬁ) dz
- /(we —owX)¥(V - B)dz. (2.75)

In the specific context of the Allen-Cahn equation (2.66), Fischer, Laux and Simon [69]
suitably post-process the first right hand side term of the previous display in order to derive
by a Gronwall argument a stability estimate for the error functional Eyu[t:|Q], cf. [69,
Step 2, Proof of Theorem 1]. We stress again that their argument requires to appeal to an
already established stability estimate for E.[p.|Q], as expected.

As already noted by Fischer, Laux and Simon [69], the above outlined alternative approach
to convergence rates of diffuse interface approximations neither relies on the comparison
principle (in an essential way) nor on asymptotic expansions techniques and a linear stability
analysis of the Allen—Cahn operator. This may raise the hope that their approach can also
be successfully applied to more general or different types of phase field models. We conclude
this subsection by providing a short list of examples in this direction:

e We start by mentioning the recent result of Laux and Liu [97], who employ, amongst
other techniques, the principles of the above outlined approach in their study of nematic-
isotropic phase transitions in the context of Landau—De Gennes theory of liquid crystals.

e It is by no means trivial to extend the techniques of Fischer, Laux and Simon [69] to
the setting of the vector-valued Allen—Cahn problem. This is highly relevant since the
sharp interface limit is given by multiphase mean curvature flow. We already men-
tioned in this context the work of Baldo [16] proving I'-convergence of the associated
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energy functionals. A formal convergence result employing formally matched asymp-
totic expansions is due to Bronsard and Reitich [25], whereas a rigorous (qualitative)
convergence result (under an energy convergence assumption) towards the BV for-
mulation of multiphase mean curvature flow is the content of the work of Laux and
Simon [101].

To the best of the author’s knowledge, there is currently no rigorous convergence result
available in the literature establishing convergence rates towards a strong solution of
multiphase mean curvature flow; at least in settings which allow for the occurrence
of triple junctions in the sharp interface limit (otherwise, the reader may consult the
PhD thesis of Moser [119]). It would be interesting to see whether some of the princi-
ples and ideas of our multiphase relative entropy approach could prove helpful in the
investigation of this open problem.

In his PhD thesis, Moser [119] established for the first time a rigorous convergence
result in the ¢ — 0 limit for the Allen—Cahn equation with non-linear Robin boundary
condition towards two-phase mean curvature flow in a bounded domain, for which a
fixed-in-time contact angle is prescribed at points where the sharp interface intersects
the boundary of the domain. A formal result based on formally matched asymptotic
expansions is due to Owen and Sternberg [123], whereas the T'-convergence result for
the underlying energy functionals is due to Modica [116].

The results of Moser [119] hold true in ambient spatial dimension d = 2 on the time
interval of existence of a strong solution of the sharp interface limit model (with well-
prepared initial data). Moreover, his arguments are based on the classical approach due
to De Mottoni and Schatzman [416], and so far are “limited” to a perturbative regime
around the case of a fixed-in-time 90° contact angle. It is an intriguing question whether
one can perform a suitable extension of the approach by Fischer, Laux and Simon [69]
in order to derive convergence rates in a non-perturbative regime for the contact angle
(possibly in a first step under rather restrictive assumptions on the structure of the
boundary contact energy at the level of the diffuse interface approximation, cf. the
setting of Moser [119, Section 1.3|). An investigation of this problem will be the subject
of future work.

Let us next consider the example of Navier-Stokes/Allen-Cahn systems in R?, where
d € {2,3}, in their simplest form given by
Ove + (ve - V)ve = Av. — Vp. — V- (nE ® n55|Vg0€|2) in RY x (0,7,
V-v.=0 in RY x (0,7,

1 )
Oppe + (Ve - V) e = Tnogt9 (A‘Pe - ?W/(¢E)) in R x (0,77,

with mobility constant mg > 0 and exponent 6 € {0,1}. Formally matched asymptotic
expansions suggest convergence of the above diffuse interface models to a two-phase
Navier—Stokes problem with sharp interface. More precisely, and focusing only on the
equation for the normal velocity vector Vj of the sharp interface I in the limit, one
formally obtains in the case of § =0

V;= (d-v)i+meH; on I, (2.76)
whereas in the case of # = 1 one obtains pure transport along the fluid flow

Vi=(m-v)a onl. (2.77)
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In the former case of (2.76), there is the already mentioned work of Abels and Liu [4]
proving a rigorous convergence result (including convergence rates in strong norms)
in a simplified setting where the full Navier—Stokes system is replaced by the (quasi-
stationary) Stokes system. Even in this setting, their analysis requires substantial
efforts and is again based on methods in the spirit of the work of De Mottoni and
Schatzman [46]. At the time of this writing, a rigorous convergence result (in either
case of = 0 or § = 1) addressing the full Navier—Stokes system remains an open issue.

e We finally mention that any rigorous convergence result based on a relative entropy
technique a la Fischer, Laux and Simon [69] establishing convergence rates for diffuse
interface models incorporating the Cahn—Hilliard equation (2.67) would be of interest.

46



CHAPTER

Weak-strong uniqueness for two-phase
Navier—Stokes flow

Abstract. We consider the evolution of two fluids separated by a sharp interface
in the presence of surface tension — like, for example, the evolution of oil bubbles
in water. Our main result is a weak-strong uniqueness principle for the corre-
sponding free boundary problem for the incompressible Navier-Stokes equation:
As long as a strong solution exists, any varifold solution must coincide with it. In
particular, in the absence of physical singularities the concept of varifold solutions
— whose global in time existence has been shown by Abels [1] for general initial
data — does not introduce a mechanism for non-uniqueness. The key ingredient
of our approach is the construction of a relative entropy functional capable of
controlling the interface error. If the viscosities of the two fluids do not coincide,
even for classical (strong) solutions the gradient of the velocity field becomes dis-
continuous at the interface, introducing the need for a careful additional adaption
of the relative entropy.

3.1 Main results & definitions

The main result of the present work is the derivation of a weak-strong uniqueness principle
for varifold solutions to the free boundary problem for the Navier—Stokes equation for two
immiscible incompressible fluids with surface tension: As long as a strong solution to the
free boundary problem (1.1a)-(1.1c) exists, any varifold solution must coincide with it. In
particular, the concept of varifold solutions developed by Abels [1] (see Definition 3.2 below
for a precise definition) does not introduce an additional mechanism for non-uniqueness, at
least as long as a classical solution exists. At the same time, the concept of varifold solutions
of Abels allows for the construction of globally existing solutions [1|, while any concept of
strong solutions is limited to the absence of geometric singularities and therefore — at least
in three spatial dimensions d = 3 — to short-time existence results.

Furthermore, we prove a quantitative stability result (3.1) for varifold solutions with
respect to changes in the data: As long as a classical solution exists, any varifold solution
with slightly perturbed initial data remains close to it.
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Theorem 3.1 (Weak-strong uniqueness principle). Letd € {2,3}. Let (xu,u, V) be a varifold
solution to the free boundary problem for the incompressible Navier—Stokes equation for two
fluids (1.1a)-(1.1c) in the sense of Definition 3.2 on some time interval [0, Tyari). Let (Xv,v)
be a strong solution to (1.1a)-(1.1c) in the sense of Definition 3.6 on some time interval
0, Tstrong) with Tstrong < Tyari- Let the relative entropy E|xu,u, V|xwv, v](t) be defined as in
Proposition 3.10.

Then there exist constants C,c > 0 such that the stability estimate

—CT

E [Xuu, V| x0, 0] (T) < C(E[xu,u, VX0, v](0))° (3.1)

holds for almost every T € [0, Tgrong), provided that the initial relative entropy satisfies
Elxu,u, V|xv,v](0) < c. The constants ¢ > 0 and C > 0 depend only on the data and the
strong solution.

In particular, if the initial data of the varifold solution and the strong solution coincide,
the varifold solution must be equal to the strong solution in the sense that

XU('at) = XU('vt) and u('at) = U('>t)

hold almost everywhere for almost every t € [0, Tsirong), and the varifold is given for almost
every t € [0, Tstrong) by

AV; = 6 vrw d|Vxal.
[Vxol

We emphasize that our main result in Theorem 3.1 remains valid if we allow for a density-
dependent bulk force like gravity, i.e., if we add a term of the form p(x)g on the right-hand
side of (1.1b). Details are provided in Remark 3.35.

The following notion of varifold solutions for the free boundary problem associated with
the flow of two immiscible incompressible viscous fluids with surface tension has been in-
troduced by Abels [1]. For Newtonian fluids, the global-in-time existence of such varifold
solutions has been proven for quite general initial data in two and three spatial dimensions
in [1]. For the notion of an oriented varifold, see the section on notation just prior to Sec-
tion 3.2.

Definition 3.2 (Varifold solution for the two-phase Navier—Stokes equation). Let a surface
tension constant o > 0, the densities and shear viscosities of the two fluids p*, p= > 0, a
finite time Tyari > 0, a solenoidal initial velocity profile vy € L2(Rd;Rd), and an indicator
function of the volume occupied initially by the first fluid xo € BV(RY) be given.

A triple (x,v,V) consisting of a velocity field v, an indicator function x of the volume
occupied by the first fluid, and an oriented varifold V with

v € L2([0, Tyari]; H' (R RY) 0 L([0, Tyari]; L*(RY RY)),
X € LOO([O7 Tvari]§ BV<Rd; {0, 1}))7
Ve L%([OvTvari];M(RdXSd_l)),

is called a varifold solution to the free boundary problem for the Navier-Stokes equation for
two fluids with initial data (xo,v0) if the following conditions are satisfied:
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i) The velocity field v has vanishing divergence V -v = 0 and the equation for the momentum
balance

/ (X (T T) - (- >da:—/p<><o>vo 0(0) de

/ / X)v - O dx dt+/ / X)v®uv:Vnde dt (3.2a)
R4 R4

/ / ) (Vo + Vol : Vi de dt
Rd

—a/ / (Id —s®s) : VndVi(zx,s) dt
0 Rd x§d—1

is satisfied for almost every T € [0, Tyari) and every smooth vector field n € g;t(Rd

[O,Twri);Rd) with V -n = 0. For the sake of brevity, we have used the abbreviations
p(X) = px+p (1= x) and p(x) = pFx +p (1 - x).

i1) The indicator function x of the volume occupied by the first fluid satisfies the weak formu-
lation of the transport equation

/RdX(vT)w(-,T) dm—/ Xos (- dx—/ / (Osp + (v V)p) dw dt  (3.2b)

for almost every T € [0, Tyari) and all ¢ € Ccogt( X [0, Tyari))-

iti) The energy dissipation inequality

/ Lo TN TP de + ofVr|(RY x 5971

/ / }v + Vol |* de at (3.2¢)
R4
< [ 5p0al)lmn0P do+olP0)|®)

is satisfied for almost every T € [0, Tyari), and the energy

Blev, VIE) = [ 5o 0)lulOF do+ olViIRY <550 (320)

s a nonincreasing function of time.

iv) The phase boundary 0{x(-,t) = 0} and the varifold V satisfy the compatibility condition
/ Y(x)sdVi(z,s) = P(z)dVx(z) (3.2¢)
Rd xSd—1 Rd

for almost every T € [0, Tyari) and every smooth function ¢ € Cg;t(Rd)

Let us continue with a few comments on the relation between the varifold V; and the
interface described by the indicator function x(-, ).

Remark 3.3. Let V; € M(R¥xS%1) denote the non-negative measure representing (at
time t) the varifold associated to a varifold solution (x,v, V') to the free boundary problem for
the incompressible Navier-Stokes equation for two fluids. The compatibility condition (3.2e)
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entails that |Vx,(t)| is absolutely continuous with respect to |Vi|sa—1. Hence, we may define
the Radon—Nikodym derivative

_ dIVxu(®)]

= 3.3
d|Vi|ga—1’ (8:3)

which is a |Vy|ga—1-measurable function with |0y(z)| < 1 for |Vi|sa-1-almost every x € R%. In
particular, we have

/f )V, /9t 2) d[Vilsa 1 (2) (3.4)

for every f € LY(RY, |Vx(-,t)|) and almost every t € [0, Tyari)-

The compatibility condition between the varifold V; and the interface described by the
indicator function x(-,¢) has the following consequence.

Remark 3.4. Consider a varifold solution (x,v,V) to the free boundary problem for the
incompressible Navier-Stokes equation for two fluids. Let E; be the measurable set {x €
R9: x(z,t) = 1}. Note that for almost every t € [0, Tpari) this set is then a Caccioppoli set
in R?. Letn(-,t) = % denote the measure theoretic unit normal vector field on the reduced
boundary 0*E;. By means of the compatibility condition (3.2e) and the definition (3.3) we
obtain

d fyu 1 sdVi(ys) _ {@(m)n(a:,t) for z € 0"Ey, (3.5)

d[Vi|ga-1(:) 0 else,

for almost every t € [0, Tyar;) and |Vi|sa—1-almost every x € RZ.

In order to define a notion of strong solutions to the free boundary problem for the flow
of two immiscible fluids, let us first define a notion of smoothly evolving domains.

Definition 3.5 (Smoothly evolving domains and surfaces). Let Qd be a bounded domain
of class C® and consider a family (Q?_)te[o,TSan) of open sets in RY. Let I(t) = 0Q; and
Q; =R\ (P UIL(t)) for every t € [0, Tstrong-

We say that Q" , Q; are smoothly evolving domains and that I(t) are smoothly evolving
surfaces if we have QFf = WH(QF), Q7 = V{(Qy), and I1(t) = WL(I1(0)) for a map ¥: R x
[0, Tstrong) — RY, (z,t) = U(x,t) = U(x), subject to the following conditions:

i) We have ¥° = Id.

i) For any fized t € [0, Tstrong), the map W': R? — R? is a C3-diffeomorphism. Moreover,
we assume ||V} oy 8,00 < 00.
t T

iii) We have 9,9 € C°([0, Tstrong); C*(R%RY)) and ”8t\Ij||LtOOWI2,oo < 0.
Moreover, we assume that there exists r. € (0, %] with the following property: For all t €
[0, Tstrong) and all x € 1(t) there exists a function g: B1(0) C Rt — R with Vg(0) = 0
such that after a rotation and a translation, I(t) N By () is given by the graph {(:E,ggx)) :
x € R4}, Furthermore, for any of these functions g the pointwise bounds [V™g| < re """
hold for all 1 < m < 3.

We have everything in place to give the definition of a strong solution to the free bound-
ary problem for the Navier—Stokes equation for two fluids. For a discussion of the condi-
tions (3.6a)—(3.6¢) we refer to Remark 3.36 in the “Appendix”.
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Definition 3.6 (Strong solution for the two-phase Navier—Stokes equation). Let a surface
tension constant o > 0, the densities and shear viscosities of the two fluids p*, u™ > 0, a
finite time horizon Tsirong > 0, a domain Qg occupied initially by the first fluid with interface
1,(0) := GQSF, and an initial velocity profile vy be given which are subject to the following
reqularity and compatibility conditions:

vy € W2_§’q(Rd \ I,(0)) for some ¢ >d+2, sup |vg|+ |Vug| < o0, (3.6a)
R\, (0)

([vo]] = 0 on 1,(0), V-vg=0 in R, (3.6b)

(Id—n7, (0) © 1, (o)) [[1(x0) (Vvo+ Vg )]Ing, ) = 0 on L,(0). (3.6¢)

Let the initial interface between the fluids I,(0) be a compact C3-manifold.
A pair (x,v) consisting of a velocity field v and an indicator function x of the volume
occupied by the first fluid with

v € H'([0, Tstrong); L*(RERY)) N L¥([0, Tatrong); H' (R RY)),

Vo € LY[0, Tstrong); BV(R%G RY*Y)),

X € LOO([Oa Tstrong]; BV(Rd7 {07 1}))7
is called a strong solution to the free boundary problem for the Navier—Stokes equation for
two fluids with initial data (xo0,v0) if the volume occupied by the first fluid Qf = {x € R :
x(x,t) = 1} is a smoothly evolving domain and the interface I,(t) := 0Q; is a smoothly

evolving surface in the sense of Definition 3.5, and if additionally the following conditions
are satisfied:

i) The velocity field v has vanishing divergence V -v = 0 and the equation for the momentum
balance

/<‘T o(,T) (-, >dx—/p<><o>vo n(0) dz

/ / Ju- O dx dit —|—/ / Jo®wv:Vnde dt (3.7a)
R4 R4

/ / ) (Vo 4 Vol) : Vi da dt
Rd

+U/ / H-ndS dt
0o Jr@)

is satisfied for almost every T' € [0, Tsrong) and every smooth vector field n € C'S;t(Rd
[0, Tstrong); R%) with V -n = 0. Here, H denotes the mean curvature vector of the interface

I,(t). For the sake of brevity, we have used the abbreviations p(x) = pTx + p (1 — x)
and p(x) = p*x +p~ (1= x).

i1) The indicator function x of the volume occupied by the first fluid satisfies the weak formu-
lation of the transport equation

[ 6ot i [ et ar= [ [ xoerw g awa @m)

for almost every T' € [0, Tstrong] and all p € C(?;’t( X [0, Tstrong))-
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ii) In the set Uyeio 1 om,] (QF U Q) x {t} all spatial derivatives up to third order, the time
derivative Ow, as well as the mized derivative 0;Vv of the velocity field exist, and they
satisfy the estimate

sup sup sup  |VFu(x,t)] + |0pv(z, t)| 4 |0:Vo(z, )| < co. (3.7¢)
te[oyTstrong} xEQjUQ; k€{0,1,2,3}

We continue with a remark on the existence of strong solutions in the functional framework
of the previous definition.

Remark 3.7. Local-in-time ezistence of such strong solutions (starting with smooth initial
data subject to the above compatibility conditions) is essentially shown in [89, Theorem 2/, up
to two details: The authors only consider the system (1.1) in a bounded domain (instead of
R?), and they do not state smoothness up to initial time with the corresponding bound (3.7c).
The former restriction is just a technicality and the methods extend to unbounded domains,
see [126]. The regularity up to initial time with the corresponding bound (3.7c), on the other
hand, can be deduced by reqularity theory, using the transformed formulation of the problem in
[89]; this however requires higher-order regularity and compatibility conditions for the initial
data in the following sense. Let pg be an initial pressure field. Then we assume that

vy € W4_%’q(Rd \ 1,(0)) for some g >d+2, sup sup  |VFug| < o0, (3.8a)
k€{0,1,2,3} RA\ 1,,(0)

ny, 0y [[1(x0) (Vvo+Vug ) —pold]ng, o) = oH(0) - ny, (o) on 1,(0). (3.8b)

[[p(x0) ™ (1(x0) Avo—=Vpo)]] = 0 on 1,(0), (3.8¢)

V -Gy =0 in R\ 1,(0) (3.8d)

for Go == p(x0) ™" (1(x0) Avo—p(x0) ((Id—n, (o) @ 1, (0))v0 - V)vo—Vpo)

(1d—11,(0) © 11, ) [1(x0) (T Go+V G Vg, oy = O om 1,(0). (3.50)

We refer to Remark 3.36 in the “Appendiz” for a discussion of these conditions; we also
give a brief discussion concerning the existence of strong solutions in the precise functional
framework of Definition 3.6 under these additional regularity and compatibility conditions in
Remark 3.37 in the “Appendiz”.

Before we state the main ingredient for the proof of Theorem 3.1, we proceed with two
further remarks on the notion of strong solutions. The first concerns the consistency with
the notion of varifold solutions due to Abels [1].

Remark 3.8. Every strong solution (x,v) to the free boundary problem for the incompressible

Navier—Stokes equation for two fluids (1.1a)-(1.1c) in the sense of Definition 3.6 canonically

defines a varifold solution in the sense of Definition 3.2. Indeed, we can define the varifold V

by means of dV; = 5%d\VX\. Due to the regqularity requirements on the family of smoothly
X

evolving surfaces I(t), see Definition 3.5, it then follows

T T
/ / H-(pdet:—/ / (Id—n®n): Ved|Vx(-,t)|dt
0 JI(t) 0 JRd
T
——/ / (Id — s ®s) : VpdVi(z, s) dt,
0 JRIxSd-1

for almost every T € [0, Tsirong) and all ¢ € C’gjt(Rd % [0, Tyari); RY), see for instance [3,
Lemma 3.4]. Moreover, it follows from the regularity requirements of a strong solution that
the velocity field v also satisfies the energy dissipation inequality (3.2c). This proves the

claim.
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The second remark concerns the validity of the kinematic condition of the interface being
transported with the fluid flow in its strong formulation.

Remark 3.9. Let (x,v) be a strong solution to the free boundary problem for the incompress-
ible Navier—Stokes equation for two fluids (1.1a)-(1.1¢) in the sense of Definition 3.6 on some
time interval [0, Tstrong). Let Vi(z,t) denote the normal speed of the interface at x € I,(t),
i.e., the normal component of ;¥ (x,t) where ¥: R x 0, Tstrong) — R? is the family of dif-
feomorphisms from the definition of a family of smoothly evolving domains (Definition 3.5).
Furthermore, let ¢ € g;t(Rd X (0, Tstrong))- Due to the regularity requirements on a family

of smoothly evolving domains, see Definition 3.5, we obtain (see for instance [3, Theorem

2.6/)
Tstrong Tstrong
/ / XOpdxdt = — / / VapdS dt.
0 R4 0 I (¢)

On the other side, subtracting from the former identity the equation (3.7b) satisfied by the
indicator function x and making use of the incompressibility of the velocity field v we deduce

Tstrong
/ / (Va—n-v)pdSdt =0.
0 I,(t)

Since ¢ € g;t(Rd X (0, Tstrong)) was arbitrary we recover the identity

Va=n-v on U @ x{t
te(O7Tstr0ng)

that is to say, the kinematic condition of the interface being transported with the flow is
satisfied in its strong formulation.

Our weak-strong uniqueness result in Theorem 3.1 relies on the following relative entropy
inequality. The regime of equal shear viscosities py = p— corresponds to the choice of w =0
in the statement below. Note also that in this case the viscous stress term R,;s. disappears

due to p(xu) — p(xv) = 0.

Proposition 3.10 (Relative entropy inequality). Let d < 3. Let (xu,u,V) be a varifold
solution to the free boundary problem for the incompressible Navier—Stokes equation for two
fluids (1.1a)-(1.1c) in the sense of Definition 3.2 on some time interval [0, Tyari). Let (Xv,v)
be a strong solution to (1.1a)-(1.1c) in the sense of Definition 3.6 on some time interval
[07 Tstrong) with Tstrong < Tyari and let

w € L2([0, Tstrong); H'(RERY)) N HY([0, Tstrong); L3 (RE RY) + L2(RY; RY))

be a solenoidal vector field with bounded spatial derivative ||[Vwl| e < 0o. Suppose further-
more that for almost every t > 0, for every x € R? either x is a Lebesgue point of Vw(-,t)
or there exists a half-space H, such that x is a Lebesgue point for both Vw(-,t)|g, and
V(- t)|ga\m, -

For a point (z,t) such that dist(z, I,(t)) < r¢, denote by Pr )@ the projection of x onto
the interface I,(t) of the strong solution. Introduce the extension & of the unit normal n, of
the interface of the strong solution defined by

E(x,t) = 1y (Pr, ) (1 — dist(x, I, (¢))*)n(dist (z, L(1)))
for some cutoff n with n(s) =1 for s < %Tc and =0 for s > r.. Let

Va(z,t) := (n(Pr, gz, 1) - v(Pr, @, t))n(Pr, )z, t)
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be an extension of the normal velocity of the interface of the strong solution I,(t) to an r.-
neighborhood of I,,(t). Let 6 be the density 0y = % as defined in (3.3) andlet f: R — R
be a truncation of the identity with B(r) = r for |r| < 18 <1, 18" < C, and B'(r) =0
for|r| > 1.

Then the relative entropy

Bl Vot ) i=0 [ 1-601)- ST qvy 1) (3.9)
+/ %p(xu(,T))‘u—v—w’2(~,T) dx
dis L,(T
[ b D) et D p(FECED)

+ 0’/ 1—06p d|VT|Sd—1
R4

1s subject to the relative entropy inequality

T
E[XuaU7V|Xv,U] (T) +/ /d Qu(xu)‘DSym(u — v — w)‘2 dz dt
o Jr

<K [Xuy u, V‘X’U) 'U] (0) + Rsurren + Ras + Ruise + Rago + RweightVol
+ Avisc + Adt + Aadv + AsurTen + AweightVol

for almost every T € (O,Tstmng), where we made use of the abbreviations

RsurTen =

o [ ] 59 (=9 V)edVi(as) i

T
o | /Rd1—9t (€ VYo d|Vilges dt
T
—i—a/o /Rd Xo)((uw—v—w)-V)(V-§) dz dt
T
a/ / (g VXu )nU(P,U(t)x)-(nv(PIv(t)x)-v)v—g.(g-V)vdWXu\ dt
0 R4 |v u|
T v _
to /O /R Tt (1 (P ) © 30 (Pr ) (TV=)T ) d| P
T Vxu e
—1—0/0 /IR Yl (Va—) - V)Ed| Vx| dt
and
T
Ry ——/0 /Rd (P(xu) = p(x0)) (4 = v — w) - Bpv da dt
T
Rvisc —_/0 /Rd2(M(XU) ,U,( ))Dy v: DY ( )dl‘ dt,
T
Ruavi== [ [ (o) =) == w) - (0- V)0 da at
T
—/ / pxu)(u—v—w)- (u—v—w) V)vdzdt
0 R4
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as well as

wezghtVol -

/ /Rd Xu=Xo) (Va—(v - 0, (Pp, 1y ))nv(PIv(t)l'))'V)ﬁ<
/ / Xu—Xo) ((u—v—w) - V)B(dlSt ¢, I))d dt.
Rd

C

dist® (-, I,,)

e

)dx dt

Moreover, we have abbreviated

msc 3—/ / Xu — ))Dsymv D"y dz dt
R4

—/ / 2u(xu) D" w : D™ (u — v — w) de dt,
0 Jra

and
Agt ::—/()T/Rd,o(xu)(u—v—w)-atw dz dt
—/OT/de(Xu)(u—v—w)-(v-V)w dz dt,
Agdv :——/()T/de(xu)(u—v—w)-(w.V)(’U-i-w) dz dt
- T/ pxu)(w—v—w)- ((u—v—w) V)wds dt,
To Rd .
Ausgrevi= [ [ o 0s(FEER o ar
as well as

s—§) - ((S—f) . V)w dVi(z, s) dt

T
AsurTen = — U/
0

dySd— 1

!

_l_

q
%c\ﬂc\
%\%\%\J%\

(1=0:)&- (& V)wd|Vi|sa-1(z) dt

_l_
Q

d

—xo)(w- V)(V-§) dz dt

+0 — Xo)Vw : VET dz dt

d

— a/ & ((ny — &) - V)wd| Vx| dt.
0 JRrd

If we additionally allow for a density-dependent bulk force p(x)f acting on the fluid —
such as gravity — , only one additional term appears on the right-hand side of the relative
entropy inequality of Proposition 3.10, see (3.212). We will comment in Remark 3.35 on the
minor changes that occur in the proof of the relative entropy inequality due to the additional
bulk force.
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Notation

We use a A b (respectively a V b) as a shorthand notation for the minimum (respectively
maximum) of two numbers a,b € R.

Let © C R? be open. For a function u : Q x [0,7] — R, we denote by Vu its distribu-
tional derivative with respect to space and by Oyu its derivative with respect to time. For
p € [1,00] and an integer k € Ny, we denote by LP(Q2) and W#P(Q2) the usual Lebesgue and
Sobolev spaces. In the special case p = 2 we use as usual H¥(Q) := W"2(Q) to denote the
Sobolev space. For integration of a function f with respect to the d-dimensional Lebesgue
measure respectively the d — 1-dimensional surface measure, we use the usual notation fQ fdx
respectively || ; fdS. For measures other than the natural measure (the Lebesgue measure
in case of domains € and the surface measure in case of surfaces I), we denote the corre-
sponding Lebesgue spaces by LP(2, ). The space of all compactly supported and infinitely
differentiable functions on © is denoted by Cg5,(€2). The closure of Cg5,(€2) with respect to
the Sobolev norm || - [[yyr.p(qy is Wg’p(Q), and its dual will be denoted by W% () where
p' € [0,00] is the conjugated Holder exponent of p, i.e. 1/p+ 1/p’ = 1. For vector-valued
fields, say with range in R, we use the notation LP(Q; Rd), and so on. For a Banach space X,
a finite time 7" > 0 and a number p € [1, 00] we denote by LP([0,7]; X) the usual Bochner—
Lebesgue space. If X itself is a Sobolev space W4, we denote the norm of LP([0,7]; X) as
Il - | Lrwka: When writing LS ([0, T]; X') we refer to the space of bounded and weak-* mea-

surable maps f: [0,7] — X', where X’ is the dual space of X. By LP(Q2) + L%(£2) we denote
the normed space of all functions u : £ — R which may be written as the sum of two func-
tions v € LP(Q) and w € LI(Q2). The space C*([0,T]; X) contains all k-times continuously
differentiable and X-valued functions on [0, 7.

In order to give a suitable weak description of the evolution of the sharp interface, we
have to recall the concepts of Caccioppoli sets as well as varifolds. To this end, let Q ¢ R
be open. We denote by BV(2) the space of functions with bounded variation in Q. A
measurable subset E C 2 is called a set of finite perimeter in 2 (or a Caccioppoli subset of
Q) if its characteristic function xg is of bounded variation in Q. We will write 0*E when
referring to the reduced boundary of a Caccioppoli subset E of 2; whereas n denotes the
associated measure theoretic (inward pointing) unit normal vector field of 9*E. For detailed
definitions of all these concepts from geometric measure theory, we refer to [61, 39]. In case
Q has a C? boundary, we denote by H(z) the mean curvature vector at € 9. Recall
that for a convex function g : R? — R the recession function g™ : R* — R is defined as

g e(x) == lim, 0o 7 Lg(T2).

An oriented varifold is simply a non-negative measure V€ M(QxS%1), where Q c R?
is open and S?! denotes the (d—1)-dimensional sphere. For a varifold V, we denote by
|V |ga-1 € M(Q) its local mass density given by |V]ss—1(A) := V(A x S4=1) for any Borel
set A C €. For a locally compact separable metric space X we write M(X) to refer to the
space of (signed) finite Radon-measures on X. If A C X is a measurable set and p € M(X),
we let 1 A be the restriction of u on A. The k-dimensional Hausdorff measure on R? will
be denoted by H*, whereas we write £¢(A) for the d-dimensional Lebesgue measure of a
Lebesgue measurable set A ¢ R9.

Finally, let us fix some tensor notation. First of all, we use (Vv);; = 0;v; as well as
V.v =", 0v; for a Sobolev vector field v: R? — R%. The symmetric gradient is denoted by
DMy .= 2(Vo+VoT). For time-dependent fields v: R x [0, 7)) — R™ we denote by v the
partial derivative with respect to time. Tensor products of vectors u, v € R% will be given by
(u®v)i; = uv;. For tensors A = (4;5) and B = (B;;) we write A: B =3}, A;; B;.
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Figure 3.1: An illustration of the vector field €.

3.2 Outline of the strategy

3.2.1 The relative entropy

The basic idea of the present work is to measure the “distance” between a varifold solution
to the two-phase Navier-Stokes equation (x,,u, V) and a strong solution to the two-phase
Navier-Stokes equation (x,,v) by means of the relative entropy functional

Vxu p(Xu) 2
E{xyu,u,V|xy,v|(t ::a/ 1-¢&- d|Vxu +/ u—v—w|®dz
[ | J® Rd IV Xul | | Rd 2 | |

—l—a/ 1 — 0, d[Vi]sus (3.10)
Rd

+/ |Xu_Xv|
R4

where ¢ : R? x 0, Tstrong) — R? is a suitable extension of the unit normal vector field of the
interface of the strong solution and where w is a vector field that will be constructed below
and that vanishes in case of equal viscosities u+ = p~. More precisely, we choose £ as

ﬂ<disti(x, Iv(t)))' e

c

&(x,t) = nv(PIU(t)x)(l — dist(z, Iv(t))2)n(dist(a:, I,(1)))

for some cutoff n with n(s) =1 for s < %rc and n = 0 for s > r¢, where Py, (;z denotes for
each t > 0 the projection of z onto the interface I,(t) of the strong solution and where the
unit normal vector field n, of the interface of the strong solution is oriented to point towards
{xv(+,t) = 1}. For an illustration of the vector field &, see Figure 3.1.

Rewriting the relative entropy functional in the form

E[X’LH u, V‘va U] (t)

ZE[Xu,u,V](t)-i-/RdxuV-ﬁdaf—/de(Xu)u'(v-i-w) da

+/Rd 1[,(XU)|u+w|2 d:L‘+/Rd(Xu —xv)ﬁ(w) dz

2 Te

with the energy (3.2d), we see that we may estimate the time evolution of the relative en-
tropy E [Xu, u, V!Xv, v](t) by exploiting the energy dissipation property (3.2¢) of the varifold
solution and by testing the weak formulation of the two-phase Navier-Stokes equation (3.2a)
and (3.2b) against the (sufficiently regular) test functions v + w respectively |v+w|?, V¢,

and §( disti(;vc,lv(t)) ).
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As usual in the derivation of weak-strong uniqueness results by the relative entropy
method of Dafermos [43] and Di Perna [53], in the case of equal viscosities u* = p~ the
goal is the derivation of an estimate of the form

T
E [ Xusu, VX0, ] (T)+c/ / |Vu — Vol? dz dt (3.11)
0o Jre
T
< C(U,Iv,data)/ E[Xu,u,V‘Xv,v] (t) dt
0

which implies uniqueness and stability by means of the Gronwall lemma and by the coercivity
properties of the relative entropy functional discussed in the next section.

In the case of different viscosities ut # pu~, we will derive a slightly weaker (but still
sufficient) result of roughly speaking the form

T
E [ Xus u, V| X0, ] (T)+c/ / |Vu — Vv — Vw|* dz dt (3.12)
0 Jrd

T
< C(v, Iv,data)/ E[Xu,u, V‘Xv,v] (t) ‘logE[Xu,u, V‘Xv,v] (t)| dt,
0
along with estimates on w which include in particular the bound

/ |U}(,T)‘2 dr < C(U)IM data)E[X“’u’ V}XU’,U] (T)
Rd

3.2.2 The error control provided by the relative entropy functional

The relative entropy functional (3.10) provides control of the following quantities (up to
bounded prefactors):

Velocity error control. The relative entropy E[xy,u, V|Xy,v](t) controls the square of
the velocity error in the L? norm

/ (1 £) — (1) da
]Rd

at any given time ¢. In the case of equal viscosities, this is immediate from (3.10) by
w = 0, while in the case of different viscosities this follows by the estimate [pq |w|* dz <

C|IVullpe [gal =€ - ‘gim d|Vxu| which is a consequence of the construction of w and the
choice of £, see below.
Interface error control. The relative entropy provides a tilt-excess type control of the

error in the interface normal
/ 1—¢-1n,d|Vxul
]Rd

In particular, it controls the squared error in the interface normal
[ =P avl
Rd

The term also controls the total length respectively area (for d = 2 respectively d = 3) of the
part of the interface I, which is not locally a graph over I, see Figure 3.2. For example, in
the region around the left purple half-ray the interface of the weak solution is not a graph over
the interface of the weak solution. Furthermore, the term controls the length respectively
area (for d = 2 respectively d = 3) of the part of the interface with distance to I,(t) greater
than the cutoff length r., as there we have £ = 0.
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Figure 3.2: An illustration of the interface error. The red and the blue region (separated
by the black solid curve) correspond to the regions occupied by the two fluids in the strong
solution. The shaded area corresponds to the region occupied by the blue fluid in the varifold
solution, the interface in the varifold solution corresponds to the dotted curve.

To give another heuristic explanation of the interface error control and also introduce some
notation for subsequent use (for the proof in the case of different viscosities in Section 3.5
and its explanation in Section 3.2.4), we attempt to write the interface of the weak solution
as a graph over the interface of the strong solution (at least, to the extent to which this is
possible): Denote the local height of the one-sided interface error by h* : I,(t) — R{
measured along orthogonal rays originating on I,(¢) (with some cutoff applied away from the
interface I,,(t) of the strong solution); denote by h~ the corresponding height of the interface
error as measured in the other direction. For example, in Figure 3.2 the quantity h™(z) for
some base point x € I,(t) would correspond to the accumulated length of the solid segments
in each of the purple rays, the dotted segments not being counted. Note that the rays are
orthogonal on I,(t). Then the tilt-excess type term in the relative entropy also controls the
gradient of the one-sided interface error heights

/ min{|VAE[2, [VA]} dS.
I, (t)

Note that wherever I,,(t) is locally a graph over I,(¢) and is not too far away from I,(t), it
must be the graph of the function h™ — h™. Here, the graph of a function g over the curved
interface I,(t) is defined by the set of points obtained by shifting the points of I,(t) by the
corresponding multiple of the surface normal, i.e. {x + g(x)n,(x) : x € L,(t)}.

Varifold multiplicity error control. For varifold solutions, the relative entropy con-
trols the multiplicity error of the varifold

/ 1 —Ht(:c) d|‘/t|Sd—1
Rd

(note that 5~ corresponds to the multiplicity of the varifold), which in turn by the compat-
ibility condltlon (3.2e) and the definition of 6; (see (3.3)) controls the squared error in the

normal of the varifold
/ / s — ny|* dVi(s, z).
Rd Sdfl

Weighted volume error control. Furthermore, the error in the volume occupied by
the two fluids weighted with the distance to the interface of the strong solution

/ |Xu — Xo| min{dist(x, I,), 1} dz
]Rd

29



3. WEAK-STRONG UNIQUENESS FOR TWO-PHASE NAVIER-STOKES FLOW

Figure 3.3: An illustration of the approximation of the interface error by the mollified height

; +
function h6 @

is controlled. Note that this term is the only term in the relative entropy which is not
obtained by the usual relative entropy ansatz E[z|y] = E[z] — DE[y](x —y) — E[y]. We have
added this lower-order term — as compared to the term [p, 1—¢&- %ﬁ d|V x| which provides
tilt-excess-type control — to the relative entropy in order to remove the lack of coercivity
of the term [pa1—¢- |§§Z| d|Vxu| in the limit of vanishing interface length of the varifold
solution.

Control of velocity gradient error by dissipation. By means of Korn’s inequality,
the dissipation term controls the L2-error in the gradient

T
/ / \Vu — Vo — Vw|? dz dt.
0 R4

3.2.3 The case of equal viscosities

For equal viscosities 4™ = 1, one may choose w = 0. As a consequence, the right-hand side
in the relative entropy inequality — see Proposition 3.10 above — may be estimated to yield
the Gronwall-type inequality (3.11). The details are provided in Section 3.4.

3.2.4 Additional challenges in the case of different viscosities

In the case of different viscosities p; # po of the two fluids, even for strong solutions the
normal derivative of the tangential velocity features a discontinuity at the interface: By
the no-slip boundary condition, the velocity is continuous across the interface [v] = 0 and
the same is true for its tangential derivatives [(t - V)v] = 0. As a consequence of this, the
discontinuity of u(x,) across the interface and the equilibrium condition for the stresses at
the interface

[t - (- V)o+pu(x)n- (t- V)v]] =0

entail for generic data a discontinuity of the normal derivative of the tangential velocity
t-(n-V)v across the interface.

As a consequence, it becomes impossible to establish a Gronwall estimate for the standard
relative entropy (3.10) with w = 0. To see this, consider in the two-dimensional case d = 2
two strong solutions u and v with coinciding initial velocities u(-,0) = v(-,0) = up(-), but
slightly different initial interfaces x4 (-, 0) = X{jz<1} and Xu(+,0) = X{jz|<1—¢} for some & > 0.
The initial relative entropy is then of the order ~ 2. Suppose that (in polar coordinates)
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the initial velocity ug has a profile near the interface like

“(r—1)ey, forr=+/22+9y?<1,
o1, ) = {u (r—1eg Vat+y

pt(r—1)e, forr>1.

Note that this velocity profile features a kink at the interface. As one verifies readily, as far as
the viscosity term is concerned this corresponds to a near-equilibrium profile for the solution
(xv,v) (in the sense that the viscosity term is bounded). However, in the solution (xy,u)
the interface is shifted by € and the profile is no longer an equilibrium profile. By the scaling
of the viscosity term, the timescale within which the profile ug equilibrates in the annulus of
width € towards a near-affine profile is of the order of €2. After this timescale, the velocity
u will have changed by about ¢ in a layer of width ~ ¢ around the interface; at the same
time, due to the mostly parallel transport at the interface the solution will not have changed
much otherwise. As a consequence, the term [ %p(xu)]u — v|?dx will be of the order of at
least ce? after a time T ~ 2, while the other terms in the relative entropy are essentially the
same. Thus, the relative entropy has grown by a factor of 1+ ce within a timescale €2, which
prevents any Gronwall-type estimate.

At the level of the relative entropy inequality (see Proposition 3.10), the derivation of the
Gronwall inequality is prevented by the viscosity terms, which read for w =0

- / “(;‘“)\vu + vl — (Vo + VT da
+ /(u(xv) — p(xw))Vo i (Vu+ Vul — (Vo + Vo')) da.

The latter term prevents the derivation of a dissipation estimate: While it is formally
quadratic in the difference of the two solutions (x,,u) and (x,,v), due to the (expected)
jump of the velocity gradients Vv and Vu at the respective interfaces it is in fact only linear
in the interface error.

The key idea for our weak-strong uniqueness result in the case of different viscosities is to
construct a vector field w which is small in the L? norm but whose gradient compensates for
most of the problematic term (11(xy) — p(xu))(Vo+VoT). To be precise, it is only the normal
derivative of the tangential component of v which may be discontinuous at the interface; the
tangential derivatives are continuous by the no-slip boundary condition, while the normal
derivative of the normal component is continuous by the condition V - v = 0.

Let us explain our construction of the vector field w at the simple two-dimensional example
of a planar interface of the strong solution I, = {(x,0) : z € R}. In this setting, we would
like to set for y > 0

yART (z)
w2y, 1) e, 1) /0 (ex - 0,0) (& D)ea di

(where e, just denotes the first vector of the standard basis). Note that due to the bounded
integrand, this vector field w™ (z,y) is bounded by Cht(z), i.e. it is bounded by the interface
error. As we shall see in the proof, the time derivative of w™ is also bounded in terms of other
error terms. The tangential spatial derivative of this vector field O, w™ (x,y,t) is given (up to
a constant factor) by foy/\hﬂx (e - 0x0yv) (2, §)ex AY + Xy>n+ (2) (€x - Oyv) (x, b ()0 T (2)es
which is also a term controlled by Ch*(z) + C|0,h™(x)|. The normal derivative, on the
other hand, is given by d,w™ (x,y,t) = c(u™, 1™ )X{0<y<nt ()} (€x - Oyv)(x,y)e, which (upon
choosing ¢(u™, 17)) would precisely compensate the discontinuity of 9y(e; - v) in the region
in which the interface of the weak solution is a graph of a function over I,. Note that our
relative entropy functional provides a higher-order control of the size of the region in which
the interface of the weak solution is not a graph over the interface of the strong solution.
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However, with this choice of vector field w™ (x,y, ), two problems occur: First, the vector
field is not solenoidal. For this reason, we introduce an additional Helmholtz projection.
Second — and constituting a more severe problem — , the vector field would not necessarily
be (spatially) Lipschitz continuous (as the derivative contains a term with d,h™ (x) which is
not necessarily bounded), which due to the surface tension terms would be required for the
derivation of a Gronwall-type estimate. For this reason, we first regularize the height function
h* by mollification on a scale of the order of the error. See Proposition 3.26 and Proposi-
tion 3.27 for details of our construction of the regularized height function, and Figure 3.3 for
an illustration of it. The actual construction of our compensation function w is performed in
Proposition 3.28. We then derive an estimate in the spirit of (3.12) in Proposition 3.34.

3.3 Time evolution of geometric quantities and further
coercivity properties

3.3.1 Time evolution of the signed distance function

In order to describe the time evolution of various constructions, we need to recall some well-
known properties of the signed distance function. Let us start by introducing notation. For a
family (€, )t€[0,Tutrong) OF SMOOthly evolving domains with smoothly evolving interfaces I(2)
in the sense of Definition 3.5, the associated signed distance function is given by

dist(z, I(t)), =z €Qf,

—dist(x, I(t)), x¢ Q. (8.13)

dist® (z, I(t)) := {

From Definition 3.5 of a family of smoothly evolving domains it follows that the family of
maps ®;: I(t) x (=re,7e) — RY given by ®;(x,y) := x+yn(x,t) are C?-diffeomorphisms onto
their image {x € R?: dist(z, I(t)) < r.} subject to the bounds

V®,| < C, Vol < C. (3.14)

The signed distance function (resp. its time derivative) to the interface of the strong solution is
then of class CYC2 (resp. CYC?2) in the space-time tubular neighborhood Ute[O,Tmong) im(®;)x
{t} due to the regularity assumptions in Definition 3.5. We also have the bounds

(VR dist® (2, I(t))| < Cr %, k=1,2, (3.15)
and in particular for the mean curvature vector
H| < Cr;t. (3.16)

Moreover, the projection Pryz of a point x onto the nearest point on the manifold I(¢) is
well-defined and of class C{C? in the same tubular neighborhood.

After having introduced the necessary notation we study the time evolution of the signed
distance function to the interface of the strong solution. Because of the kinematic condition
that the interface is transported with the flow, we obtain the following statement.

Lemma 3.11. Let x, € LOO([O,TStmng);BV(Rd; {0,1})) be an indicator function such that
Qf = {zx € R%: x,(z,t) = 1} is a family of smoothly evolving domains and I,(t) :=
00 is a family of smoothly evolving surfaces in the sense of Definition 3.5. Let v €
L?OC([O,TStmng]; Hlloc(Rd;Rd)) be a continuous solenoidal vector field such that x, solves the
equation Oyxy = —V-(xvv). The time evolution of the signed distance function to the interface
I,(t) is then given by

O dist™(z, I,(t)) = — (Va(z, 1) - V) dist™(z, L, (t)) (3.17)
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3.3. Time evolution of geometric quantities and further coercivity properties

for any t € [0, Tstrong] and any x € RY with dist(x, I,(t)) < 7., where Vy is the eatended
normal velocity of the interface given by

‘_/n(x, t) = (U(Pjv(t)x, t) . nv(PIv(t)xv t))nv(PIU(t)x, t). (318)

Moreover, the following formulas hold true

V dist® (z, I, (¢

(@, In( (Pr, ), ),
V dist™ (z, I, (t)) - 8;V dist* (x, I, (¢

(@, Lo(

(@, Lo(

11y
0,
V dist®(z, I,(t)) - 9;V dist™ (x, I, (t)) = 0,
Oy dist™ x, I (t

ji=1,....d,

)
)
)
) = Oy dist™ (y, Lu(1)))|

)
)
)
)

y=Pr, 1)’
for all (x,t) such that dist(z, I,(t)) < r.. The gradient of the projection onto the nearest
point on the interface I,,(t) is given by
VP, iz =1d — n,(Pp,n®) @ 0y (P, ny7) — dist™(z, 1, () V2 dist™ (z, I, (t)). (3.23)
In particular, we have the bound
VP x| <C (3.24)
for all (z,t) such that dist(z, I,(t)) < 7.

Proof. Recall that V dist®(z, I,(t)) for a point = € I,(t) on the interface equals the inward
pointing normal vector n,(z,t) of the interface I, (t). This also extends away from the inter-
face in the sense that

V dist*(y, 1,(1))] no(Pr, e, t) = Vdist™ (y, L,(t)],_, (3.25)

y=Pr,nyx

for all (z,t) such that dist(x, I, (t)) < 7¢, i.e. (3.19) holds. Hence, we also have the formula
Pz =z — dist® (x, I,(t))V dist™ (z, I,,(t)). Differentiating this representation of the pro-
jection onto the interface and using the fact that n, is a unit vector we obtain using also
(3.26)

Vdist ( (t))}y Py 8tPI ()ZC

= —0, dist™(z, I,(t)) — dist™(z, I,(t))V dist= (P, (2, 1,(t)) - 0,V dist™(z, I, (¢))
— o, distE(x, I, (1)) — dist=(z, I, (¢ ))(%(%Wdisti(x,Iv(t))|2>

= — 0 dist™(z, I, (1)).

Hence, we obtain in addition to (3.25) the formula
Oy dist™ (z, I, (1)) = 0 disti(y,fv(t))‘yzpl e

On the other side, on the interface the time derivative of the signed distance function equals
up to a sign the normal speed. In our case, the latter is given by the normal component
of the given velocity field v evaluated on the interface, see Remark 3.9. This concludes
the proof of (3.17). Moreover, (3.20) as well as (3.21) follow immediately from differentiat-
ing |V dist®(z, I,(t))|> = 1. Finally, (3.23) and (3.24) follow immediately from (3.15) and
Prpyr =z — dist® (z, L))y (Pr, (1))

In the above considerations, we have made use of the following result: Consider the aux-
iliary function g(z,t) = disti(PIv(t)x,L,(t)) for (x,t) such that dist(z, I,,(t)) < r.. Since this
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function vanishes on the space-time tubular neighborhood of the interface Ute(O,Tstmng){x €
RY: dist(z, I,(t)) < r.} x {t} we compute

0 (z,t) = Oy dist®(y, L,(1))] + V dist®(y, I,(t))| O Pr, . (3.26)

—a? y=Pr, 1)z y=Pr, 1)

This concludes the proof. O
Remark 3.12. Consider the situation of Lemma 3.11. We proved that

Oy dist™ (z, I, (1)) = —v(Pr, )T, t) - np(Pr, )@, t).

The right hand side of this identity is of class L,?OWJE’OO, as the normal component nU(PIU(t)) .
Vv of the velocity gradient Vv of a strong solution is continuous across the interface I,(t).
To see this, one first observes that the tangential derivatives ((Id —ny,(Pr, () @1 (Pr, 1)) V)V
are naturally continuous across the interface; one then uses the incompressibility constraint
Vv =0 to deduce that n, (P, 1)) - (0o(Pp, () - V)v is also continuous across the interface.

3.3.2 Properties of the vector field ¢

The vector field & — as defined in Proposition 3.10 and illustrated in Figure 3.1 — is an
extension of the unit normal vector field n, associated to the family of smoothly evolving
domains occupying the first fluid of the strong solution. We now provide a more detailed
account of its definition. The construction in fact consists of two steps. First, we extend the
normal vector field n, to a (space-time) tubular neighborhood of the evolving interfaces I, (t)
by projecting onto the interface. Second, we multiply this construction with a cutoff which
decreases quadratically in the distance to the interface of the strong solution (see (3.33)).

Definition 3.13. Let x,, € L=([0, Tstrong); BV(R?;{0,1})) be an indicator function such that
Qf == {x € R%: x(x,t) = 1} is a family of smoothly evolving domains and I,(t) := 0% is
a family of smoothly evolving surfaces in the sense of Definition 3.5. Let n be a smooth cutoff
function with n(s) =1 for s < % and n =0 for s > 1. Define another smooth cutoff function
¢: R —[0,00) as follows:

Cr)y =1 =r)n(r), rel-1,1], (3.27)

and ¢ =0 for |r| > 1. Then, we define a vector field £: R? x [0, Tstrong) — RY by
g(w)nv(a ) for (1) with dist(z, I,(£) < re,
E(x,t) == re v (3.28)

0 else.
The definition of £ has the following consequences.

Remark 3.14. Observe that the vector field £ is indeed well-defined in the space-time domain
R x [0, Tstrong) due to the action of the cut-off function (; it also satisfies |€| < 1 or, more
precisely, the sharper inequality |£] < (1 — dist(x, I,(t))?)+. Furthermore, the extension &
inherits its reqularity from the reqularity of the signed distance function to the interface I,(t).
More precisely, it follows that the vector field & (resp. its time derivative) is of class L,?OW%OO
(resp. W, W) globally in R% x [0, Tstrong), and the restrictions to the domains {x, = 0}
and {x, = 1} are of class L*C?. This turns out to be sufficient for our purposes.

The time derivative of our vector field £ is given as follows.
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3.3. Time evolution of geometric quantities and further coercivity properties

Lemma 3.15. Let x, € L%([0, Tstrong); BV(R%{0,1})) be an indicator function such that
Qf = {z € R%: x,(z,t) = 1} is a family of smoothly evolving domains and I,(t) :=
o0 s a family of smoothly evolving surfaces in the sense of Definition 3.5. Let v €
L2 ([0, Tstrongl; HE .(R%RY)) be a continuous solenoidal vector field such that x, solves the

loc loc

equation Oyxy, = —V - (xuv). Let Vi, be the extended normal velocity of the interface (3.18).
Then the time evolution of the vector field & from Definition 3.13 is given by

0 = —(Va - V)€ — (Id—ny(Pr, (n®) @ 0o (Pr, 5y2)) (VVa) "€ (3.29)
in the space-time domain dist(z, I, (t)) < 7, where we abbreviated n,(Pr, ) = 0y (Pr, 1)7, 1).

Proof. We start by deriving a formula for the time evolution of the normal vector field
0, (Pr, 4T, t) in the space-time tubular neighborhood dist(z, I,(t)) < re. By (3.19), we may
use the formula for the time evolution of the signed distance function from Lemma 3.11.
More precisely, due to the regularity of the signed distance function to the interface of the
strong solution and the regularity of the vector field V (Remark 3.12), we can interchange
the differentiation in time and space to obtain

oV dist™ (z, I, (t)) = Vo, dist® (x, I, (t))

CLD G ((Va - V) dist®(z, L,(2)))

= —(Va - V)no(Pr,yx) — (VVa) - 0y (Pr, ) 2).

Next, we show that the normal-normal component of VV, vanishes. Observe that by Re-
mark 3.12 and (3.19) it holds

Va(z,t) = =0y dist™ (z, I, (t))V dist (x, I, (2)).
Hence, by (3.19)—(3.22) and this formula we obtain

(VVa) " (2,t) : ny (Pr, (1) @ 1y (P, 1))
= VVi(z, t)V dist™ (z, I,(t)) - V dist® (z, I, (t))
= —Vdist®(z, I(t)) - 9;V dist® (x, I,(t))
+ Va(z, 1) ® Vdist™ (z, I,(t)) : V2 dist®(z, I, (1))
=0

as desired. In summary, we have proved so far that

8tnv(PIv(t)w) = —(Vn . V)nv(PIv(t)x) (3.30)
— (Id—nU(P]U(t)iL') ® nv(PIU(t)x)) (VVH)T . DU(PIU(t)a?),

which holds in the space-time domain dist(z, I,(t)) < .. However, applying the chain rule
to the cut-off function r — ((r) from (3.27) together with the evolution equation (3.17) for
the signed distance to the interface shows that the cut-off away from the interface is also
subject to a transport equation:

@C(disti(a:, Iv(t)))

Tc

disti(x,lv(t))).

Te

=~ (Va(@.1) - ¥)¢(

By the definition of the vector field £, see (3.28), and the product rule, this concludes the
proof. O
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3.3.3 Properties of the weighted volume term

We next discuss the weighted volume contribution [pa |Xu—Xo| dist(z, I,(t)) dz to the relative
entropy in more detail.

Remark 3.16. Let 5 be a truncation of the identity as in Proposition 3.10. Let x, €
L®([0, Tstrong); BV(R% {0, 1})) be an indicator function such that Qf := {x € R%: y,(z,t) =
1} is a family of smoothly evolving domains, and I,(t) := 0 is a family of smoothly evolving
surfaces, in the sense of Definition 3.5. The map

R? x [0, Totrong) 3 (z,t) — B(dist™(z, I,(t)) /rc)

inherits the reqularity of the signed distance function to the interface I,,(t). More precisely,
this map (resp. its time derivative) is of class CYC3 (resp. CPC2).

Lemma 3.17. Let x, € L>([0, Tstrong); BV(R%{0,1})) be an indicator function such that
Qf = {r € R%: x,(z,t) = 1} is a family of smoothly evolving domains and I,(t) :=
892’ is a family of smoothly evolving surfaces in the sense of Definition 3.5. Let v €
L2 ([0, Tstrong); HE (R RY)) be a continuous solenoidal vector field such that x, solves the
equation Oyx, = —V - (xov). Let Vi be the extended normal velocity of the interface (3.18).
Then the time evolution of the weight function 8 composed with the signed distance function
to the interface I,,(t) is given by the transport equation

dlsti(@) 1 dlsti(”) (3.31)

a8 = —(Va- 9)5(

Te Tc

for space-time points (x,t) such that dist(z, I,(t)) < re.

Proof. This is immediate from the chain rule and the time evolution of the signed distance
function to the interface of the strong solution, see Lemma 3.11. O

3.3.4 Further coercivity properties of the relative entropy

We collect some further coercivity properties of the relative entropy functional £ [Xm u, V‘X’Ua v]
as defined in (3.9). These will be of frequent use in the estimation of the terms occurring
on the right hand side of the relative entropy inequality from Proposition 3.10. We start
for reference purposes with trivial consequences of our choices of the vector field £ and the
weight function 5.

Lemma 3.18. Consider the situation of Proposition 3.10. In particular, let 8 be the trun-
cation of the identity from Proposition 3.10. By definition, it holds

min{w,l} < ‘ﬂ(W)‘ (3.32)

Let € be the vector field from Definition 3.13 with cutoff multiplier  as given in (3.27). By
the choice of the cutoff ¢, it holds

| dist™® (, I, (1)) [? dist™ (, I, (t))
<1—-(|————). .
O < (T 39
We will also make frequent use of the fact that for any unit vector b € R we have
dist™ (z, I, (¢
1—((W)g1—b-§ and |b—¢f<2(1—b-€). (3.34)
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3.3. Time evolution of geometric quantities and further coercivity properties

We also want to emphasize that the relative entropy functional controls the squared error
in the normal of the varifold.

Lemma 3.19. Consider the situation of Proposition 3.10. We then have

/Rd - 12‘3_ ¢* dVi(w, ) < Blxu, w, Vxw, v] () (3.35)
X

for almost every t € [0, Tstrong)-

Proof. Observe first that by means of the compatibility condition (3.2¢) we have

/ (1—s'§)dV}(m,s)—/ 1th($,3)—/ ny - §d[Vxu (- 1)
Rd xSd—1 RdxSd—1 R4
= [ 1l = [ na-€avntol
R4 R4

which holds for almost every ¢ € [0, Tstrong). In addition, due to (3.4) one obtains

[l = [ 1aWilse - [ 1avito)
Rd R4 R4

for almost every ¢ € [0, Tstmng)- This in turn entails the following identity

/(1—nu-5)d\vXur+/ 1~ 6, dVilgas
R R4
=/ (1—s-€)dVi(a, s),

RdXSd71

which holds true for almost every t € [0, Tstmng). However, the functional on the right hand
side controls the squared error in the normal of the varifold: |s — &2 < 2(1 — s-¢). This
proves the claim. O

We will also refer multiple times to the following bound. In the regime of equal shear
viscosities p = p— we may apply this result with the choice w = 0. In the general case, we
have to include the compensation function w for the velocity gradient discontinuity at the
interface.

Lemma 3.20. Let (xu,u,V) be a wvarifold solution to (1.1a)-(1.1¢c) in the sense of Defi-
nition 3.2 on a time interval [0, Tpar;) with initial data (x2,ug). Let (xv,v) be a strong
solution to (1.1a)-(1.1c) in the sense of Definition 3.6 on a time interval [0, Tstrong) with
Tstrong < Tyari and initial data (x%,v0). Letw € L2([O,Tstmng); HY (R4 RY)) be an arbitrary
vector field, and let F € L (R x [O,Tstmng);Rd) be a bounded vector field. Then

]/T4d<xu—xv><u—v—w>-Fdx a

1 Fl|4
<5/ IV(u—v— )]2d3:dt—|—C+H|L/ / p(xu)|lu—v—w|? dz dt
R4

CHFIILoo/ / dlst r( f))’ F

&
for almost every T € [0, Tyirong) and all0 < 6 < 1. The absolute constant C > 0 only depends
on the densities pL.
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Proof. We first argue how to control the part away from the interface of the strong solution,
i.e., outside of {(x,t): dist(z, I,(t)) > 7.}. A straightforward estimate using Holder’s and
Young’s inequality yields

(Xu—Xv)(u—v—w) - F dz dt
{dist(z,Iy(t))>rc}

Fllfo
WPl // o
{dist(z,l»(t))>rc}

| F|| Lo
+|”L/ / lu —v —w|? dz dt.
2 0 J{dist(z,lv(t))>rc}

Note that by the properties of the truncation of the identity 3, see Proposition 3.10, it follows
that |B(dist™ (z, I,(t))/re)| = 1 on {(z,t): dist(z, I,(t)) > r.}. Hence, we obtain

T
’/ / (XU_XU)(U—U—'LU) - F dx dt’
0 J{dist(z,I,(t))>rc}
£
HF”LOO/ / X = Yol ‘B(L))‘ dz dt (3.36)

F|peo
_MFllee / / pxu)|u — v —w|? dz dt,
2(p+ N p-)

which is indeed a bound of required order.

We proceed with the bound for the contribution in the vicinity of the interface of the strong
solution. To this end, recall that we are equipped with a family of maps ®;: I,,(t) x (=7, re) —
RY given by ®;(z,y) := = + yn,(x,t), which are C2-diffeomorphisms onto their image {x €
Re: dist(z, I,(t)) < re}. Recall the estimates (3.14). We then move on with a change of
variables, the one-dimensional Gagliardo-Nirenberg-Sobolev interpolation inequality

1 1
90l 2 rore) < CllalZs s IVGZ2 oy + Cllgll2rom)

as well as Holder’s and Young’s inequality to obtain the bound

T
‘/ / (Xu_Xv)(u_U_w)'Fdxdt’
0 J{dist(z,I,(t))<rc}

T Te
< C|F |1 / / / (o) (@2, ) [ (u—v—10) (@ (x, ) dy dS () dt

<O”F||Loo// sup lu—v —w|(x 4+ yny(x,t))
t) ye|

Tc,""c

([ (vl + . 0) dy ) 4S()

< Il + |IFIIE / = v — w]? dxdt+6/ / V(u—v—w)? dz dt
0 Jrd 0 JRI

4]

+ Ol | ' / . ( / o) —i—ynv(x,t))dy)zdS(x) a.

It thus suffices to derive an estimate for the L?-norm of the local interface error height in
normal direction

) = [ o) (@ + ynola 1) dy.

—7Te
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The proof of Proposition 3.26 below, where we establish next to the required L2-bound also
several other properties of the local interface error height, shows that (see (3.56))

dist(x, I, (t
/ |h(z)|* dS < C/ |Xu—Xol min{w, 1} dz. (3.37)
I, (t) R4 Tc
This then concludes the proof. ]

We conclude this section with an L2, LS -bound for H!-functions on the tubular neigh-

borhood around the evolving interfaces as well as a bound for the derivatives of the normal
velocity of the interface of a strong solution in terms of the associated velocity field v, both
of which will be used several times in the estimation of the terms on the right hand side of
the relative entropy inequality of Proposition 3.10.

Lemma 3.21. Consider the situation of Proposition 3.10. We have the estimate

/1 2, S oG+ yma(e D) dS < Cllglia 199l + o) (3.38)
v t yE

[—Tcﬂ“c}
valid for any g € H'(RY).

Proof. Let f € H'(—r.,r.). The one-dimensional Gagliardo-Nirenberg-Sobolev inerpolation
inequality then implies

1 1
1l < sl N oy + Ol

From this we obtain together with Holder’s inequality

/ sup  |g(z +yny(z,t))>dS
Iy (t) yE[=re,re]

<c / / " 9@ tyno (e, B)? dyds
Iy(t) J —rc

1

Te §

+O( [ lowrm o dyds)
Iy(t) J —rc

1
X </ / |Vg(:c+ynv(x,t))|2 dde) 2.
Iy(t) J —rc

This implies (3.38) by making use of the C?-diffeomorphisms ®;: I,(t) x (—r¢,7.) — R?
given by ®,(z,y) = z+yn,(z,t) and the associated change of variables, using also the bound
(3.14). O

Lemma 3.22. Consider the situation of Proposition 3.10 and define the vector field
Va(@, 1) = (v(@,8) - 0o(Pr, (1, 1)) 00 (Pr, )2, 1),
for (z,t) € R? x [0, Tstrong) such that dist(z, I,(t)) < re. Then
IVVall =0y < Cretllvlize + Cl[V|ze, (3.39)
IV*Vall Loy < Cr2||vl|zoe + Cri [ Vollzee + Ol V0l poo oo mav 1, () (3.40)

where O = Uye(0.111r0m,) 1% € RY: dist(x, I,(t)) < re} x {t} denotes the space-time tubular
neighborhood of width r. of the evolving interface of the strong solution.
In particular, we have for Vy(z,t) := Vy(Py, iz, t) the estimate

Va(z,t) — Vila, t)| < Cr. Yol |pee dist(z, I, (). (3.41)
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Proof. The estimates (3.39) and (3.40) are a direct consequence of the regularity requirements
on the velocity field v of a strong solution, see Definition 3.6, the pointwise bounds (3.15) and
the representation of the normal vector field on the interface in terms of the signed distance
function (3.19). O

3.4 Weak-strong uniqueness of varifold solutions: The case of
equal viscosities

In this section we provide a proof of the weak-strong uniqueness principle to the free boundary
problem for the incompressible Navier-Stokes equation for two fluids (1.1a)-(1.1c) in the
case of equal shear viscosities uy = p—. Note that in this case the problematic viscous
stress term Ry in the relative entropy inequality (see Proposition 3.10) vanishes because
of u(xu) — p(xy) = 0. In this setting, it is possible to choose w = 0 which directly implies
Avise = 0, Aggp = 0, Azt = 0, Aweightvor = 0, and Agyrren, = 0. It remains to estimate
the terms RsyrTen, Radv, Rat, and Ryeightvor Which are left on the right-hand side of the
relative entropy inequality. We directly estimate these terms also for w # 0 in order to avoid
unnecessary repetition, as the estimates for w # 0 are not more complicated but will be
required for the case of different viscosities.

3.4.1 Estimate for the surface tension terms

We start by estimating the terms related to surface tension Ry 7en.

Lemma 3.23. Consider the situation of Proposition 3.10. The terms related to surface
tension Rgyren are estimated by

T
Rsurren < 5/ / IV(u—v—w)|* de dt
0 R4
F OO 0 Il s as) | BVl @t (342

for any 0 > 0.

Proof. We start by using (3.34) and (3.28) to estimate

Vu
o / [ (6 ) nulPro) - (nu(Pro) - T)o = € € Vod V|
R4 ’vXu

VXu
=0 — z) - (n,(Pr nx) - V)od|Vy,| dt
I (=6 ) i) st e

+ U/ Rdf (&-V)v —n,(Pp, (t)x) (nU(PI (t)x) )vd|VXu] dt

Vxu
< C||Vv oo//l— d|Vx,| dt
Vol vl VXl
dist™ (, 1, (¢
orvelas [ [ 1o o(BEELD) gy ar
0 JR Tc
T
§C||UHL§,OW;,OO/O Exu,u, V|xv,v](t) dt. (3.43)

Recall from (3.35) that the squared error in the varifold normal is controlled by the relative
entropy functional. Together with the bound from Lemma 3.20, (3.15) as well as (3.43) we
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get an estimate for the first four terms of Ry 7en

RsurTen (3 . 44)

T
< CO 1+ ol ) [ Bl Vi ol(0) ae

s (T 9
+f |V(ufvf w)|” dz dt

Vi ;
—i—a/ /R Wi (1= (Pr,gy2) @ 1o (Pr,y2)) (VVa—Vo)T€) d V| dt

VXu (5
—I-U/ / (Vi —wv)-V)EA| Vx| dt
R |VXul ) V)edIVxl

for almost every T' € [0, Tstrong) and all 6 € (0,1]. To estimate the remaining two terms we
decompose V;, — v as

Va—v=Va—Va)+ (Va —v), (3.45)
where the vector field V;, is given by
Va(z,t) := (v(z,t) - 0y (Pr, )@, t) )0y (Pr )2, 1) (3.46)

in the space-time domain {dist(z, I,(t)) < r.} (i.e. in contrast to Vi, for V; the veloc-
ity v is evaluated not at the projection of x onto the interface, but at z itself). Note
that it will not matter as to how V, and similar quantities are defined outside of the area
{dist(x, I,(t)) < rc}, as the terms will always be multiplied by suitable cutoffs which vanish
outside of {dist(z, I,(t)) < rc}. In the next two steps, we compute and bound the contribu-
tions from the two different parts in the decomposition (3.45) of the error V;, — v.

First step: Controlling the error V;, — v

By definition of the vector field V4 in (3.46), we may write V; — v = —(Id — ny(Py, (z) @
1, (P, z))v. It is then not clear why the term

Vxu
/ / X ((Ad—ny(Pr, (1)) @ 1o (Pr, (1)) (VVa— V) 7€) d|Vxu| dt
R4 ‘vXu

VXu
+U/ / Va—v)-V)EA|Vy,| di
i Tl ) - V)Ed|IVxu|

should be controlled by our relative entropy functional. However, the integrands enjoy a
crucial cancellation

(Id—ny(Pr, () x) @ no(Pr, 1y @) (VVa=V0)TE+ (Vo —v) - V)E=0 (3.47)

in the space-time domain {(x,t) € R x [0, Tstrong) : dist(z, [,(t)) < rc}. To verify this
cancellation, we first recall from (3.19) that V dist™(z, I, (t)) = 0, (P, )7, t). We then start
by rewriting

(Vo —v) - V)¢ = =VE (Id — Vdist™ (-, I,) ® Vdist* (-, I,,))v.

Note that when the derivative hits the cutoff multiplier in the definition of £ (see (3.28)), the
resulting term on the right hand side of the last identity vanishes. Hence, we obtain together
with (3.21)

((Vn - U) ’ V)g
= —((r;t dist® (-, 1)) (V2 dist™ (-, L)) (Id — V dist™ (-, I,) ® V dist™(+, [,,))v
= —((rotdist™(+, L)) (V2 dist™ (-, I,) ) v.
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On the other side, another application of (3.21) yields

(VVa—Vu)Te
— (V)" (Id—ny (P, (1)) @ no(Pr, y2)) € + ¢ (rg  dist™(-, 1)) (V dist™ (-, I,))v
=((r; “dist™ (-, T, V) (Vlesti(-, u))v.

Therefore, the cancellation (3.47) indeed holds true since by (3.21) the right-hand side of the
last computation remains unchanged after projecting via Id — n, ® n,.

Second step: Controlling the error V, — V,

It remains to control the contributions from the following two quantities:

T
I = /0 /Rd 1, - ((Id—nv(PIU(t)a:) ® HU(P[U(t)w))(VVn—VVH)Tf) dlvxu‘ dt,

T —
II ::/0 /Rd n, - (Va — Vo) - V)Ed| Vx| dt.

Note first that we can write
1= / [ =9 (1dn(Prg) @ m(Pr ) (V= TVa)T6) d Vb

Moreover, recall from (3.23) the formula for the gradient of the projection onto the nearest
point on the interface I,(t). The definition of V; (see (3.46)) and Vi (x) = Vu(Pp, ), the
product rule, (3.19), (3.15), and (3.21) imply using the definition of £ and the property |[£| < 1
‘ (Id—n, (Py, (1) @ ny(Pr, 7)) (vvn—vvn)Tf‘
< ’(Id—nv(va(t)x) 2 my(Pp, 7)) (V(0(Pp, ) — Vv(w))T’
| (@=0y(Pr, ) @ 1 (Pr,0y2)) (9 (00 (P ) (0 Pr ) = ()

+ ol o= (Vo (Pr ) e

< CrM|vllwzoe a1, (1)) dlS'ﬁ(ﬂﬂ, I,(1))

where in the last step we have used also (3.23). Together with Young’s inequality and the
coercivity properties of the relative entropy (3.33) and (3.34) we then immediately get the
estimate

T
Igc/ / In, — €|*d| Vx| dt
0 R4
b O oy [ 100 L) A1
< O T g ey | Bl Vi 1) (3.48)
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To estimate the second term II, we start by adding zero and then use again Vj(z,t) =
Va(Pr,mx,t), (3.39), (3.15) as well as (3.33) and (3.34)

T —
II:/O /Rd(nug)' ((Vn*Vn)'v)£d|vXu| di
T —
[0 ] e =) Ve a
T
< CO+ 10l i) [ Bl Vi ol(0) de
T —
+/ € ((Va— Vi) - V)€d| V| dt.
0 R4

Using (3.21), we continue by computing

T
/ & ((Va— Vi) - V)Ed| V] dt
0 Rd

(T ,dist™ (z, I (t _
:rcl/o /Rdg <M>§®(VH—VH):nv(PIv(t))®nv(PIv(t))d\qu] dt

Tc

Hence, it follows from ¢’(0) = 0 and |¢”] < C as well as (3.41) that

T
112 00+ ol ) | Bt Vi, ol(e)

T
+ Cr ol oy /0 /R | dist(a, I,(£))[2 d[ Vx| d

T
< OO+ 0l e o) /0 ElXus t, Vo, v)(t) dt. (3.49)

Third step: Summary
Inserting (3.47), (3.48), and (3.49) into (3.44) entails the bound
Rsu'rTen
C(9) ‘
< = Wl ez @, ) v ||“”i°°W%°°(Rd\1v<t)))/o B, Vixs, wl(e) d
T
+5/ IV(u—v—w)|* dz dt.
0 JRrd
This yields the desired estimate. O

3.4.2 Estimate for the remaining terms R,q,, R4, and Rycightvor

To bound the advection-related terms

T
Ruar== [ [ (00 = plx)) lu=v =) (0- D)o o
T
—//p(xu)(u—v—w)-((u—v—w)-V)vdxdt
0o Jrd
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from the relative entropy inequality, the time-derivative related terms Ry, and the terms
resulting from the weighted volume control term in the relative entropy

dist®(-, I,
wezghtVol —/ / Xu— Xv V V) V)B( l ( )> dz dt
Rd

Tec

/ | e (=) V)ﬁ(d”’tr(c ) az at

(with Viy(z,t) := (no(Pr, (1T, t) @ 0y (Pr, py7,t))v(z, 1)), We use mostly straightforward esti-
mates.

Lemma 3.24. Consider the situation of Proposition 5.10. The terms Roqy, Rat, and Ryeightvol
are subject to the bounds

T
Rato < OO+ 0l pgre) [ Bluss Vs vl(0) (3.50)
t x 0
T
+(5/ / IV(u—v—w)|* dz dt,
0 Jrd
T
Ry < 5/ IV(u—v—w)*dz dt (3.51)
0 Jrd

T
+ CONO @) | Pl Vi olt) dr

and
T
&mMdea/ IV(u—v—w)|* de dt (3.52)
0 R4
T
OO0+ ol | Bl Vi, ol(0) de

for any § > 0.

Proof. To derive (3.50), we use a direct estimate for the second term in R,q, as well as
Lemma 3.20 for the first term.

The bound (3.51) is derived similarly.

Finally, we show estimate (3.52). Note that by definition we have V;(z,t) = Vo (Py, )2, t).
Hence, we obtain using the bound (3.41) as well as (3.32) and |3'| < C

T O
dist™(z, I, (t
Royeightvor < CHU‘L?OW;,OO/O /Rd I Xu—Xv] ‘B(W)‘ dx dt

[

T
CT‘C_I/ /{d o) }\Xufxv\|ufvfw|dxdt.
0 ist(x, 1y (1)) <rc

An application of Lemma 3.20 yields (3.52). O

3.4.3 The weak-strong uniqueness principle in the case of equal
viscosities

We conclude our discussion of the case of equal shear viscosities yy = p— for the free boundary
problem for the incompressible Navier-Stokes equation for two fluids (1.1a)-(1.1c) with the
proof of the weak-strong uniqueness principle.
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Proposition 3.25. Let d < 3. Let (xu,u,V) be a varifold solution to the free boundary
problem for the incompressible Navier-Stokes equation for two fluids (1.1a)-(1.1c) in the sense
of Definition 3.2 on some time interval [0, Tyari) with initial data (x2,ug). Let (xv,v) be a
strong solution to (1.1a)-(1.1c) in the sense of Definition 5.6 on some time interval [0, Tsirong)
with Tstrong < Tyari and initial data (Xg, vo). We assume that the shear viscosities of the two
fluids coincide, i.e., pt = p~.

Then, there exists a constant C' > 0 which only depends on the data of the strong solution
such that the stability estimate

EXu, w, VX0, 0)(T) < ElXus t, V]x0, v](0)e“T

holds. In particular, if the initial data of the varifold solution and the strong solution coincide,
the varifold solution must be equal to the strong solution in the sense

XU('at) = XU('vt) and u('at) = U('>t)

almost everywhere for almost every t € [0, Tsrong). Furthermore, in this case the varifold is
given by

dV; = 0 vx 4|Vl
[Vxul
for almost every t € [0, Tstrong)-

Proof. Applying the relative entropy inequality from Proposition 3.10 with w = 0, using the
fact that the problematic term R,;s. vanishes in the case of equal shear viscosities py = p—, as
well as using the bounds from (3.42), (3.50), (3.51) and (3.52), we observe that we established
the following bound

T
Elxu t, V]xe, 0)(T) + c/ / IV — Vol? de dt (3.53)
0 Rd

T
< Elxus , V]xo, v](0) + 5/0 /R Vu— Vol2de dt
c()

2
+ 7,4 (1+HatUHLg?t(Rd\Iv(t))—i_HvHL?OWg?’OO(Rd\[U(t)) \ ||U||Lf°Wx2’oo(Rd\Iv(t)))

C

T
X / E[Xu7U7V|Xv7U](t) de
0

for almost every T' € [0, Tstrong). An absorption argument along with a subsequent applica-
tion of Gronwall’s lemma then immediately yields the asserted stability estimate.

Consider the case of coinciding initial conditions, i.e., E[xu,u, V|xs,v](0) = 0. In this
case, we deduce from the stability estimate that the relative entropy vanishes for almost every
t € [0, Tstrong). From this it immediately follows that u(-,t) = v(-,t) as well as x, (-, t) =
Xo(+,t) almost everywhere for almost every ¢ € [0, Titrong)-

The asserted representation of the varifold V of the varifold solution follows from the fol-
lowing considerations. First, we deduce |Vxy (-, t)| = |Vi|ga—1 for almost every t € [0, Tstrong)
as a consequence of the fact that the density of the varifold satisfies 8; = W = 1 almost
everywhere for almost every ¢ € [0, Tstrong). The remaining fact that the measure on S9! is
given by 6y, (z.¢) for |Vi|ga-1-almost every = € R? for almost every ¢ € [0, Tstrong) then follows
from the control of the squared error in the normal of the varifold by the relative entropy
functional, see (3.35). This concludes the proof. O]
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3.5 Weak-strong uniqueness of varifold solutions: The case of
different viscosities

We turn to the derivation of the weak-strong uniqueness principle in the case of different
shear viscosities of the two fluids. In this regime, we cannot anymore ignore the viscous
stress term (u(xo) — i(xw)) (Vv + VoT). The key idea is to construct a solenoidal vector field
w which is small in the L?-norm but whose gradient compensates for most of this problematic
term, and then use the relative entropy inequality from Proposition 3.10 with this function.
The precise definition as well as a list of all the relevant properties of this vector field are the
content of Proposition 3.28.

A main ingredient for the construction of w are the local interface error heights as mea-
sured in orthogonal direction from the interface of the strong solution (see Figure 3.2). For
this reason, we first prove the relevant properties of the local heights of the interface error in
Proposition 3.26. However, in order to control certain surface-tension terms in the relative
entropy inequality, we actually need the vector field w to have bounded spatial derivatives.
To this aim, we perform an additional regularization of the height functions. This will be
carried out in detail in Proposition 3.27 by a (time-dependent) mollification. After all these
preparations, in Section 3.5.4-3.5.8 we then further estimate the additional terms Ay;sc,
Agt, Aado, and AgyrTen in the relative entropy inequality from Proposition 3.10. Based on
these bounds, in Section 3.5.9 we finally provide the proof of the stability estimate and the
weak-strong uniqueness principle for varifold solutions to the free boundary problem for the
incompressible Navier-Stokes equation for two fluids (1.1a)-(1.1c¢) from Theorem 3.1.

3.5.1 The evolution of the local height of the interface error

Consider a strong solution (,,v) to the free boundary problem for the incompressible Navier-
Stokes equation for two fluids (1.1a)-(1.1c) in the sense of Definition 3.6 on some time interval
[0, Tstmng). For the sake of better readability, let us recall some definitions and constructions
related to the associated family of evolving interfaces I, (t) of the strong solution.

For the family (Q; €0, Tutrong) Of smoothly evolving domains of the strong solution, the
associated signed distance function is given by

dist(z, I,(t)), =z € Qf,

- —
dist™(z, I, (t)) = {_dist(%-’v(t)), x ¢ Q.

From Definition 3.5 of a family of smoothly evolving domains it follows that the family of
maps ®;: I,(t) x (=re, 1) — R given by ®(z,y) := = + yn,(z,t) are C?-diffeomorphisms
onto their image {x € R?: dist(x, I,(t)) < r.}. Here, n,(-,t) denotes the normal vector field
of the interface I,(¢) pointing inwards {z € R?: y,(x,t) = 1}. The signed distance function
(resp. its time derivative) to the interface I,(t) of the strong solution is then of class CPC3
(resp. CPC?) in the space-time tubular neighborhood Usco,7siromg) Im(Pe) x {t} due to the
regularity assumptions in Definition 3.5. Moreover, the projection Pr, ;)@ of a point = onto
the nearest point on the manifold I,(¢) is well-defined and of class CYC? in the same tubular
neighborhood. Observe that the inverse of ®; is given by ®; ! (z) = (Plv(t)a:,disti(aj,lv(t)))
for all z € R? such that dist(z, I, (t)) < re.

In Lemma 3.11, we computed the time evolution of the signed distance function to the
interface I,(t) of a strong solution. Recall also the various relations for the projected inner
unit normal vector field n, (P, z,t) from Lemma 3.11, which will be of frequent use in
subsequent computations. Finally, we remind the reader of the definition of the vector field
¢ from Definition 3.13, which is a global extension of the inner unit normal vector field of the
interface I,(t). For an illustration of the vector field £, we recall Figure 3.1; for an illustration
of h™, we refer to Figure 3.2.
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Proposition 3.26. Let x, € L*([0, Tstrong); BV(RY; {0,1})) be an indicator function such
that QO = {x € R?: x,(z,t) = 1} is a family of smoothly evolving domains and I,(t) := 0Q;
s a family of smoothly evolving surfaces in the sense of Definition 3.5. Let £ be the extension
of the unit normal vector field n, from Definition 3.13.

Let 6 : [0,00) — [0,1] be a smooth cutoff with § =0 outside of [0,3] and 6 =1 in [0, 1].
For an indicator function xy, € L([0, Tstrongl; BV(R%{0,1})) and t > 0, we define the local
height of the one-sided interface error h(-,t) : I,(t) — Ry as

+IL‘ = - — x N,y (T ﬁ . .
W) = [0 =)+ 0.00(L) dy (354)

Tc

Similarly, we introduce the local height of the interface error in the other direction

h™(z,t) := /000 Xul(T — ynv(x,t),t)é’(g) dy.

Tc

Then h* and h™ have the following properties:
a) (L*-bound) We have the estimates |h*(z,t)| < % and

st(z. L,
/ \hE (2, )2 dS(z) < c/ |Xu—xv|min{w,l} da. (3.55a)
I,(t) R4 Te
b) (H'-bound) Moreover, the estimate holds
/ min{| V@ hE (z, 1), |V hE (2, 1)} dS + | D*hE|(1,(t)) (3.55b)
I, (t)
<o - v+ G [ o min { SUELO) 41 g,
Rd ’vxu‘ e JRrd c

c) (Approximation property) The functions h* and h™ provide an approzimation of the
set {xu, = 1} in terms of a subgraph over the set I,(t) by setting

Xo,h+ h= = Xv = Xo<dist* (2,1, (£)) <h+ (P, (yast) T X—h=(Pp, 4y z,t) <dist® (z,1, (1)) <0’

up to an error of

/Rd IXu = Xop+ n-| dz

Vxa |
<of 1-¢ Xdeu|+CAd\xu—xv\mln{

dist(z, I, (t))
R4 ’vXu‘

Te

,1} de.  (3.55¢)

d) (Time evolution) Let v be a solenoidal vector field
v € L2([0, Tutrongl; H' (R RY) 1 L0, Tatrong; WH> (R% RY)

such that in the domain the[();psmmg)(QZr U Q) x {t} the second spatial derivatives of the
vector field v exist and satisfy SUPye(o 1., on,) SUD, c o, |V2u(z,t)| < co. Assume that X,

solves the equation Oy x, = —V-(xuv). If xu solves the equation Opx, = —V-(xuu) for another
solenoidal vector field u € L2([0, Tstrong; H (R RY)), we have the following estimate on the
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time derivative of the local interface error heights h*:

d
— z)h* (z,t) dS(z) — Rt (z,t)(Id—n, @ ny)v(z,t) - Vo(z) dS(z 3.55d
]d/mnu (.0 d45@) = [ W) dom @ note ) 9n(@) S| (355
< ¢
re

t
1/4
E— < / IR dS)
L, (¢)

1/2
X (/ sup |u — v|*(x + yny(z,t),t) dS(x))
Io(t)

t) yE[—7re,re]

L+ [Jolly200 rey 1, (1)
re

X </Rd IXu(Z:t) = Xo(2, )] min{w,l} dx>2

OO+ folyr.=) u
= ma s [ 1€ R AVl

1/2
+cunuw<t»( [ = ds)
I (t)

or any test function n € C(RY) with ny, - Vn = 0 on the interface I,(t), and where h* is
f Y f n cpt( v n v ’

defined as h™ but now with respect to the modified cut-off 0(-) = 9(5)

+C

HUHL?(IU(t))

+

Proof. Step 1: Proof of the estimate on the L?-norm. The trivial estimate |h*(z,t)| <
e follows directly from the definition of h*. To establish the L?-estimate, let £ (z) =
o (1= xu)(z 4+ yny(z,t),t) dy. A straighforward estimate then gives

0+ (z) Te
F@P =2 yaze [T n@ean - @@ oLy 60

Note that the term on the left hand side dominates |h*|? since we dropped the cutoff function.
Hence, the desired estimate on the L?-norm of h* follows at once by a change of variables
and recalling the fact that dist(®;(x,y), I,(t)) = y. The corresponding bound for A~ then
follows along the same lines.

Step 2: Proof of the estimate on the spatial derivative (3.55b). The definition
(3.54) is equivalent to

B @l 00t) = [0 =) e 6(2) an

We compute for any smooth vector field n € g;t(Rd RY) (recall that ®;(x,0) = z and
dist(®¢(x, y), I,(t)) = y for any x € I,(t) and any y with |y| < r.)

/ 1) AR )@
[ W)V () dS(z) — / | @) ) ds

OT / 1= )(@i(r.9). 00 (L) 7" ) dS(z) dy

/f (®
)
/Or

-
(1)
/1 (t)(l — Xu)(@e(z,9), (Tg)n H(®:(z,0),t) dS(z) dy
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- [ a- (a0 (LN e w71 )
R4

Tc

x (Id —ny (P, 1y7) @ 0y (P, ) = V(P ) dz
- [ 0= oo ey o) - (P 0) det VL o)
—— [ 6( R et v @) (P9 (1 -1 (Pr) 910 Pre) - 49
dist(z, I,
# [0 vt op( FEEO yp, o)

(Y (1 =y (P, ) @ 1y (P )| det VOT) = H(Py,y2) | det VO ) da,

where in the last step we have used V dist® (z, I, (t)) = 0y (Pr, 7). This yields by another
change of variables in the second integral, the fact that x,(®:(x,y),t) = 1 for any y > 0,
(3.15), (3.16), | det V®; 1| < C as well as by abbreviating n, = X

|qu|
/ LD (- 1))
UNIy(t)

<C ‘nv(PIv(t)x) - nu‘ d|Vxu (-, 1)
{m—&-ynv(x t): x€UNLy(t),yE(—1c,re)}

/ / a(®@e(2, ), ) — xo(@e(,9), )] dy dS(a)
UNI,(t

for any Borel set U C R?. Recall that the indicator function y,(-,¢) of the varifold solution is
of bounded variation in I := {z € R?: dist*(z, I,(t)) € (=7¢,7¢)}. In particular, B+ := {z €
R%: x, >0} NI is a set of finite perimeter in I. Applying Theorem 3.39 in local coordinates
the sections

Ef ={y € (—rere): xulz +yny(z,t)) > 0}

are guaranteed to be one-dimensional Caccioppoli sets in (—rc,r.) for H¢ '-almost every
x € I,(t). Note that whenever |n, - n,| < % then 1 —n, -n, > %, and therefore using also the
co-area formula for rectifiable sets (see |12, (2.72)])

/ Ld|DE Rt (-, 1) (3.57)
UNnI,(

</W)/ @1, 9), ) — xo(®1 ), )] dy dS ()

+C/ / 0y () — 0y
UNI,(t) *E;’ﬂ{nu(1‘)~nu(x-i—ynv(x,t))Z%}ﬂ(—rc,rc) |nv(a?) ’ nu‘

+C (1 _nv(PIU(t):E) -Du) d]qu(,t)]
{z+yny (z,t): x€UNILL (), y€(—7c,re) o (@) Dy (T+yny, (z,t)) < %}

dH’(y) dS(z)

We now distinguish between different cases depending on z € I,,(t) up to H% '-measure
zero. We start with the set of points x € A1 C I,(t) such that

/ @), £) — xo( @), 8)] dy (3.58)

+/ ‘nv(a:) — nu‘ dHO(y)

8*E;ﬂ{nv(a:)~nu(:v+ynv(ac,t))Z%}ﬂ(—rc,rc) ]nv(x) ’ Ilu|

+ sup 1 — 1y (Pr, (y) - 0y (z+yny(z, 1))
ye{Ge(=re,re)Nd* EF : ny(z) ny (z+in, (z,t) < %}
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1
< -.
— 4
By splitting the measure D"h* into a part which is absolutely continuous with respect to
the surface measure on I, (t), for which we denote the density by Vi as well as a singular

part DSh™, we obtain from (3.57) (note that the third integral in (3.57) does not contribute
to this estimate by the definition of the set A; C I,(t))

/ V() dS()
Unli, (t)ﬁA1

C [T
< / T (@i, ), t) — xo( @i, ), 1) dy dS(2)
UnIy ()

NA1 Te 0
ny(z) — 0y

+ / C dHO(y) dS(z)
UNL(WNAL 0 BE 0{ny (@) mu (a-+ymo (2,6) > 330 (= rere) Do () - Do

for every Borel set U C R%. Since U was arbitrary, we deduce that |V'*"h*| is bounded on
A by the two integrands on the right hand side of the last inequality. Hence, we obtain

/A VR 2 () dS(a) + (DR ()

< CTC_2 /
I (t)

+C

2
dS(x)

/0 @), 1) — (@), 8)] dy

2

In, —n,|dH°(y)| dS(z).

I,(t)NA; /8* E;ﬂ{nv (z) 0y (z+yny (z,t))> % N(=re,re)

The first term on the right hand side can be estimated as in the proof of the L?-bound
for h*. To bound the second term, we make the following observation. First, we may
represent the one-dimensional Caccioppoli sets E,F as a finite union of disjoint intervals (see
[12, Proposition 3.52|). It then follows from property iv) in Theorem 3.39 that 8* E;fN(—r¢, rc)
can only contain at most one point. Indeed, otherwise we would find at least one point
y € O*EF N (=re,1e) such that n,(z) - ny(z+yn,(z,t)) < 0 which is a contradiction to the
definition of A;. By another application of the co-area formula for rectifiable sets (see |12,
(2.72)]) we therefore get

/A VR (2) dS(x) + (DR (4r)

C . (dist(z, I,(t))
< = - A ) .
<2 /Rd IXu Xv|m1n{ ,1} dz (3.59)

Te
VXu
—|—C/ 1 —ny(Pp, ) - d|Vxul(z).
{dist(a, o (1)) <re} Pr. IV X Vx| (@)

We now turn to the second case, namely the set of points As := I,(t) \ 41. We begin
with a preliminary computation. When splitting £ into a finite family of disjoint open
intervals as before, it again follows from property iv) in Theorem 3.39 that every second
point y € &*E} N (—r., 1) has to have the property that n,(z) - n,(z+yn,(z,t)) < 0, i.e.,
In,(x) —n,| <2 < 2(1 —ny(x)-n,). In particular, by another application of the co-area
formula for rectifiable sets (see [12, (2.72)]) we obtain the bound

[ ) =l 1340 s
Az J9* B 0{ny () nu (z+yny (2,t)) > 330 (—rec,re) ny(2) - 1y
Vxu
SS/ 1 —ny(Pr,)T) - d|Vxu|(x). 3.60
{dist(a, Lo (£))<re} Pre) IV Xu| Vxul(@) (3.60)
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Now, we proceed as follows. By definition of As, either one of the three summands in
(3.58) has to be > 1 . We distinguish between two cases. If the third one is not, then this
actually means that the set {g € (—=re,7e) NO*EF: ny(x) - ny(z+yn,(z,t)) < 2} is empty,
i.e., the third summand has to vanish. Hence, either one of the first two summands in (3.58)
has to be > &. If the first one is not, we use that 1 [xu(®¢(x,y),t) — xo(Pe(2,9), )| dy < e
and bound thls by the second term and then (3.60). If the second one is not, then

) = [ (@), ) — X (@il ). )] dy < e
0

* ()

<o vavse [T @) - w@@ ol a. @

Now, we move on with the remaining case, i.e., that the third summand in (3.58) does not
vanish. In other words, {§ € (—r¢,re) N O*ES : ny(z) - ny(z+jny(z,t)) < 3} is non-empty.
We then estimate

/O " (@12 ). 1) — xo (@), 1) dy

<1 < 2r, / 1= 1y (2) - 1 (2-Hymy (2, £)) AHO(y). (3.62)
d*E+ﬂ( Te,Te)

Taking finally U = As in (3.57), the conclusions of the above case study together with
the three estimates (3.60), (3.61) and (3.62) followed by another application of the co-area
formula for rectifiable sets (see [12, (2.72)]) to further estimate the latter, then imply that

/A (VLT |(2) dS(z) + |[DShT|(As)

stz I,
<< IXu = Xol min{idmt(x’ (t)),l} dz (3.63)

Te JRA Te

VXu
+C/ 1 —ny(Pp, ) - d|Vxu|(z).
{dist(a, Lo (1)) <re} Frwe) IV X Vx| (@)

The two estimates (3.59) and (3.63) thus entail the desired upper bound (3.55b) for
the (tangential) gradient of h* with & replaced by nv(PIv(t)x). However, one may replace
n, (Pr,¢)*) by & because of (3.34).

Step 3: Proof of the approximation property for the interface (3.55c). In

order to establish (3.55¢c), we rewrite using the coordinate transform ®; (recall that it holds
dist®(®4(z, y), I,(t)) = y and that |h*| < r,)

\/Rd‘Xu - Xv,h*,h*| dz

= [ [ et Ve ) @) <1+ x| Ay dS@) (@309

0
+ /I ) / det Y, (2, 4) X (4(2, 1)) — X(yon- (o] dy dS(2)
v(t —Tc

+ / IXu — Xo| dz.
{dist(z,I»(t))>rc}

In order to derive a bound for the first term on the right-hand side of (3.64), we distinguish
between different cases depending on = € I,,(t) up to H? !-measure zero. We first distinguish
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between h'(z) > % and h*(z) < Z&. In the former case, a straightforward estimate yields
(recall (3.14))

‘ /0 dot V4 (2, 1) | (@2(2,9)) — 1+ Xgyens o] Iy

C ht(z) Te
<or<f /O ydy<C /0 a(®@e(, ) — xo(@e(a, )| Ly, (3.65)

Te Te
which is indeed of required order after a change of variables. We now consider the other
case, i.e., h*(x) < Z. Recall that the indicator function x,(,t) of the varifold solution is of
bounded variation in It := {z € R?: dist*(x, I,(t)) € (0,7.)}. In particular, BT := {z €
RY: 1 —x, >0} NI is a set of finite perimeter in I*. Recall also that BT = It N {z €
RZ: (xy — Xu)+ > 0} since x, = 1 in IT. Applying Theorem 3.39 in local coordinates, the
sections

Ef ={y € (0,7.): 1 — xu(z +yny(z,t)) > 0}

are guaranteed to be one-dimensional Caccioppoli sets in (0,7.) for HeLalmost every z €
I,(t). Hence, we may represent the one-dimensional section E; for such z € I,(t) as a finite
union of disjoint intervals (see [12, Proposition 3.52|)

K(z)

EFn(0,re) = | (am,bm).

m=1
If K(x) =0 then h*(z) = 0, and the inner integral in the first term on the right hand side
of (3.64) vanishes for this z. If K(z) = 1 and a; = 0, then by definition of h™(z) we have
(a1,b1) = (0,h™(x)) (recall that we now consider the case h*(x) < %). Thus, again the
inner integral in the first term on the right hand side of (3.64) vanishes for this z. Hence, it
remains to discuss the case that there is at least one non-empty interval in the decomposition
of Ef, say (a,b), such that a € (0,7.). From property iv) in Theorem 3.39 it then follows
that
—VX E+

v 7t :
mo(@ 0 ]

(x + any(z,t)) <O0.

Hence, we may bound

/0 det V&, (2, 4) va( @2, 1)) — 1+ Xgpentiop] dv

<Cro<C 1 (2, 8) - X (4 4y (1)) dHO ()
(0,re)N (8 E+), IVXE+|

Gathering the bounds from the different cases together with the estimate in (3.65), we there-
fore obtain by the co-area formula for rectifiable sets (see [12, (2.72)]) together with the
change of variables ®;(z,y)

’ /1 ( >/o det VO4(z, y) [xu(®e(2,9)) = L+ Xgyzn+ @3 | dy d5(2)
v (t

< C/ / 1 —ny(z,t) - —Vxpt (z 4 yny(z, 1)) dH (y) dS(z)
Lo(6) J (0.r0)n (0" E)o IVxE+]

+ C/]Rd/ IXu(Pe(z, ) — xv(cbt(x,y))\rﬂdy da
VXu

SC/ 1—ILUPv x)idvxu(x

{dist(z, Iy (t))<re} (Pr ® 1V x| | ()

dist(x, I, (t
—I—C/ IXu —Xv|min{7ls (2, Lo )),1} dz,
]Rd

Te
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3.5.  Weak-strong uniqueness of varifold solutions: The case of different viscosities

which is by (3.34) as well as (3.33) indeed a bound of desired order. Moreover, performing
analogous estimates for the second term on the right-hand side of (3.64) and estimating the
third term on the right-hand side of (3.64) trivially, we then get

/Rd‘Xu - Xv7h+,h*| dz

VXu
<C | 1-¢-
R4 ‘V U|

Te

d|Vxu| +C/ IXu — Xy\mln{ ,1} dz
which is precisely the desired estimate (3.55c¢).

Step 4: Proof of estimate on the time derivative (3.55d). To bound the time
derivative, we compute using the weak formulation of the continuity equation dyx, = —V -
(xuu) and abbreviating It (t) := {z € R? : dist™(z, I,(t)) € [0,7)} (recall that the boundary
OIt(t) = I,(t) moves with normal speed n, - v)

d

@ [, M) as(a)

/ / )1 = xu) (@ + yny (@, 1), 1) 9(%) dy dS(z)

C

1P y2) et V87 (@)1 — ) (a0 6 XL L)Y

Tc

= /1+(t)(1 = Xu) (2, t)u - V(n(PIv(t)fL')’ det V&, 1|(z) H(M)) da

df I+ (1)

Tc

dist(x, I, (1))
] 0 D0 (P ) det 907 ()0 () 4

Tc

# [ (100w 0) g (1P detV®;1|<x>e(M)) o

Te

— /1 (t)(nv ~v) (2, ) (1=xu) (@, )n(Pr, )| det V@;H@ﬁ(M) ds(z).

Te

Recall from (3.23) the formula for the gradient of the projection onto the nearest point on
the interface I,(t). Recalling also the definitions of the extended normal velocity V;(z,t) :=
(v(,t) - ny(Pr, 1y, 1)) no(Pr, )2, t) and its projection Vy(z,t) := Vu(Pr, 4y, t) from (3.46)
respectively (3.18), we also have

- [ = )ldenve @ (LD 95y 0)
I+

(((Pry @, t) — Valw,t)) - V)PI e dz

-/ [0, ))9(—>vn( )
I(t T

(o) - V) P,y (®4(z,y)) dy dS(x)
= _/1 o Rt (z,t)(Id —n,(z) ® ny(z))v(z,t) - Vn(z) dS(z)

Tc

+ /ﬁ(t)(l — Xu(2,1))| det V<I>;1|(a:)9( ) dist(z, I,(t)) (V) (P, 1))
((v(Pr, 1) = Va(,1)) - V)nu(Pr,pyz) da.

Adding this formula to the above formula for 5 [; , L( n(z)ht(z,t) dS(x), introducing the
abbreviation f := |det V&, !|(z) (%f’)())), and using the fact that x, = 1 in I (t), we
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obtain

i 2 ht(z xr — (g -n oz . o T
at W)”( )" (z,t) d /Iv(t)h (z,t)(Id —n, ® ny)v(z, t) - Vi(z) dS(z)

= /ﬁ(t)(xu(x, t) — Xo(z, 1)) f(z) dist(z, I, (t)) (V1) (P, 1))
((w(Pry gy, t) = Va(,1)) - V)nu(Pr ) da
B /H(t)(xu(x’ ) = Xo(@, ))n(Pr,@e) (u—v) - Vf do (3.66)

- /I't(t)(XU(x,t) - Xv(xat))f(x)(vn)(PIu(t)$) ((u—w)- V)va(t)x dx

- [ e ) = e D@0 Pro)
. ((v(m,t) — (v(Pr, 7, t) — Va(z, 1)) - V)PIU(t)x dz
(1) = X2, D) @) (V) (Pry) - Pryye d

/
= s 68 = ol P (G 0 V)
/1 n, - (u—v)(1 = xu)n dS.

Note that f(x) = |det V@;H(w)&(%’f“(t))) = 1 for any t and any x € I,(t). Thus, we
have & f +v-Vf =0 on I,(t). Furthermore, we have |VV;| < %HUHWLOO and |[V2V,| <
%HUHWZOO(RCI\Iv(t)) because of Vi () = Va(Pr, ), (3.15), the corresponding estimate (3.39)
for the gradient of V;, as well as the formula (3.23) for the gradient of Py, ;). Because of
(3.19) and the equation (3.30) for the time evolution of the normal vector, we thus get the
bounds |4V dist* (-, I,(t))| < C”UHWloo and |V gtVdisti( ())\ < %”U||W2,00(Rd\lu(t)).
Taklng all of these bounds together we obtain |f| < = |Vf] < r2 and [V2f| + V& f| <

3 C(1+ |Jv]l 2 (RA\L,(1)))- AS a consequence, we get

d C .
af +v-Vf| < 1"73(1 + ||’UHW2,oo(Rd\[U(t))) dlSt(', Iv(t)). (3.67)

C

Moreover, we may compute

d

d . . L d
dtP[”() :_nv(PIv(t)x)adISt (x, I, (t)) — dist™(x, I, (t)) dt(nv(PIv() x)). (3.68)

Since n, - Vi = 0 holds on the interface I,,(¢) by assumption, we obtain from (3.68)
d
[ Gl = xale ) @ (Tn)(Prga) - P da
I+(¢)

= [ G t) = xa o) dist o L) S @)V Pre) -
I+(t)

s (00 (Pr,(52)) da.

In what follows, we will by slight abuse of notation use V*"g(z) as a shorthand for (Id —

0, (P, 1)®) @ ny(Pr, )V ( ) for scalar fields as well as (V%" . g)(z) instead of (Id —
0, (P, 1)x) @ ny(Pp,yz)) : Vg(x) for vector fields. Let us also abbreviate P*"z := (Id —
N, (P, (1)7) @y (P, 2)). Note that by assumption (V) (Pr, ) (V') (Pp, yx). More-

)- x) =
over, it follows from (3 20), (3.21) and (3.19) that n,(Pr,z) - %(nv(Pfu(t)a;)) = 0. Hence,
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3.5.  Weak-strong uniqueness of varifold solutions: The case of different viscosities

we may rewrite with an integration by parts (recall the notation P%**(z) = (Id—n, ®
) (Pr, 1))

L (P 2)) dz (3.69)

/z+(t> (cu(@, ) = xo(@, 1)) dist™ (2, L(£) f (@) (V*"0) (Pr, ) -

=— /[+(t) (Xu — Xo) (2, t) dist®(z, L (t))n(Pr, )x)

< (5 elPrge) © ) < )P a) do

- / (¢u = xo) (2, 1) dist™ (&, L (D) f ()1 (Pr, p2) V' ccll
I+(t)

a7 (o (Pr, ) dz

, VXu d
- | s L) @) (R = melPro)) -0l Pron) AV

Using from (3.21) and (3.19) that the spatial partial derivatives of the extended normal vector

field are orthogonal to the gradient of the signed distance function, the same argument also
shows that

., 06 ) = e D @) s 1) (T ) (P) (3.10)
(P, t) — Valw,t)) - V)ny(Pr, ) do
= [ G t) = ot ) s, L))
X ((v(Pr, @, t) = Valz, 1) - VIny(Pr, @) @ V) : f(z) P (z) da
= ) (00 = ol D) s L)@ Prg®)
x V@ (((v(Pr, gy, t) — V( )) V)n,(Pr, ) de
- [ st (e L) o(Pr o))
(((Pret) - vn< 5,1) v)nv< 10 AVl

It follows from (3.23) as well as (3.21) and (3.19) that (n,(Pr, ) - V)P, = 0. Hence,
we obtain

.., G =l 1) ST P (3.11)
(0o 1) = ((Prgt) = Vi) - 9) Pryp(a) do
= [ 0 XD P92 (0000 (P 0) -9 Prge e

Since the domain of integration is I (¢), we may write
v(z,t) — v(Pr, T, 1)
= disti(a;,lv(t))/

V(P @ + Adist™ (2, 1, (£))ny (Pr, (1)) dA - 1y (Pr, 1))
(0,1]

From this and the fact nU(PIU(t)) -V Pr, ) (x) = 0, we deduce by another integration by parts
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that (where [F| <ot [ollyz.eo @1, )

/I+(t)(X”(x7t) - Xv(xﬂ t))f(x)(vtann)(PIv(t)x) . ((U(ﬁ, t) — U(P[v(t)x,t)) . V)Plv(t)x dx
(3.72)

X (((U($, t) — /U(Plv(t)ﬂj’t)) . V)Plv(t)l‘ & V) : f(f)Ptanx dr

- /H(t) (xu(:t) = Xo(@, ) f(@)n(Pr @) ((v(z, 1) — v(Pr,@z, 1) - V(VE - Pryya) do

_/ (Xu(x t) - Xv(x7t))diSt(xaIv(t))f(m)n(PIU(t)x)F(xvt) : vP]U(t)m dzx

VXu
/ F@n(Pr, )(Iv gy —0u(Pr,02)) - (0@, ) =0(Pr,.)) - V) Pr oz |Vl
Hence, pluggmg in (3 71), (3.70) and (3.72), (3. 69) into (3.66) and using the estimates
[VVa| < 2||UHW1°°v o (Pr,(2)] < Gllvllwree, Vg (Pr,2)] < Gllvllwzeogas, 1), and
|V f| < 75, we obtain

d
dt /Iv(t) n(x)h" (z,t) dz — /[U(t) T (x,t)(Id—n, ® n,)v(z, t) - V() dS(x)

C
{dist(z, [, (t))<rc}

L& I £) = X &)l £) — v, D] [Tn(Pr )]

Te J{dist(x,1,(t))<rc}
+C(1+||UHWN°)/ | dist™ (z, I, (t))
Tc {dist(x, I, (t))<re} "
C(1+||v|\w2vw<ﬂ%d\fv(t>>)/ (2, t)=xo(z gL
r3 {dist(z, Lo (t))<rc} o o e

+c/ lu— vlly] dS.
I, (t)

VXu

‘
— P; n2)|d|Vxul(z

n'u(PIU(t)‘T)

LN p, o) da

This yields by the change of variables ®(z,y) and a straightforward estimate

d
at /Iv(t) n(x)h* (z,t) do — /I,U(t) Rt (z,t)(Id—n, ® n,)v(z,t) - Vn(z) dS(z)

Tc

< CH ” (/ (/ 2
— Wld
= r2 7 T (t) 1, \Jo

) </f(> sup fu—of*(z +yny(w,1).1) dS(a:)>1/2

yE[ T’cyrc]

4 1/4
IXu — Xo|(x + yny(z,t), 1) dy) dS)

CA+|vllw2.00 a1, (1))

x (/Rd IXu(2,t) = Xo(2, )| min{w,1} dm>;

Tec

Im1l 21, )

2

N

C 1+ v 1,00
# S (|
c {dist(z,l(t))<rc}
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4 2 3
y (/ | dist (x’QI”(t))‘ 01V><u,|)2
{dist(z, I, (£))<rc} e

1/2
+C</ ’U—02d5> 70l 222, )
Lo(®)

Using finally the Sobolev embedding to bound the L®-norm of 1 on the interface (which
is either one- or two-dimensional; note that the constant in the Sobolev embedding may be
bounded by Cr_ ! for our geometry), we infer from this estimate the desired bound (3.55d),
using also (3.34) and (3.33). This concludes the proof. O

3.5.2 A regularization of the local height of the interface error

In order to modify our relative entropy to compensate for the velocity gradient discontinuity
at the interface, we need regularized versions of the local heights of the interface error A™ and
h~ which in particular have Lipschitz regularity. To this aim, we fix some function e(t) > 0
and basically apply a mollifier on scale e(t) to the local interface error heights h*™ and h~
at each time. An illustration of AT and its mollification h: » 1s provided in Figure 3.2 and
Figure 3.3, respectively. These regularized versions h:( " and he_( " of the local interface error
heights then have the following properties:

Proposition 3.27. Let x, € L*([0, Tstrong); BV(RY; {0,1})) be an indicator function such
that Qf .= {x € R?: x,(z,t) = 1} is a family of smoothly evolving domains and I,(t) := 09
1s a family of smoothly evolving surfaces in the sense of Definition 3.5. Let & be the extension
of the unit normal vector field n, from Definition 3.13.

Let xu € L([0, Tstrong); BV(RY; {0,1})) be another indicator function and let then h*
resp. h™ be as defined in Proposition 5.26. Let 6: RT — [0, 1] be a smooth cutoff with 0(s) =
for s €[0,%] and 6(s) =0 for s > 1. Let e: [0, Tutrong) — (0,7¢] be a C-function and define
the reqularized height of the local interface error

Sy 0555
f] (t) 0(

Then h:(t) and he_(t) have the following properties:

)h= (7)
fz) - :

hj(t) (z,t) == (3.73)

a) (H'-bound) If the interface error terms from the relative entropy are bounded by

ey xulst) .
fut = €0 R Al

+ /Rd X t) = xo (1) \B(M)\ dz < e(t)?,

Tc

we have the Lipschitz estimate \thc(t)(-, t)| < Cr;2, the global bound \VQh;t(t)(-, t)| < Ce(t)~'r;4,
and the bound

C Vx
VhE |2+ |hE 2d5§/ 1—¢- =% d|Vya 3.74a
/M IVRE 2+ [hE, T e v (3.74a)
stz I,
+(i/ |Xu*Xu|min{M,l} der.
Te JRA Te

b) (Improved approximation property) The functions h:(t) and hg(t) provide an approz-
imation for the interface of the weak solution

By X T Xo<dist® (.1 (1) <A (Pry oy 2:t) (3.74b)

+
Xv,h e(t)

e(t)

T X b (Pry oy ed) <dist® (2,1, (£) <07
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up to an error of

/Rd = X”’heﬁt)’h&t)‘ d

Vxu :
<c [ 1-g 2 avil+C [ - ofmin{
Rd [V Xul Rd

dist(z, I,(t))

,1} dz (3.74c)

Tc
1/2
o [ 1-e T aval)
di I, 1/2
+ Ci?(/];d ’XU _ Xv’ mln{ ISt(a/;:C (t)),l} d$> Hd_l(lv(t))l/Q.

c) (Time evolution) Let v be a solenoidal vector field
0 € L0, Tutrongls H' (R RD) 1 L ([0, Turongls W (R RY)

such that in the domain Ute[O,Tstmng)(er U Q) x {t} the second spatial derivatives of the
vector field v exist and satisfy SUPie(0,1,,0ny) SUP et Uo- |V2u(z,t)| < co. Assume that X,

solves the equation Opx, = —V-(xuv). If xu solves the equation Opxy, = —V-(xuu) for another
solenoidal vector field u € L2([0, Tstrong; H (R R?)), we have the following estimate on the
time derivative of h;t(t) :

d
‘ / n(x)h;t(t) (z,t) do — / h;t(t) (x,t)(Id—n, @ ny)v(z,t) - Vn(z) dS(x)| (3.74d)
dt Jr, (1)

c 7+4 A
h=* dS
(t)?“g HT/”L‘l(IU(t)) (/[v(t) ’ | )

1/2
X (/ sup  |u — v (x + yny(x,t), ) dS(iL‘))
I, (t) ye

[_TCJ‘C]

IN
o

1+ [ollwice) [ Yy
+(C~—"~- max » 1—-¢- d|Vxu
(D) p6{2’4}”77HL . [, 3 Vxal IV xul
4 / vXu 1/2
Lo rvuwlm<1+e<t>>( [1-¢ drvm) Il 220
Rd |qu\

1+ [Jvllwzoogayg, Ullwtee
+C< L) | ”:g (1+e’(t>)>llnHL2<zv<t>>

Te P

X </1Rd Ixu(z,t) = Xo(z,1)] min{wﬂ} d;,;>é

Te
:
+cumz<h<t»( [ = ds)
I (t)

for any smooth test function n € é’;’t(]Rd) with 0y, - V= 0 on the interface 1,(t), and where
h¥* is defined as h™ but now with respect to the modified cut-off function 0(-) = «9(5)

Proof. Proof of a). In order to estimate the spatial derivative Vh:c(t), we compute using
the fact that VQCG( ‘Za)ﬂ) = —Vg&( ‘z(_t:fl) (note that all of the subsequent gradients are to be

88
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understood in the tangential sense on the manifold I, (t))

S Va0 (g n (3, 1) dS()

Ve ) a5t
Lo (‘i‘f‘)h (&, d5(@) [1, ) Va0 () 4S(@)
(S ('iaf'>ds<~>)2
_fwﬁ('i()')w% 0 ds@) o 0(2=2) dD*n (@)
- fzv(t)9(|i@fl)d5(~) f[v(t (i x) S(%)

)H(~ t) dS(z)

Introduce the convex function

2

p for |p| <1,

G(p) = | Pl (3.75)
2|lp| =1 for |p| > 1.

Using the estimate (3.16), the obvious bounds G(p + p) < CG(p) + CG(p) and G(Ap) <
C(A 4 A2)G(p) for any p, p, and A > 0, and Jensen’s inequality, we obtain (as the recession
function of G is given by 2|p|)

Ao UG (GvrE @, t>|>+G<r-1|hi<oz,t>|>) dS (%)
i 00555 as
Jrw? (% A0 o) d|D*h*|(z, )
flu(t)e(lx(g[:') ds(z)

Consider z € I,(t). By the assumption from Definition 3.5, there is a C3-function g: B;(0) C
R4~ — R with ||Vg| =~ < 1, g(0) = 0, and Vg(0) = 0, and such that I,,(t) N By, (z) is after
rotation and translation given as the graph {(z,g(z)) : # € R¥"!}. Using the fact that § =0
on R\ [0, 3] and e(t) < r < 1, 1i.e., the map I,(t) > & — 0(' (t)l) is supported in a coordinate
patch given by the graph of g, we then may bound

/ e('“"”*“ﬂ) dS(:i;)g/ 1d8(z) < C 1dz
nw © e L(H)NB . (2) {FeRd-1: |3|< D}
2

< Ce(t)?L.

G(IVhZ, (1)) < (3.76)

We also obtain a lower bound using that 6 = 1 on [0, 1] and again e(t) < r. <1

/ 9(‘”_"5‘) dS(aE)>/ 1d5(:z)>c/ 1d&
I,(t) 6(t) L, ($)NB ¢ (¢) () {ZeRI-1: |Z|<ce(t)}
4

> ce(t)4L.

In summary, we infer that

ce(t)! < /1 . 9(‘5% — x‘) dS(2) < Ce(t)t 1. (3.77)
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Making use of (3.77), the assumptions [pa 1 — & -1y d|Vxu| < e(t)? <72 <1 and d < 3, the
upper bounds 0| < 1 and G(A\p) < C(\ + X\?)G(p), as well as the already established L?2-
resp. H'-bound for the local interface error heights h* from (3.55a) resp. (3.55b) we deduce

G(\Vhf(t) (z,t)]) < Cr;2,

which is precisely the first assertion in a). Similarly, one derives the other desired estimate
G(e) V21 (e, 0)) < Cr

Integrating (3.76) over I,(t) and employing the global upper bound |Vh (t)( t) < Cr;2,
which in turn entails G(\Vhi (1)) > cr2\Vhi (-, )%, we get

/ VA (2 6)? dS ()
I (t)

[0 OEZZD) GUVR (2, 1)) + G(r YW (3,1)]) dS(2)

<Cr;? Fa] dS(z) (3.78)
(1) S 0Cay) dS(@)
= d|D5hi|(:c,t)
+ CTC_Q flv(t) ( e( |x) . dS(:L’)

w0 1w 0 ) 45(@)

Applying Fubini’s theorem and using the bounds (3.77), G()\p) < O\ + A2)G(p), as well as
(3.55a) and (3 5ob) we deduce the estimate on [, ® |Vh t)\Q dS stated in a). The estimate
on f In( 2.dS follows by an analogous argument, érst squaring (3.73) and applying
Jensen s 1nequahty, then integrating over I,(t), and finally using (3.77), Fubini as well as
(3.55a) and (3.55b).

Proof of b). We start with a change of variables to estimate (recall (3.14))

/R Xt s, ~ Xl de

=C /1 / [ Xo<dist® (o, () <h (Pry yt) — Xosdist® (@1, (1) <h* (Pr, )| Y 45
e /1 / Doy (Pro e ) Sdist (2L, (10)<0 — Xhe (Pr gy t)<disi .1 (1)) <0| Ay S
<c| i) = W01+ g ) =1 (o, 0] dS(e),
vl(t
By adding zero and using (3.55¢) we therefore obtain
/Rd'xu B X’“’h:(t)’h_u)' de
< — _ R _
< /Rd [Xu = Xo,pt h-| d$+/Rd |Xv,h€+(t)7he(t) Xo,p+ h-| d

§C/ 1-¢- VX d|Vxul
]Rd

VXl
—i—C/ \Xu—Xy\min{idlswx’[v(t)),l} dz
Rd Te
+C |he(t (z,t) — hT (z,t)] + ey (1) = h™ (2, 1)] dS(z).

Ly (t)

Observe that one can decompose

W (1) = W (,0) + ) (1 s (@, 0) = iy iy (1)),
k=0
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A straightforward estimate in local coordinates then yields

/ ‘hZ ke(t) h;t*kfle(t)‘ ds

< C27Fe(t) / 1d|DYmp*|
L(t)

< 02 Fe(t) /

I, (t)

1/2
+02_ke(t)(/()]Vh+|2X{|Vh+|§1} dS) HIH (1, ()2,

v

1 d’DShi‘ + Cle(t)/I " |Vh+‘X{\Vhﬂ21} dS

Using (3.55b) and summing with respect to k € N, we get the desired estimate (3.74c).
Proof of c). Note that

Wy as= [ w=o [
/]U(t) ® L(t) (1) f]v(t) 0

e(tf')dS(:ﬁ)
Abbreviating
0('ia)')n<w>
e i’,t = dS$,
n@= [ o T ol s 5
we compute
tan _ Vtﬁnﬁ(ﬁ(ﬁf')n(m)
V5 (1) = S as

e(t

me x') n(z)
= /1 () <f1 (25 dS(:%)) e(t) 45().

As in the argument for (3.77), one checks that f[ 4 (E&)x‘) dS(z) < Ce(t)?~!. Using the

lower bound from (3.77), the proof for the standard LP-inequality for convolutions carries
over and we obtain ||7e||zr(z, (1)) < ClInllLr(1,()) as well as

C ) i
/L,(t) |Vne(z, )P dS(z) < #OE /L,(t) In(z, )P dS(z)

for any p > 1. As a consequence of (3.55d) and these considerations, we deduce

d/ n / o d -
— h dr — h™(Z,t)—ne(z,t) dS(x
G, M0 e [ ) g @) 4(@)

- /I D ©m)o(E ) a5, ) 4S(H

1/4
c / !
< —— h=* dS 3.79
(B2 |!77|!L4(1U(t))< - |h| ) (3.79)
1/2
X (/ sup  |u —v|*(x + yn,(x,t), 1) dS(:c))
Iy (t) yE[—re,re]
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L+ [Jollw2.ee mavz, (1)
C H77HL2 (Io(1))

c

X (/Rd IXu(,t) — X0 (2, 1)] min{w,l} dx>2

(1 + llvllwre) / VXu
C——————m 1-¢- d|Vxu
+ ree(t) p€{2 4} X |1l 1, ) § Yl VXl

1/2
n ounumw( / N dS) .

Using the estimate |v(z,t) — v(Z,t)| < Clz — Z|||Vv|| L, we infer

dS(z) dS(7) (3.80)

0
SN IR CLECRECYRE LB) s as@
L, I, (t)

0%
D)W= (@, )o(w,t) - Vo co dS(&) dS(z
/. /w I3 00t ) Ve p s AS(E) 4S()
r (1@ = alin()] )
/IU (t) /IU |VUHL f (\z x\) dS(2) dS(z) dS(7)
(itf \77 \\V f]v 0(125) ds(@)
Yllze dS(z) dS(z
/I”(t) /I” ol (f[v(t) ( ) S(& )) () d45(@)

< Cr ol /I G ds<x>)l/2( / G ds<x>)1/2

where in the last step we have used the simple equality

Ve /Iv(t) 0(“1(;;3) 458) =~ /Iv(t) V;ane(’ e(t) ’> A5 350
N /m) 9(’“;&)90’)1{(@) 45(2)

and the bounds (3.16) and (3.77). Recall from the transport theorem for moving hypersurfaces
(see [128]) that we have for any f € C*(R? x [0, Tstrong))

4 / Fat) dS@) = [ auf(e,t) dS(@) + [ Vi V(1) dS(z) (3.82)
dt J1, ) () Iu(t)

+ flz,t)H -V, dS(x)
Ly (t)

with the normal velocity Vi (z,t) = (v(z,t) -0y (Pr, 1T, t) )0y (P, )7, ). Making use of (3.82)
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3.5.  Weak-strong uniqueness of varifold solutions: The case of different viscosities

and %Plv(t)i = —Vi(2,t) for € I,(t) (see (3.68)), we then compute for every & € I,(t)

- Prd— P
d 9(|~’U z| _d e(’ 1 (1% = Pr, 2|
(

dt I, (t) e(t) ) dS(j:)

b / I:i“— [\ @ —2) - (Va(@, 1) = Va(@,1) 4o
" /Iv(t)Ae ( ) - dS(z)
i /I,,(t) g(yxe(_t)ﬂ)Vn(i) -H(z) dS(2).

This together with another application of (3.82) and the fact that n,-Vn = 0 on the interface
I,(t) implies for & € I, (t)

Py, 1yi—Pr, 1)®
9(' Iv(t)e(t) Ly (£) I)n(x)

d d
an@n=5 [ 0
dt dt J1,0) flv(t)g(lplv(t) Pry 1) |) ds(#)

e(t)
2y (a)

:/ ( 0( e(t
Lo\ [, o 0(Z72) ds

dS(z) (3.83)

Valx) -H(z) dS(x
()) () - H(z) dS(z)

o1z (z . 'f“”'vge #) dS(z
/ (e ) )(f]v( (|x m|) (A) H(z) dS(2)) d5(z)
1() (Ji,0 () dS(@)”
+/ n(x)ﬁl(\i(—t?) :C;) ((V;ll(maC)Alen(w)) 1500
Lo (t) f[v(t)e( D) ) dS(2)
-/ O ) i (i) Gt 45@)
Ly(t) (Jr ? ('I x') ds(@))Z
B e’(t) Fele(j r)n(r) 4S(x
/ 9 J1.0) (‘ﬁ(tx‘) ds(z) @
where I 4(t): I,(t) x I,(t) — R is the kernel
s oy (1= 2N PLo® — Pl
Lo(t)(@, ) =0 0 ) 0 (3.84)
I 9'('1( f')‘PI”mi(th”(tm ds(& )‘

|Z—x|
< e(t) ) f]v(t)e(w(;)tl) ds(z)

Observe that we have
/ Y o(t) (2, 1) dS(z) = 0. (3.85)
L)
By the choice of the cutoff §, we see that for every given x € I,(t) the kernel F{y(t) is
supported in Be(y)/2(x) N I,(t). Moreover, the exact same argumentation which led to the

upper bound in (3.77) (we only used the support and upper bound for 6 as well as e(t) < )
shows that the kernel F! , satisfies the upper bound

/I  IELE I d5() < Clpe(ty™ (3.86)
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for any 1 < p < co. We next intend to rewrite the function F! ,(Z,z) for fixed x as the
divergence of a vector field. By the property (3.85), we may consider Neumann problem for
the (tangential) Laplacian with right hand side F 5(-, ) in some neighborhood (of scale e(t))
of the point z. To do this we first rescale the setup, i.e., we consider the kernel F|(Z,z) :=
Fl o(e(t)Z, e(t)r) for 7,2 € e(t)~'I,(t). By scaling and the fact that F 4 is supported on
scale e(t)/2, it follows that FJ(-,x) has zero average on e(t)~11,(t) N By (x) for every point
x € e(t)"1I,(¢) and that

/ IFi(#,2)" dS(3) < C(p). (3.87)
e(t)~11,(¢)

We fix o € e(t)"11,(t) and solve on e(t)~1I,(t) N By () the weak formulation of the equation
— Ay (-, 2) = F{(-,z) with vanishing Neumann boundary condition. More precisely, we
require F(-,z) to have vanishing average on e(t)~'I,(t) N Bi(z) (note that in the weak
formulation the curvature term does not appear because it gets contracted with the tangential

derivative of the test function). By elliptic regularity and (3.87), it follows
|V 7y (2, 2)|| e < C. (3.88)

We now rescale back to I, (t) and define F, o(&,z) := e(t)?Fi(e(t)~'7, e(t)"'z) for x € I,(t)
and & € I,(t)N B (). For fixed z € 1, (1), F. (-, ) has vanishing average on L, ()N Beyy(z)
and solves —APPE, o(-, x) = Fl (@) on I(t)N Be(t2 () with vanishing Neumann boundary
condition. We finally introduce F, (%, x) := VPE, o(Z,z) for x € I,(t) and & € I,(¢) N
Be(y(z). 1t then follows from scaling, (3.88) as well as e(t) < r. that Vz - Feg(Z,7) = F/,
and

e (t) Fep(, )| < C. (3.89)

We now have everything in place to proceed with estimating the term

[0 e as@
Iy(t) dt

To this end, we will make use of (3.83) and estimate term by term. Because of (3.16), (3.77),
IMell Loz, 1)) < ClnllLe(r, (1)), the estimate

/Iv(t) |9/’<’j}e(_t)$’> dS(z) < Ce(t)™,

the Lipschitz property |Vy () — Vo (Z)| < ||Vv]||Le |z — Z|, and the fact that 6(s) = 0 for s > 1,

the first four terms on the right-hand side of (3.83) are straightforward to estimate and result
in the bound

Cri [ollwree |0 G ) 2, ep Il 2z, 1)) - (3.90)

To estimate the fifth term, we first apply Fubini’s theorem and then perform an integration
by parts (recall that we imposed vanishing Neumann boundary conditions) which entails
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because of the above considerations

i + j‘ Fee(x $) . - .

5 e(t)ilFée(i'vx) -
- h* (&t — dsS(z x) dS(z
/Iv(t) </Iv(t)ﬁBze(t>(x) ( )f[v(t)g(li&;cl) dS(z) ( )>77( ) dS(x)

N e(t) L\ F, (2, x) -
S V:h* (%, 7 dS(z) |n(z) dS(z
/Iu(t) </Iv(t)m!3§l » (T,t) - f[ © (|x ocl) S(7) ( )>77( ) (z)

®
- + T T . () 1Fe€(i' - . -
/Iv(t)h (Z,t)H(z,t) ( 20 T (‘x x‘) n(z) dS( )> dS(@).

Using (3.89) as well as the lower bound from (3.77) we see that the second term can be
estimated by a term of the form (3.90). For the first term, note that by the properties of F g
we may interpret the integral in brackets as the mollification of VAT on scale e(t). Applying
the argument which led to (3.78) (for this, we only need the upper bound (3.89) for F g,
a lower bound as in (3.77) is only required for ) we observe that one can bound this term
similar to HVhe(t)( ) 2(1,(t))- We therefore obtain the bound

)
S(2)

/ BEE )L (1) dS(F)
Iv(t) dt

- o 1/2
<ol o) [ 1-6 P avl) Il

dist(x t 1/2
o L O B R e Y R P

Hence, combining (3.79) with these estimates for the fourth term from (3.83) as well as
(3.90) and (3.80), we obtain the desired estimate on the time derivative. This concludes the
proof. O

3.5.3 Construction of the compensation function w for the velocity
gradient discontinuity

We turn to the construction of a compensating vector field, which shall be small in the L?-
norm but whose associated viscous stress p(x,)D*™w shall compensate for (most of) the
problematic viscous term (u(xy) — p(xy)) D™ v appearing on the right hand side of the
relative entropy inequality from Proposition 3.10 in the case of different shear viscosities.

Before we state the main result of this section, we introduce some further notation. Let
h e(t) be defined as in Proposmon 3.27. We then denote by Ph+ the downward projection
onto the graph of A7, e(t)’

Phj(t)( z,t) == P,z + h:(t)(PL,(t)xa t)n, (P, 1)@, t).
for all (x,t) such that dist(z, I,(t)) < r.. Note that this map does not define an orthogonal
projection. Analogously, one introduces the projection P, o onto the graph of he_( "

e(t

Proposition 3.28. Let (xy,u, V) be a varifold solution to the free boundary problem for
the incompressible Navier-Stokes equation for two fluids (1.1a)-(1.1c) in the sense of Defini-
tion 3.2 on some time interval [0, Tyari). Let (xv,v) be a strong solution to (1.1a)-(1.1c) in
the sense of Definition 3.6 on some time interval [0, Tstrong) With Tstrong < Tyari- Let & be the
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extension of the inner unit normal vector field n, of the interface I,(t) from Definition 3.13.

Let e: [0, Tstrong) — (0,7¢] be a C-function and assume that the relative entropy is bounded

by Elxu, U, V|xw,v](t) < e(t)?. Let the regularized local interface error heights h:(t) and h

be defined as in Proposition 3.27.
Then there exists a solenoidal vector field w € LQ([O,Tstrong];Hl(Rd)) such that w s
subject to the estimates

y wl? dz < C(re " R2(|v ][y 200 e g, 1) + 1) (3.91)

2 2 — 2 — 2
< /I o W P P+ g 419 P
where R > 0 is such that I,(t) + B,, C Br(0), and

2
/{d' % (2.1 ()20} |Vw — Xogdisti(x,[v(t))ghj(t>(PIU(t)x)W ® ny(Pr, @2, t)|” de (3.92)

2
+ YVw — _ ) W @ n,(Pr (nx,t)|” dz
/{disti(x,lv(t))go}‘ X—h_ ) (Pr, ) <dist* (x,1, () <0 (P )‘
2
+ /Rd Xdlist (2,1 (0)£l—h = (Pro )y (Pry o)) | Y 01 A2

< Crc—4HvH%,V2,m(Rd\Iv(t))/j o |h;r(t)‘2 + \Vh:(t)P + ]he—(t)|2 + |Vhe—(t)‘2 ds,
where the vector field W is given by

2(py — p-)
Wix,t) = Id —n, J) (P Dsymy,, (P : 3.93
(1) M—i—(l_Xv)“‘M—Xv( o ® 10) (P, (92) (D™ 00 (Pr, ) (3.93)

with the symmetric gradient defined by D¥™v := %(Vu + Vo), as well as the estimates

/ sup  |w(z 4+ yny(z,1)))? dS(z) (3.94)
Iy(t) ye

(77‘677\9)

< Crc—4\|vH%,V2,oo(Rd\Iv(t))/l o |h;r(t)‘2 + \th(t),? + \he—(t)|2 + ]Vhe—(t)P ds,

IVwl| e < Cro*loge(t)][[vllwz.cowang, 1)) + Cre *IV0ll oo re\ 1, ) (3.95)
+ Cr? (T (L (1)) [0l wzioe (re 1, (1))

D=

< / sip (Vo)L (& + yno (z, £))no (z, )| dS(x)) (3.96)
10(8) yel-rerre]
< Cr (14 HT L)) 10 llwzoo may 1, ) €(E) + C2 2 [0]lws.ce mey 1, (1)) €(F)

_ 1
+ Cr ol we.ce (gay 1, 1y | Tog e(t) | 2 e(t)
and

dw(-t) = —(v(-,t) - V)w(-,t) + g+ g, (3.97)
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where the vector fields g and § are subject to the bounds

13l 8 g, (3.98)

o llwr.oe [0l pco g 1, () A
=¢ (O)r? (/ o dS)
c I (t)

1
2

+ 12 + 2 - 2 - 12
x (/L,(t)'h@(”’ VRS 2+ B P+ (VA2 dS>

1
v ,00 — 4 1 1
i 0””W1( / S ds) (lu=v—o] 2,]|V (u=v—0) |25 + u—v—0]]12)

(012
Folliaee (1+ ollipnee) | Y
C 1—-€¢- d wls
* "0 L8 T AVl
and
191l 2 (me (3.99)
1+ v 1,00
< 2w (15 ol gy P41 [0l e )

c
1
2

+ 2 + |2 - 12 - 12
< < /Iv(t) i 2+ VR 12 4 o P + [V | dS)

vllwe (1 + H’UHWLoo)/ VXu
e(t)re Rd ¢ IV x| Vxul

1
2
+Or (L4 € () ol (/ A2 dS)
Iy(t)
1
v ,00 1+ v ,00 i v ?
+CH w00 (14| v[|yy2 (Rd\fu(ﬂ))(/ ’Xu—Xv‘min{M’l} dm)
Tc R4 Te

1 1
+ Cllollwree (lu—v=w] 72|V (u=v-w)| 72 + [u=v—w]|L2),

where h* is defined as h* but now with respect to the modified cut-off function 0(-) = 0(5), see
Proposition 3.26. Furthermore, w may be taken to have the reqularity Vw(-,t) € W1 (R4 \
(Lo(t) U L+ (t) U 1+ (t))) for almost every t, where I+ (t) denotes the C3-manifold {x +

hzc(t) (x)ny(x) :x € Ly(t)}.

Proof. Step 1: Definition of w. Let 1 be a cutoff supported at each ¢t € [0, Tstrong) in
the set I,(t) + B, /o with n = 1 in I,(t) + B, ;4 and |Vy| < Cr;t, [V2n| < Cr;? as well
as |0m] < Crt||v||Le and |0;Vn| < Cr2||v||ly1.. For example, one may choose n(z,t) =
Q(M) where 6: RT — [0,1] is the smooth cutoff already used in the definition of the
regulariczed local interface error heights in Proposition 3.27.

Define the vector field W as given in (3.93) and set (making use of the notation a A b =

min{a, b} and a V b = max{a,b})

(disti(:r,lv(t))vo)/\h:(t)(PIU(t):Jc)
wt (o, t) = /O WPy e+ ynu(Pre,t) dy (3.100)
as well as
0
w (2, t) = n/ N ) W(Pp oz + ymo(Prr.t) dy.  (3.101)
(dist (%Iv(t))/\O)V*he(t)(PIU(t)z)
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For this choice, we have

Vuw'(z,t) (3.102)
= Xogdisti(z,lv(t))gh:(t)(PIU(t)z)W(x) ® 1y (Pr,, (1))
1 Xdist (.1, (t))>h:(t)(PIU(t)x)W(Ph:(t)x) ® Vhy (Pr, @) VPr,p()

(dist™ (,2o (1)) VO)ARY ) (Pr,, (1)@)
+ 77/ VW (Pr, o2 +yne(Pr, ) (V Pr, ) 2+y Vi, (Pr, ) dy
0
(dist™ (2,1, (1)) VO)ARY ) (Pr,, (1))
+ Vn/ W(P]U(t):c—i—ynU(PIv(t)a:)) dy
0

(note that this directly implies the last claim about the regularity of w, namely Vw(-,t) €
WL (RAN (I,(t) U I+ () U L,+(t))) for almost every t) as well as

ow™ (z,1) (3.103)
ct
= Xogdisti(x,lv(t))gh:(t)(PIU(t)x)W(x)at dist™ (z, I (1))
1 Xaist® (a1, (t))>hj(t)(PIU(t>a:)W(P hj(t>x) (O (Prx) + 0ePr,yx - Vi) (Pr, @)

(dist™ (2,1, (1)) VO)ARY ) (Pr,, (1))

+ 77/ W (Py, ryr-+yny (P, ) dy
0

(dist™ (,1o (1)) VO)ARY ) (Pr,, (1))

+1n /0 VW (Pr,@x+yne(Pr,)2)) (0:Pr, @ 2+y0my (Pr, ) dy

(disti(:p,lv(t))\/o)/\h:'(t)(PIU(t):Jc)

+ 3t77/ W (P, + yny(Pr, ) dy.
0

Moreover, note that (3.102) entails by the definition of the vector field W

V-wt(z,t) (3.104)

Pt 5) Thl (Pr ) Pr o)

= 77Xdisti(x,fv(t))>hj(t)(Plv(t)x)W( o e(t)

+n

(disti(z,lv(t))vo)/\h:(t)(PIU (H)T)
/ tr VW (P, z+yne (Pr, ) 2)) (VP02 +y Vi (Pr, ) dy

0

(dist™* (1o (1)) VO) ALY ) (Pr,, (1))

+ Vn- / W(Pjv(t)a:—i-ynv(va(t)x)) dy.
0

Analogous formulas and properties can be derived for w™. The function w™ +w™ would then
satisfy our conditions, with the exception of the solenoidality V - w = 0. For this reason, we
introduce the (usual) kernel

1 x
) = T et
and set
w(z, t) == wh(2,t) — (0% V- wh) (2, t) +w (2,t) — (0% V-w)(x,t). (3.105)

It is immediate that V - w = 0.
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Step 2: Estimates on w and Vw. From (3.102), |Vn| < Cr_ ! as well as the bounds
(3.15) and (3.24) we deduce the pointwise bound

[Vt = Xocdist® (o1, (B)<h (P, oW (@)@ n, (Pr, )|

< Cxsuppre  |V0llLoe VRS ) (Pr, )] (3.106)
+ Cxsuppn (72 21V 0l oo + 72 V20 oo met 1, 1)) 7y (Pr, )]
+ CTc_leuppn||VU||Loo |h:(t)(PIU(t)5L")|

and therefore by integration and a change of variables ®;

J.

< O Vollie + T’EZHV%H%w(Rd\h(t))) /Rd Xsuppn(‘h:(t)|2 + IVh:(t)F)(PIv(t)I) dz

< Crlolfyz ce g, o) /1

v

2
V' — Xogdisti(x,lv(t))gh:(t)(Pjv(t)x)W(m) @0y (Pr,pnz)| dz (3.107)

2 2
\h:(t)] + ]Vh:(t)\ ds.
(t)
Observe that this also implies by (3.93)
L2 —4(, 112 + 2 + 2
‘/Rd |V w | dx S CTC HUHWZOO(R’i\IU(t)) /;dw |he(t)’ + ‘Vhe(t)| dS (3108)

From this, Theorem 3.38, and the fact that V6 is a singular integral kernel subject to the
assumptions of Theorem 3.38, we deduce

2 _
Rd\V(G « (V-wh))|” do < Cr 4”“”%/[/2»00(Rd\1v(t))/1

v

2 2
(t)\hj(t)! +\th(t)y ds.  (3.109)

Combining the estimates (3.107) and (3.109) with the corresponding inequalities for w~ and
0%V -w™, we deduce our estimate (3.92).

The trivial estimate |w (z,t)| < Xsuppn (@, t)|| V|| oo hj(t)(PIv(t)z) gives by the change of
variables ®;

lwt|? dz < Crc/
I

v

|he+(t)\2 ds. (3.110)
R4 ()

Now, let R > 1 be big enough such that I,(t) + B,, C Bgr(0) for all ¢t € [0, Tstrong). We
then estimate with an integration by parts and Theorem 3.38 applied to the singular integral
operator V0

2
/ 105 (V- w*)|? da :/ / 0z — 2)(V - wh(2))dz| da
R\ B3 (0) R¥\B3r(0) | /Br(0)
2
g/ / Vo(z — 2)wt(Z)dz| dz
R4 | JBR(0)
<C lwT|? da. (3.111)

BRr(0)
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By Young’s inequality for convolutions, (3.108), (3.110) and (3.111) we then obtain
|65 (V- uﬁ)}2 dz
R4

—/ }0*(V~w+)}2 dx—i—/ ‘9*(V-w+)‘2 dz
Bsr(0) RN\ B3r(0)

2
< C(/ % dx> / V- wh|? do + C’/ lwT|? da (3.112)
Bsr(0) |Z| R¢ R4

< OO Rl ymqonson + 1) |

v

+ |2 + 2
. [y [2 + [V R 2 dS.

Together with the respective estimates for w™ and 6 * (V - w™), this implies (3.91). The
estimate (3.94) follows directly from (3.100) and the estimates (3.109) and (3.112) on the
H'-norm of § x (V - w") as well as the definition of w™ and the analogous estimates for
0 (V-w).

Step 3: L*-estimates for Vw. Regarding the estimate (3.95) on ||Vw||r~ we have by
(3.106) and the estimates \Vh:(t)\ < COr;? and \h:(t)] < r. <1 from Proposition 3.27

IVwF |l < Cro*lvllwe.ce a1, (8- (3.113)
To estimate |V (0 x (V - w™))|, we first compute starting with (3.104)

V(V-wh)(z,t) (3.114)
= 77Xdisti(a:,[v)>h:(t)(PIU(t)x)W(P h:'(t)x) : v2h:(t)(PIu(t)$)VPIv(t) (z)V P, ()

+ (W(Bys ) Vi (Pr @)V Pr ) (@) VXdlist (2,1)> k%, (Pr, ()

+ F(z,t),

where F(x,t) is subject to a bound of the form |F(z,t)| < Crg5||v\|ws,oo(Rd\Iv(t))) and sup-
ported in I,(t) + By.. Next, we decompose the kernel 6 as § = > 72 60 with smooth
functions 0y with supp 6 C Bort1 \ Bor—1. More precisely, we first choose a smooth function
¢: Ry — [0,1] such that ¢(s) = 0 whenever s ¢ [—1/2,2] and such that Y, ., p(2%s) = 1
for all s > 0. Such a function indeed exists, see for instance [15]. We then let fx(x) :=
©(2F|z|)0(z). Note that 10kl 11 (ray < C2k, VO] L1 (ray < C as well as [VO| < C(2F)=4. We

estimate

0 oo
VO (V-w) < Y VO (V-wh)[+ D[V« (V-wh))]  (3.115)
k=|loge2(t)] k=1

lloge2(t)|—1
+ Z 0 * V(V - wh)|.

k=—0oc0
Using Young’s inequality for convolutions as well as the estimate || V0|11 (re)y < C we obtain
0
> VO (Vwh))| <20 loge(t)][|V - w ™ oo (3.116)

k=|log e (1)
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Moreover, it follows from |V8;| < C(2¥)~9, the precise formula for V - w® in (3.104), (3.15),
(3.24), a change of variables and Holder’s inequality that

S IV (O (V- wh))] (3.117)
k=1
< COr?vllwes @, ) Y (25) / VR (Prywy@) + by (Pr, @) dz

k=1 Iy(t)+B,, /2

1
2
< Cr?[[vllwa.ce a1, )\ HEH (Lo (8) (/I ® Vi l* + 1 dS) '

Using (3.114), the estimate |v2h§(t)(~, t)] < Cr%e(t)~! from Proposition 3.27, (3.15), (3.24)
and again Young’s inequality for convolutions (recall that ||0k|| ;1 (ga) < C2%), we get

|loge?(t)|—1
> 10k x V(Vwh)|(@,t) ST + 1T+ 11T (3.118)

k=—o00
where the three terms on the right hand side are given by

[log e®(t)] -1

I:= Z QkCT‘gE)H'l)||W3,oo(]Rd\[v(t)) < CT‘JE)H'l)HWs,oo(Rd\[v(t))eQ(t) (3119)
k=—o00
and
[log e? ()] -1
IT := Cr.5|v|lyrece(t) ! Z 2k < Cr % |v|lwrcelt) (3.120)
k=—o0
as well as

llog e2(1) ] ~1

IIT := Z

k=—o00

/Rd Or(x—2) ® (W(Ph:(t)x) (VP (@) VR, (PLpe)  (3.121)

dvxdisti(:p,lu(t))>h:(t)(PIU(t):E)(:C) :

To estimate the latter term, we proceed as follows. First of all, note that by the defi-
nition of A, in (3.73) as well as the trivial bound |h*| < r. it holds ]h:(t | < r.. Then
for all & € I,(t) + {|z| > ro + 2°ee®®)} and all k < |loge?(t)] — 1 we observe that
X{disti(m,lv(t))>hj(t)(P1v(t>m)}(‘r) =1 for all z € R? such that |z — | < 2¥*1. In particular,

for such & the third term on the right hand side of (3.118) vanishes since the corresponding
second term in the formula for V(V - w™) (see (3.114)) does not appear anymore.

Hence, let & € I,(t) + {|z]| < ro + 211°5€*(O]} and denote by F the tangent plane to the
manifold {dist*(z, I, (t)) = h:(t)(PIU(t)$)} at the nearest point to . We then have for any

¥ € Cop(RY)

cpt

o () dvx{disti(:v,fv(t))>h:(t)(PIv(t):v)}(m) " Jpa V(@) AVX dist (2,1 >0) (7)

= Vi(x)de — / Vi (x)dx

/{disti (1, (t))>h:'(t) (Pry1y®)} {dist* (z,F)>0}
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and as a consequence

. T +
/]Rd Op(z — ) ® (W(Ph:(t)l’) (VP 1) (x)Vhe(t)(PIv(t)x)) de{disti(m,Iv(t))>hj(t)(PIU(t)m)}(x)

_ /F Ol = ) @ (W(Pyr 2) - (VPr)" (2) VR, (Pry0))nr dS()

" /Rd (X st (0, (0) > (Pro )}~ Xdist=(@.F)0})
V(0k(z - 7) ® (W(Ph+( ) - (VP )" () VR, (Prme))) da.

Recall that we defined 0y (x) := ¢(2F|2|)0(z) where ¢: Ry — [0, 1] is a smooth function such
that ¢(s) = 0 whenever s ¢ [—1/2,2] and such that Y, ., ¢(2"s) = 1 for all s > 0. Hence,

np-Op(z—2) <C W < CdISt_(x |F) for all z € F. Tt also follows from the definition of
6 that [.(Id —nF @ np)0y(x — ) dS(x) = 0. Hence we may solve (Id —np @ np)i(- — &) =
A0, (-, %) on Byrs+2(Z) N F with vanishing Neumann boundary conditions. In particular,
for 0 (z, ) := V0, (z, &) we obtain (Id —np @ np)0(x — &) = VI . V0 (z, ). It follows
from elliptic regularity that é(, z) is C*°. Moreover, since we could have rescaled 0 first to
unit scale, then solved the associated problem on that scale, and finally rescaled the solution
back to the dyadic scale k we see that |0y (z, Z)| < C(2¥)2~%. We then have by an integration

by parts

[ a-nr © up)oua — 500 as(

</ 612, )|V dS ()
FﬂB2k+1 (z)

< o2k / V| dS(x)

FNB,ji1 (&)

for any ¢ € Cl, (R4 RY). Furthermore, it holds

21+ kyd+1
/ . X st (o, ()50, (Pry o)} — Xdist® (e, F)>03 | 42 < CIVIRG Lo (7).

By (2

Using these considerations in the previous formula, we obtain

/ Op(x —7) © (W(Byr @) - (VPLw) T () VR (Pr0®) AVX gistt .1 ()

Rd e(t) (Pr,(1y2)} (z)

(3.122)

+
>he(t)

/ dlst(x F)
= d
FNByj1 (F\Bye_s (5) [T — ]

+f c<2k>2 YW (Pys @) (VP )" (2) VA, (Pre)| dS(a)
FNB,ji1(2)

W(Bys, @)+ (V1) @) Vh, (Pr )] dS()

e(t)
e(t)

+ OV e (Y |V (B = #) @ (W (P, ) - (V1 0)" @) Vh ) (Pr2))) | e

Making use of the fact that the integral vanishes for dist(#, F) > 2**1 and the bounds (3.15)
and (3.24) we obtain

dlst(as F)

w + z)- (VP T \WVhT
/FﬂB2k+1< DN\Byea (@) 1T — | WPy ® ) (VPLm)" (z)

e(t)(
/ ‘Vh:(t) (PIU(t)x)‘
FNByki1(2)\Byk—1 (%) |7 — x|d—t

Ppe) dS(z)  (3.123)

. dist(z, F')
< X{diSt(iaF)<2k}Crc ’ [vlly1.00 ok

dS(z).
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Using also |Vh:(t)\ < Cr;? and |V2h:(t)\ < Cr;%e(t)~! from Proposition 3.27, we get
/ CEY VWP, @)+ (VP ) (@) VS, (Ppa)) dS@)  (3.124)
FNByjy1 (%) e(t)

< 2 (e(t) ' P ollwree + 72 o llwzce may 1, 1))

and
CIV Iy = @)V Ok = 2) © (W(Byz @) - (VP )" (@) Vh iy (Prow)) |
(3.125)
< Crte(t) 71253 ol e
+Org te(t) 1252 (e() P lollwre + g Hlollwzeo ez, 1))
Using (3.122), (3.123), (3.124) and (3.125) to estimate the term in (3.121), we get
lloge2(t)]—1 c L/~ ht (P
[ v]|yp71.00 dist(&, F) Vi (Pr,)|
I < C—F%— X {dist(#,F)<2¥ / = - dS(z)
ré kz_:oo i@ m) <2 2% FNB,k41(Z)\Byk—1 (%) & — 2!
(3.126)

+ Cr 2ol we.co may 1, (1)) € (t)-
In turn, combining this with (3.119) and (3.120) and gathering also (3.116), (3.117), (3.113)
as well as the corresponding bounds for Vw™ and V(0% V-w™), we then finally deduce (3.95).

Step 4: L?L*-estimate for Vw. By making use of the precise formula (3.102) for
Vw™ and the definition of the vector field W in (3.93), we immediately get

/[ o sup  |(Vw )T (x + yny(2,1)) - ny(z,t)* dS(x) (3.127)

yE[—TC,TC]

SCTC2HUHW2700(Rd\IU(t))/I(

2 2
" \h:(t)| + ]Vh:(t)| ds.
To estimate the contribution from |V (6 * (V - w™))| we use the same dyadic decomposition
as in (3.115). We start with the terms in the range k = |loge?(t)],...,0.

Let © € I,(t) and y € (—rc,7c) be fixed. We abbreviate T := = + yn,(z,t). Denote
by F, the tangent plane of the interface I,(t) at the point . Let ®p : F, x R — RY
be the diffeomorphism given by ®r (2,9) := & + ynp,(2). We start estimating using the
change of variables @, , the bound |VO(x)| < CXgk—1<|g|<ort1 |z|~¢, as well as the fact that
Z+yng, () = & +yny(z,t) is exactly the point on the ray originating from & € F, in normal
direction which is closest to Z

(VO * (V- wh))) (2 + yny(z,1)]

< / V0 (E—2)|(V - w*)(3)] di
(Bok+1 (@)\Bok—1(2))N(1u (£)+ By, /2)
w ) (g (3
iy / N L s o)
F‘Tm(Bglwkl (x)\B2k,1(z)) QG[*T‘C,TC} |$ - ‘T|

Note that the right hand side is independent of y. Hence, we may estimate with Minkowski’s

inequality
(/ sup > Ve (V-wh)) (@ +yny(z,t))
Ly(t) y€[=rerel | p_|10ge2 (1) | -1

cwh)(Z+yng, (&

0 2

1
2

dS(x))

1
2 3

dS(m))

|z — #[d-1

QE [_Tc 7Tc]
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The inner integral is to be understood in the Cauchy principal value sense. To proceed we
use the L%-theory for singular operators of convolution type, the precise formula (3.104) for
V- wh as well as (3.15) and (3.24) which entails

(e

<o /M sup (7w oy o) d5(0) )

t) y€l—re,re)

sup
GE[—Te,re]

/[ (V)@ @)
Fy

1
1 2
< Crc‘ll\vlléw,m(w\]v(t))</I o B |2+ VR [P dS) .

An application of (3.74a) and the assumption E[x.,u, V|xv,v](t) < €2(t) finally yields

< / sup
I, (t) y€[—re,re]

< Cr° vl weice (ray 1, 1) | log e(t) |e(2).

0

D Ve (V-wh)) (@ +yny(z, 1))

2 1/2
dS(:L’)) (3.128)
k=|loge?(t)|—1

We move on with the contributions in the range k = 1,...,00. Note that by (3.117) we
may directly infer from (3.74a) and the assumption E[xy,u, V|xo,v](t) < €2(t)

o0

(V0 (V- o)) (@ yno(e, 1) -moz,0)] dS(z)  (3.129)

/ sup
I (t) ye[*’f'c,’l”c} k=1
= Crc_s||UH%/V2,<>0(Rd\IU(t))Hd_1(Iv(t))QSQ(t)'

Moreover, the contributions estimated in (3.119) and (3.120) result in a bound of the
form (recall that e(t) < r¢)

Crc_4||U"12/V3,w(ﬂgd\1v(t))62(t) + C’rc_8||v||12/vl,oo62(t). (3.130)

Note that when summing the respective bounds from (3.124) and (3.125) over the relevant
range k = —oo,...,|loge?(t)| — 1, we actually gain a factor e(t), i.e., the contributions
estimated in (3.124) and (3.125) then directly yield a bound of the form

Crg Bl[v 1Ty 2,00 (e 1, 1) €7 (1): (3.131)

Finally, the contribution from (3.123) may be estimated as follows. Let z € I,,(t), y € [—7¢, 7]

and denote by Fj the tangent plane to the manifold {dist*(z, I,(t)) = h:(t)(P[v(t)x)} at the

nearest point to Z = x+yn,(x,t). Inlight of (3.123), we start estimating for k¥ < |loge?(t)|—1
by using Jensen’s inequality, the bound ]Vh:( t)| < Or;2 from Proposition 3.27, as well as the
fact that |7 — 2| > |z — | for all & € I,(t) (since x = Py, ;)T is the closest point to Z on the
interface I,(t))
Vhy (Paod) P2
— dS(z)
NBysr (B)\Bypo1 () [T — T
+ =112

/ ’Vhe(t) (Pr,@)| dS(3)
FanByop1 @\Byi_1(z) 1T —Z[47!

+ (7)]2
< Cr2d4=D / Vheq ()]

— a1
L. (ONBy, 2,041 () |z — 2

<

ds(@).
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Since this bound does not depend anymore on y € [—7., 7], we may estimate the contributions
from (3.123) using Minkowski’s inequality as well as once more the L2-theory for singular
operators of convolution type to reduce everything to the H!-bound (3.74a) for the local
interface error heights. All in all, the contributions from (3.123) are therefore bounded by

Cr Y |v||2 1 €2 (2). (3.132)

The asserted bound (3.96) then finally follows from collecting the estimates (3.127), (3.128),
(3.129), (3.130), (3.131) and (3.132) together with the analogous bounds for Vw™ and V(6 x
V-w™).

Step 5: Estimate on the time derivative d,w. To estimate O;w™, we first deduce
using (3.103), |0yn| < Cr;Y|v]| e, \dtnv(PIv z)| < (’; |lv|lwi.ec (which follows from (3.30)),
(3.17) and ﬁnally (3.68) that

ow™ (z,1)

= Xo<dist™ (z,1,)<h¥, (Pr, () 2) W ()0, dist™ (x, 1,(t))

+ 77Xdisti(x,lv)>h:(t)(P[v(t>:p)W(Phj(t)‘7:) (Oeh ] e(t )( 1,)%) + O Pr, - Vh e(t )(Plv(t)l’))
+g"

for some vector field g+ subject to [|g7 (-, 1) 2 < Cr? (1+[[v]lwroe ) ([0l w00 +[18: V| poc (e 7, (1)) +
”UHW?,OQ(Rd\IU(t)))(flv(t) ]h:(t)(‘,t)lz dS)/2. Using (3.102), (3.17) as well as (3.68) we may
compute

(v(z) - V)w™(2,1)

 Xo<dist™ (2,1, (t))<h (P,U<t)x)W($)8t dist™ (2, 1, (t))

.
e(t)
+n Xdisti(m,]v(t))>h:'(t)(PIU(t)m)W(Ph:mx)atPIp(t)x - Vhiy(Prm)
_ 77desti(z,[v(t))>h:(t>(PIU(t)z)W(Ph:(t)x)(Id_nv ® 1)v(Pr, (1)) - Vi) (Pr,5)2)
+ XOgdisti(z,Iu(t))Sh:(t)(Plv(t)z)W(x>((U(m) — 0(Pr,1)x)) - 1o (Pr, 1))
+ 77Xdisti(x,fv(t))>hj(t)(P,U(t)x)W(Pth( ) (V Py, ) (@)v(z) — “(va(t)x)) 'Vh:(t)(PIv(t)"T)
+ 47,

for some ||g7 |22 < Cr2||v|l 2o (RA T, (¢) fIU ]h+ SHI2+ |Vh:(t)(-,t)]2 dS)%. This com-
putation in turn implies

orw™ (z,1) (3.133)
= —(v(z) - V)w (,1)

1 Xaist® (a1, (t))>he+(t)(P,U(t)x)W(Phj(t)x) (0ch ) (Pr, ) + (Id=ny @ n0)v(Pr, (%) - VA (Pr,)2))

+g"
for some g* with

g™l 2
:
< g Pllws 10V ole sy ol o) | A as)

We now aim to make use of (3.74d) to further estimate the second term in the right hand
side of (3.133). To establish the corresponding L?- resp. L%—contributions, we first need to
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perform an integration by parts in order to use (3.74d). The resulting curvature term as well
as all other terms which do not appear in the third term of (3.133) can be directly bounded
by a term whose associated L2-norm is controlled by

_ 1
Oz ollwnoe ollwoe a1, o / fy PV ()2 dS)3.

Hence, using (3.74d) in (3.133) implies

owt (z,t) = —(v-V)wh(x,t) + g7 + g+ (3.134)
with the corresponding L?-bound
157 22 ray (3.135)
1
1+HU|| 1,00 2
< O3 ([10:V 0| oo e, +HUHW2°O(Rd\I ) /1 © ’h:(t)\QHVh:(t)\Q ds

,00 1+ ,00 u

e(t)re ‘V ul
2ol (14 e’<t>>(||hi<‘,t)HLzu,,(t)) ¥ HVh;t(t)(-, Dl2ny)

v ,00 1"_ v ,00 i v %
ot (i { L) 1 g, )
Rd

Tc Tec

1
3
—i—C’Hv||W1,oo</ ]u—v\2 dS>
I (t)

4
and L3-estimate

g

19 3.136)

L3 (Rd) (

1 1
< c”””W;"< / I5E dS>4 < / sup  Ju—v|*(z+yn(z, t), 1) dS(:p)) ’
e(t)rs (1) () yE[—re,re]

L+ ol 4 Joflwee) / ¢ VXu

e(t) R4 [V xul

In both bounds, we add and subtract the compensation function w and therefore obtain
together with (3.94) and (3.38)

d’vXu|'

/ lu —v|* dS < / sup  |u—v|*(z+yn,(z,t),t) dS(x)
I (t) I, (t)

ye[_""cﬂ’c]

</ sup  |u —v — w|*(z + yny(x,t),t) dS(x)
I, (t)

YE[—re,re)

#[ s Jule (o0, dS()
I ()

t) yE[—re,re]

S CTC_4HU||‘2/V2’°°(R‘1\IU(15))/I |h t)|2 + IVhi |2 dS (3137)

1}

+ C(Hu—v—w\lmHV(u—v—w)HLz + [lu—v—w|[72).

Analogous estimates may be derived for w™. We therefore proceed with the terms related

to % V - w*. First of all, note that the singular integral operator (6 * V-) satisfies (see

Theorem 3.38)
16V -Gl 4 pay < CllAN 4

10 %V - gl L2ray < Cllgl 2(Ray- (3.138)

L3 (Rd) — L3 (R4)’
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Furthermore, to estimate [|0  V - ((v - V)w") — (v - V)(0 * V - w")||2(ga) we first replace
v with its normal velocity Vi(z) = (v(z) - 0y (Pr, (1y7) )00 (Pr, (1yx). We want to exploit the
fact that the vector field V;, has bounded derivatives up to second order, see (3.39) and
(3.40). Moreover, the kernel V20(z — &) ® (& — x) gives rise to a singular integral operator
of convolution type, as does V6. To see this, we need to check whether its average over S?~!
vanishes. We write z ® V20(z) = VF(z) — §;j¢; ® VO ® e;, where F(z) = x ® V(z). Now,
since V6 is homogeneous of degree —d, F' itself is homogeneous of degree —(d — 1). Hence,
we compute fBl\BT VF dzx = de_l n® FdS — erd—l n® FdS =0 for every 0 < 7 < 1.
Passing to the limit r — 1 shows that VF, and therefore also V20(z) ® x, have vanishing
average on S“"!. We may now compute (where the integrals are well defined in the Cauchy
principal value sense due to the above considerations) for almost every = € R?

» Vo(z — ) - (Va(Z,t) - Va)wT (2,t) — (Va(z,t) - Vo) V(2 — ) - w' (Z,t) dT
= /. Vo(x — z)((Va(Z,t) — Va(z, 1)) - Vi)w (Z,t) dE
= /. V230(x —z) : (Va(Z,t) — Va(z,t) — (& — ) - VVi(E, 1)) @ wh (%, t) dz
-/ Vo(z — ) (V- V)&, Hwt(Z,t)dF

+/ V3(x — ) : (& — ) V)Va(2,t) @ wh(z,t)dz.
Rd
Note that we have |V, (Z,t) — Va(x,t) — (2 —2)-VViu(z,t)| < | V2ValL=|Z —2|? and Vi (F,t) —

Valz,t) — (2 —z) - VVi(z,t)| < ||VVa||pe|Z — x|. We then estimate using Young’s inequality
for convolutions and |V26(z)| < |z|~¢ !

/Rd\B3R(O)

< O Vil /
R\ B3 (0)

2
/ V3(x —z): (Va(2) = Va(z) — (& —2) - VV4(2)) @ w (£)dz| dx
Br(0)

(3.139)

1 N g~
/B " 7|$ — j|d|w+(x)| dz
R

/ lwt| d
Br(0)

< CIVVallZeell 1+ 17 1 2gay 5y

< CR—de/ lwt|? da.
BRr(0)

As a consequence, we obtain from (3.139), Young’s inequality for convolutions, (3.110) as
well as (3.40)

J.

< OVl /

B3r(0)

2
dz  (3.140)

V230(x — &) : (Va(Z) — Valz) — (8 — ) - VVi(2)) @ w'(2) dZ

+ ~
[ @,
Rra |z — 41

+ 2
. (B | dS.

R4

2
dx—l—CHVVnH%oo/ ot |? da

Br(0)

< Crc4||UH§V2,OO(Rd\IU(t))(1+Ra)/I

v

Applying Theorem 3.38 to the singular integral operators V6 resp. V20 @ = as well as making
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use of (3.39), (3.110) and (3.140) we then obtain the estimate
0V - ((Vo-Vw) = (Vo - V)(O*V-wh)? de (3.141)
R4

SCrc4‘UH%/[/Qv"O(Rd\Iv(t))(l_'_RZ)/I()‘h 2 ds

+cuvvn\%m/ | da
]Rd

< CTC_4|U||%’V2’°°(Rd\fv(t))(1+R2)/I (0

It remains to estimate [|0 % V - (Vian - V)w™) — (Vian - V)(0 % V - w™) || 2(gay with Vian(2) =
(Id — ny(Pr, (1)*) @ ny(Pr, y7))v(z) denoting the tangential velocity of v. To this end, note
that we may rewrite

|h|? dS.

[ V0= 2) - (an(3,0) Va)wt (@, t) — (V- w(2,1) (Vian(@, 1) - Vo)0(a — 7) d

" Jpa Vo(a—2) (Vo (#)- Xo<dist* (,1, () <h <t>(P1v<t)f)W(‘%)®n”(PIv(t)j))Vtan(j’w dz

— [ 0 @) Vi) V)0l — )
Using Theorem 3.38, (3.107) as well as (3.108) we then obtain
165V - (Vian - V)wt) = (Vian - V)0 V - w72 g
< Crg [[ollFee 10113y 2.00 (et 1, 0 /L, B |? + VR 2 ds. (3.142)

Putting all the estimates (3.135), (3.136), (3.137), (3.138), (3.141) and (3.142) together, we
get

Opw(z,t) + (v- Vw(z,t) = g+
with the asserted bounds. This concludes the proof. ]

3.5.4 Estimate for the additional surface tension terms

Having established all the relevant properties of the compensating vector field w in Proposi-
tion 3.28, we can now estimate the additional terms in the relative entropy inequality from
Proposition 3.10. To this end, we start with the additional surface tension terms given by

T
AgurTen = —a/ /Rdxsd—l(s_g) . ((3—5) . V)w dVi(z, s) dt (3.143)
T
o [0 =006 € TVl @) de
+o //]Rd —xo)(w-V)(V-&) de dt

+0/ / — xv)Vw : vel de dt
Rd

“’/o L€ (=9 Dywdi v at

= 1+I1I+1I14+1V+V.

A precise estimate for these terms is the content of the following result.
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Lemma 3.29. Let the assumptions and notation of Proposition 3.28 be in place. In partic-
ular, we assume that there exists a C-function e: [0, Tstrong) — [0,7¢) such that the relative
entropy is bounded by E[Xu,u,V, |xv,v](t) < €*(t). Then the additional surface tension terms
Agurren are bounded by a Gronwall-type term

C 9
Asurten < 715 (UH 0l porpzoe gag, ) + 10wz v o) (3.144)
T
/0 (1+ | log e(t))) Elxus . Vxo 0] (£)
C 2
o ol e @ ) 101wz @ovn)

C

! 1
/0 (1 + |loge(t)|)e(t)Elxu, u, V]xo, v]2 (1) dt.

Proof. We estimate term by term in (3.143). A straightforward estimate for the first two
terms using also the coercivity property (3.35) yields

T
I+1I< C’/ ||Vw(t)||Lgo/ s — £2dVi(z, s) dt (3.145)
0 Rdx§d—1
T
+c/ V()] s /d(l—et)dyvtygdl(x) dt
0 R

T
< c/ Vw0 ()| 30 E s, Vo, 0] (2) dt.
0

Making use of (3.15), a change of variables ®;, Holder’s and Young’s inequality, (3.94), (3.37),
(3.74a) as well as the coercivity property (3.32) the term 1] may be bounded by

I11 < / / sup |w(z+yny(z,t))]| C IXu—Xo|(z+yn,(z,t)) dy dS dt  (3.146)
In(t) yel- —Te

Te, el

/ / sup  |w(z+yny(z,t))> dS dt
I, (t) ye[— rc,rc]

el
rZ Jo L ()

c + |2 + |2
< 76Hv||LooW2°° Rd\fu(t)/ / ‘h | + |Vh/ | dsS dt¢

S e i [

2
dS dt

/ ol (a-ymo (2, 1)) dy

¢ Vxu
e / /Rd1— T AV de
C dist(z, I,
+ ( + HUHLOOW2°O Rd\l ) / / |Xu X'U’mln{ ( ( )) } dx dt
C
S Tcﬁ(l + H/UHLOOWQ oo(]Ral\l / E XUJU V’X’lﬂ ]( )dt

For the term IV, we first add zero, then perform an integration by parts which is followed
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by an application of Holder’s inequality to obtain

1 1
v<c [ - o de) ([ (V)T Ve de) de (3.147)
hlyhec Rd

R4 Me(r)let)

-dV v - dt
5) (X th:(t)’he(t))
VY + (Ve
By definition of £, see (3.28), recall that
istT z,1, (1)) .
¢/(Een) dist® (z, I (t ,
V§ = ( . )nv(PIv(t)x) ® 0y (Pr, ) + c((T()))vQ dist™ (z, I, (t)).

Recalling also (3.92), (3.93) and (3.109) as well as making use of (3.74c), (3.15), (3.24),
(3.74a) and finally the coercivity property (3.32) the term (IV), from (3.147) is estimated
by

T
(IV)a S f/ E[Xu7u7 V|X7J7 U](t) + e<t)E[X’lL7u7 V|X’U7U]%(t) dt (3148)
cJO
+ / / hE 2+ [VhE, 2 dS di
rd LW (R, (t)) e(t) e(t)

1
s I 2 a1 ) / Bl Ve, 0)(0)+e(t) Elxu, u, Ve, ]2 (1) db.

noo\Q

Recalling from (3.74b) the definition of x, ,+ ,- , we may estimate the term (V') from
e(t)’ e(t)
(3.147) by a change of variables ®;, (3.15), Holder’s and Young’s inequality, (3.94) as well as

(3.74a)

C T
V), < TQ/ / |hjt(t)\2 ds dt (3.149)

2/ / sup |w(z+yny(z,t))> dS dt
r I, (t) ye[—

7'077'0

C
< TTOHIUHLOOWQ W(Rd\l / E Xu7u V|XU3 ]( ) dt.

To estimate the term (IV') from (3.147), we again make use of the definition of x, ;+ "
e(t)’ e(t)
(3.15), Holder’s and Young’s inequality, (3.94) as well as (3.74a) which yields the following

bound

C T
<= / / Vil sup  fw(z+yny(z,t))| dS dt (3.150)
Te I(t y€e

[77‘677'0]

C T
S 73|IUHL;>°W§’°°(R¢1\IU@))/O Exu,u, V]xv,v](t) dt.

Hence, taking together the bounds from (3.148), (3.149) and (3.150) we obtain
C T
IV < —(1+Hv||LOOW2m(Rd\I ) /0 Elxu, u, V|xov,v](t) dt (3.151)

C 5 T A
+ ’I”clo(1+HUHL,‘?C’Wf‘OQ(Rd\IU(t)))/0 e(t)E2 [xu, u, V]xw, v](t) dt.
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In order to estimate the term V', we argue as follows. In a first step, we split R? into the
region I,(t) + By, near to and the region R\ (I,(t) + B,,) away from the interface of the
strong solution. Recall then that the indicator function x,,(-,t) of the varifold solution is of
bounded variation in I,(t) + B,,. In particular, E* := {z € R?: x, > 0} N (I,(t) + B,,)
is a set of finite perimeter in I,,(¢) + B,.. Applying Theorem 3.39 in local coordinates, the
sections

Ef ={y € (—re,re): xulx +yny(z,t)) > 0}

are guaranteed to be one-dimensional Caccioppoli sets in (—r¢,7.), and such that all of the
four properties listed in Theorem 3.39 hold true for H% !-almost every z € I,(t). Recall
from [12, Proposition 3.52] that one-dimensional Caccioppoli sets are in fact finite unions of
disjoint intervals. We then distinguish for H% '-almost every x € I,(t) between the cases
that HO(0*E) < 2 or H(9*E;) > 2. In other words, we distinguish between those sections
which consist of at most one interval and those which consist of at least two intervals. It also
turns out to be useful to further keep track of whether n, - n, < % Or Ny, * Ny > % holds.

We then obtain by Young’s and Hélder’s inequality as well as the fact that due to Defi-
nition 3.13 the vector field & is supported in I, (t) + By,

T 1/2
ve [ (] (Fu)teP ant)
0 {m+ynv(w,t)€8*E+ cxely (t)v |y|<TC7 Ho(a*E;—)SQ, nv(m)’nu (Z-&-ynv(&?,t))Z%}

1/2
([ m-gravi) - a
Rd
T
vo [ ivu ([
0 {z+yny (z,t)€d*E+: z€ly (1), |y\<rc,Ho(a*E$)>2,nv(w)nu(az—&-ynv(z,t))Z%}
T
+c/\wmw%</ Lane) de
0 {z+yny (z,t)€0*Et: x€l, (t), |y|<re, ny(z)ny (z+yn, (x,t))ﬁ%}

T
0 [ Ivutls ( / 1d|qu|> at
0 RA\ (L, (8)+ By, )

T
<c / IVe(0) |5 Elxas s Vo, o](¢) d
0

(3.152)

1 de—1> dt

1

T 3
+C/‘</ me%ﬁ&#1>
0 {z+yny, (z,t)€d* E+: x€l, (t), ly|<re, HO(0* EF)<2, ny () -y (z4yn, (z,t))z%}

1/2
x ( [ —s|2dm|) at
]Rd

T
+C/ HVw(t)HLgo(/ 1de—1> dt
0 {z+yny (z,t)€d*E+: €l (1), |y\<rc,Ho(a*E$)>2,nv(z)nu(az—&-ynv(z,t))Z%}

T
ﬂC/]NMMwﬂm%Wmﬂ@&+%+%
0

To estimate V, from (3.152), we use the co-area formula for rectifiable sets (see [12, (2.72)]),
(3.96), Holder’s inequality and the coercivity property (3.34) which together yield (we ab-
breviate in the first line F(x,y,t) := (Vw)! (z4+yn,(z,t))n,(x,t))

1

T
e[ (f / Pl 40) ds(a) )
0 {zel,(t): HO(O*EF)<2} J {yed*EF : ny(z)ny (z+yny (z,t))Z%}
(3.153)
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1/2
x ( [ —5|2d|vXur> at
Rd

<c /OT( /W) sup (T (a4, ,0) a0 45

ye[_Tc{”c]

1/2
x ( [ —§|2d\VXu’) at
Rd
C

T
1
< Sl [ (0 108 e)elt) Bl s Vies ol 2) .

=

It remains to bound the term Vj from (3.152). To this end, we make use of the fact that it
follows from property iv) in Theorem 3.39 that every second point y € &*E;}F N (—7¢,r.) has
to have the property that n,(z) - n,(x+yn,(z,t)) <0, i.e.,, 1 <1 —ny(z) - n,(z+yn,(z,t)).
We may therefore estimate with the help of the co-area formula for rectifiable sets (see [12,

(2.72)]) and the bound (3.95)

T
< [ Vel [ / LK (y) dS(z) dt
0 {wel,y(t): HO(0* EF )>2} J{y€d* EF : ny(z) nu(z+yny(z,t))>1}

(3.154)

T
< C/O |Vw(t)] £e /I o /*E+ 1 —ny(x,t) - ny(w+yn, (2, 1)) dH(y) dS(z) dt

C T
< om0l sy [ Elwe Vi o) de

All in all, we obtain from the assumption E[xy,u, V|x.,v](t) < €2(t) as well as (3.152),
(3.153), (3.154) and (3.95)

C T 1
= [ R /0 (1+ [log e(H))e(®) Elxu u, Vixosv]3 () dt. (3.155)

Hence, we deduce from the bounds (3.145), (3.146), (3.151), (3.155) as well as (3.95) the
asserted estimate for the additional surface tension terms. O

3.5.5 Estimate for the viscosity terms

In contrast to the case of equal shear viscosities p+ = pu—, we have to deal with the problematic
viscous stress term given by (u(xo) — i(xw)) (Vv 4+ VoT). We now show that the choice of
w indeed compensates for (most of) this term in the sense that the viscosity terms from
Proposition 3.10

T
Ryise + Avise = —/ / 2(p(xu) — p(x0)) D™ : D™ (u — v) dz dt (3.156)
R’i

/ / 1(Xu) = p(x0)) D™ : DY dx dt
Rd

- / / 2u(xu) D¥"w : D™ (u — v — w) dx dt
0 JRd
may be bounded by a Gronwall-type term.

Lemma 3.30. Let the assumptions and notation of Proposition 3.28 be in place. In partic-
ular, we assume that there exists a C-function e: 0, Tstrong) — [0,7¢) such that the relative
entropy is bounded by E[xu,u,V,|xw,v](t) < 2(t).
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3.5.  Weak-strong uniqueness of varifold solutions: The case of different viscosities

Then, for any 6 > 0 there exists a constant C > 0 such that the viscosity terms Ry;sc+ Avise
may be estimated by

C. .9 T
Rv’isc + Avisc S EHU”L?OW}OO(RUZ\IMU) /0v E[Xu, u, V|Xva U] (t) dt (3157)

C T 1
7”,UHL<>OW1°° 0 €(t)E[Xu,u7V‘X,U7’U]2(t) dt

+5/ / |DSY™ (4, — v — w)|? da dt.
0 R4

Proof. We argue pointwise for the time variable and start by adding zero
Rvisc + Avisc (3158)
=2 [ (1) = () D s DY o) da
2/ w(xw) D% w : DY (4 — v — w) dx
Rd
Q/Rd = 1xo) = (17 = 1) Xo<dist® (2.1 (1)) <h b Prony®)
— )X he_(t)(va(t)w)gdisti(x,lv(t))SO)Dsymv : DY (u—v—w) dz

. Xdlsti (2,1,(t)¢[~ he(t)(PIU(t)a;) hem(PI,,(QLB)]'U(X“)DSymw : Dsym(u—v—w) dx

l\D

Xo<dist™ (2,1 (£) <h7 ) (Pr, (1)) (u(xu) — =) D¥w : D™ (u—v—w) dz

d

[\D

\%\%\%\

o X (Pry ) <dist®(a, Iv(t))<o( w(xw) — pH)DY™w : DY™ (u—v—w) da

-2 X0<dlbti (.1 () <h, (Pr, (t)m)((ﬂ_—MJr)Dsymv + p~ D¥Mw) : V(u—v—w) dx

- Q/Rd g Py oo (=)D 04 DY)+ V(u—v—w) da
= I+I1I+III+1IV+V+VI

We start by estimating the first four terms. Note that pu(x,) —p~ = (g4 — p—)xw- Recalling

the definition of x, wh from (3.74b) we see that
e(t)’

Xo<dist™® (@, 1o (£) <h [, (Pr, 1)) X T Xo<dist® (@, L, (t))<h e(t)(vamx)(X B v,h:(t),h;(t))'

Hence, we may rewrite

111 = -2 i
/Rd Xogdlsti(x,lv(t))ﬁh:m
% (W ® Ilv(PL,(t)x)) : Dsym(u—v—w) dx

(Pr, (1)) (g = p=)(Xu — Xv’hj(t)’h;(t))

-2 /Rd Xo<dist* (z,1, (t))gh:(t)(P]v(t)z) (4 — p—)
x (Vw =W @ny,(Pr,pz)) : DY (u—v—w) d.
Carrying out an analogous computation for I'V, using again the definition of the smoothed
approximation x, ,+ ho, for x,, from (3.74b) and using (3.92) as well as (3.93), we then get
e(t) et

113



3.

WEAK-STRONG UNIQUENESS FOR TWO-PHASE NAVIER—STOKES FLOW

the bound

I+ I1T4+1IT+1V

1/2 1/2
< CHUHW1,oo (/ |Xu — Xoht  h- ‘ da;) (/ |Dsym(u—v—w)|2 d(lI)
R4 "e(t) e (t) R4

c . . 1/2 1/2
- 2 2 sym . .. 2
+ 7"3 ||U||W2,00(Rd\jv(t)) </]‘v(t) |he(t)| +|Vhe(t)| dS) (/Rd |D (u v w)| dl’) .

Plugging in the estimates (3.74a) and (3.74c), we obtain by Young’s inequality

C—l
IT+IT+1IT+1V < —5
r

c

HUH124/2700(R«1\IU(75))E[X1L7 u, VX, v](t) (3.159)

Cco 1 1
+ . [0]21.00 € (&) E[Xus us VX0, 0] 2 (2)

+ OO 3100 Elxus s VI, 0] (1)
+0||D¥"™ (u — v — w)|| 2

for every 6 € (0,1). To estimate the last two terms V and VI in (3.158), we may rewrite
making use of the definition (3.93) of the vector field W and abbreviating n, = n,(Pr, ),

dist® = dist™ (z, I,(t)) as well as h:(t) = h:(t)(PIU(t)x)

/d Xogdistighj(t)((lf—lﬁ)Dsymv + p~ D¥"w) : V(u—v—w) dzx

d XOSdistiSth(t) (0~ =p)(Id =1y @ 1y ) (D™ - 1) @ 1y + p~ DY ™Mw)
: V(u—v—w) dz

5
_—

(w~ —pH)D¥™y (Id —n, @ n,) : V(u—v—w) dz

st opt
, Xo<distE<nt

Nosaisctan, (1 =) DY n) (@1, V(u—v—w) do

o Xo<aise*<n (™ —p")(Id —ny ® 1) (D™ - 1,) @ 1y, + p~ DY)
: V(u—v—w) dz

I
| |
S—r—

(= —p ") D™y (Id —n, ® n,) : V(u—v—w) dz

it pt
, Xo<dist<nt,

Xo<dist<pt. (B~ =17 (00 - DYM0 - 0y)(Id —ny @ o) V(u—v—w) da,

d e(t)

1
2

+
T —r

Xo<distE<hf,, (W ®n, — Vw) + (W @n, — Vu)?) : V(u—v—w) dz
d - — e

B =) [ Nosatang, (140, © 1) (DF0 1) 91,)  Vu—v-w) de
d - — e

_|_

(

/d Xogdistig}ﬁ(t)(#_—M+)Dsymv (Id —n, @ n,) : V(u—v—w) dz

+ /d X0<disti<h+(t)(u__u+)(nv - D¥"v - ny)(Id —ny ® 1y) : V(u—v—w) du,
R - — e

where in the penultimate step we have used the fact that V- (u—v —w) = 0, and in the last
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step we added zero. This yields after an integration by parts

_/R Xo<dist*<h¥, ((M —u YDy + p” D¥w) : V(u—v—w) da

1
= 2/ X0<disti<h+(t)((W @n, — Vw) + (W ®@n, — Vu)T) : V(u—v—w) dz
Rd o e

= (n"=n") /IRd XOSdistigh:(t)v - (ny ® (Id—ny @ 0y ) (DY - 1)) - (u—v—w) dz

+ (p—p") /Rd 0y - (u—v—w))(Id—n, @ ny)(D¥"v - ny) - deo<d1sti<h+( "

) [ Nzt ¥ (D770 DV ) ) -, )
]R - - €
(u—v—w) dz
(=) [ (o-w)
R4

- (D¥™y—(n, - D™y - n,) Id)(Id —n, ® n,) dvxogdistigh;ﬂ'

As a consequence of (3.92), (3.74a), (3.15) and the global Lipschitz estimate |VAE(-,t)| <
Cr;? from Proposition 3.27, we obtain

) / Xo<dist® (w,1, (1)) <h, (Pr, mx)((ﬁf — ut)YDY™ 4~ DY w) : V(u — v — w) dx

1/2
< 7/2||UHW2<>0 ®N\L () B [Xus 4, V | X, 0] / [V(u—v =)

C
el s, o) [ Xocait @)t (b, m e =0 = vl do

C
+ﬂwmmﬁo sup fu— v —wl(e + yny(a, 1)V, (2)] dS(@).

yE(_"‘cvrc)
By a change of variables ®;, (3.14), (3.38), (3.74a) and an application of Young’s and Korn’s
inequality, the latter two terms may be further estimated by

1

C 2
2 lollwzoe @ivr, ) (/ sup  [u— v —wl*(z + yny(2,1)) dS)
c Iy (t) ye(—reyre)
1

2
X h 2 +|Vh 2 dS)
</L,(t) e(t)| | e(t)|

1
TJ’”HIW 00 (RA\ T, (£ ))E[Xm% VX, v]2 ()]Ju — v —wl[r2

Q

C 1
+ 7HUHW%O(Rd\Iv(t))E[Xm u, VX, v]2()[[V(u — v —w)| 2

051

= ||U‘|W2°°(Rd\fv(t)) X w, VIxw, 0)(8) + 0| D¥™ (u — v — w)|[ 2

for every 0 € (0,1]. In total, we obtain the bound

1
V<C(S

01132 e 1, 0y Elous Vo 0)(8) + 81 D¥™ (w0 — w2 (3.160)

C

where ¢ € (0, 1) is again arbitrary. Analogously, one can derive a bound of the same form for
the last term VI in (3.158). Together with the bounds from (3.159) as well as (3.160) this
concludes the proof. O
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3.5.6 Estimate for terms with the time derivative of the compensation
function

We proceed with the estimate for the terms from the relative entropy inequality of Proposi-
tion 3.10

T
Ag = — /0 /Rd pxu)(u—v—w) - dw dx dt (3.161)
T
—/ / pxu)(u—v—w)- (v-V)w dx dt,
0o Jrd

which are related to the time derivative of the compensation function w.

Lemma 3.31. Let the assumptions and notation of Proposition 3.28 be in place. In partic-
ular, we assume that there exists a C-function e: [0, Tstrong) — [0,7¢) such that the relative
entropy is bounded by E[xu, u, V, |xv, v](t) < €(t).

Then, for any § > 0 there exists a constant C > 0 such that Ag may be estimated by

C T
Adt S TQZHUHifOW;’OO(l—'_‘UHLtOOWg’OO(Rd\Iv(t)))2/O (1+|10g€(t)|)E[Xu,U,V‘XU7U](t) dt
(3.162)
C T
+ 7,11HvHLtooWzlvm(1+HUHL?OWIQ"’O(Rd\IU(t)))/0 (1+|log e(t)]) Elxu, u, V|xv, v](t) dt

C
+ Tig(1+||UHLtooW;voo)(Hatvv”Lg‘ft'i_(RQ"’_l)”U||L§>owgf*°°(]1gd\jv(t)))

o

T
X/ ElXusu, Vxw, v](t) dt
0

T

c 2 !
+ EHUHL;’OWQ}’W 0 (1 +e (t))E[Xu,U,V‘Xm’U](t) dt

T
+5/ | D™ (y — v — w)|* da dt.
0 R4

Proof. To estimate the terms involving the time derivative of w we make use of the decom-
position of dyw + (v - V)w from (3.97):

T T

‘ — / / p(xu)(u—v—w) - dyw dx dt — / / p(xu)(u—v—w) - (v-V)w do dt
0 R4 0 Rd
T T

< [ allzslu=o =l at+ [l g a0 =l

Employing the bounds (3.55a), (3.55b) and the assumption E[xy,u, V|xw,v](t) < e(t)? to-
gether with the Orlicz-Sobolev embedding (3.224) from Proposition 3.41 or (3.227) from
Lemma 3.42 depending on the dimension, we obtain

1
_ i C 132
REAd < Ze®)(1+1og—)". 1
</m| | s) _rge()( +oge(t)) (3.163)

Making use of (3.74a), the bound for the vector field g from (3.98), the Gagliardo-Nirenberg-
Sobolev embedding ||[u—v—w|ps < C’HV(u—v—w)H;O‘Hu—v—wH%Q, with o = § for d = 2
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and a = % for d = 3, as well as the assumption E[xy, u, V|xu,v](t) < e(t)? we obtain
191, 4 lu— v — w] e (3.164)

[vl[wrree [Vl w2.00 e\ 1, (1))

<C

<1 + log

1 \2
o)
% (IV (u—v—w)| g2 + lu—v—w] 12) E[xus . V| X0, 0] (1)

1 1
) LIV (u—v—w) | 2+ u—v—w] 12) [u—v—w] 2

e(t)

+ CHUHWl’OO (1 + 10g
G

1 3

V||[jp1,00 2 :
sl (3 og L) 9 () 1 v

re e(t)
1
+ Clwllwee A+ |vllwree ) Elxu, u, VIxe, v]2 () (| V (u—v=w) | p2+u—v—w]|2).
Now, by an application of Young’s and Korn’s inequality for all the terms on the right hand
side of (3.164) which include an L?mnorm of the gradient of u — v — w (in the case d = 3
. < 5

we use a1b1 = (a(85/5)%)§(b(85/5)7%)% < da? + %(%)_55721)2, which follows from Young’s
inequality with exponents p = % and g = 3) we obtain

|oo

TPy —p
C

< ﬁ”vn%/vlm(1+||U||WQ»W(Rd\IU(t)))2(1+| log e(t)]) E[Xu, u, VX0, v](t) (3.165)
Tc

C
+ pllvlwree AH[vllwz e oy, 1)) 1+ log e() ) Elxu, w, Vixe, v](t)
+ 0| DY (u—v—w)]|Z2,

where 6 € (0,1) is arbitrary. This gives the desired bound for the Li-contribution of dyw +
(v-V)w. Concerning the L?-contribution, we estimate using (3.55a), (3.74a), the bound for
llgllz2 from (3.99) as well as the assumption E[xu,u, V|xv, v](t) < e(t)?

lgllr2llu — v — wl|p2 (3.166)

14|10
8

1
<C 10:V 0l oo e 1, 0y +(BZHD) 0]l w200 et 1, (1)) E D 4, V[ X0, v]2 (8) u—v—w]| 12

C

1
+ Cllvllwree (1 + [[ollwree) Elus u, Vixe, v]2 (8) [lu—v—w] 12

C 1
+ 72(1 + € () V)10 ElXus w, VIxw, v]2 (8) lu—v—w]| 12

[vllwre0 (L0l 2,00 ma\ 1, (1))
Te

+C

1
ElXu, u, VXw, v]2 (t) lu—v—w| 12
+ Clvllwre ([IV(u—v=w)| 2 + [[u—v—wl|g2)[[u—v—w]| 2.
Hence, by another application of Young’s and Korn’s inequality, we may bound

lgllr2llu — v —wllre (3.167)

C
< Tig(l‘i'HUHWl*’O)(Hatvv|‘L°°(Rd\l1,(t))+(R2+1)HU||W2v°°(Rd\L,(t)))E[Xuaua VX, v](t)

[

C
S0l (14 €/ (8) Blxu, w, Vixe, 0] (#)

c
+ CCS_IH,UH%/‘/l,OOE[XU’ u, V|Xva U] (t)
+ 0| D™ (u—v—w)||75

where 0 € (0, 1] is again arbitrary. All in all, (3.165) and (3.167) therefore imply the desired
bound. 0
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3.5.7 Estimate for the additional advection terms

We move on with the additional advection terms from the relative entropy inequality of
Proposition 3.10

T
Agdp = — /0 /Rd pxu)(u—v—w)- - (w-V)(v+w)de dt (3.168)

[ [t =) (e ) s ar

A precise estimate is the content of the following result.

Lemma 3.32. Let the assumptions and notation of Proposition 3.28 be in place. In partic-
ular, we assume that there exists a Cl-function e: [0, Tstrong) — [0,7¢) such that the relative
entropy is bounded by E[xy,u, V,|Xv, v](t) < €2(t). Then the additional advection terms Agay
may be bounded by a Gronwall-type term

C T
Aur < S ORI s | (108 CODE R Vi ol(e) dt. (3169)

Proof. A straightforward estimate yields

' :
Aut < C(ol| oy oot V0l 222 fu—v—w] 12 ( | el e dt)

+ OVl g fu—v—wfs

Making use of (3.91), (3.95) as well as (3.74a) immediately shows that the desired bound
holds true. o

3.5.8 Estimate for the additional weighted volume term

It finally remains to state the estimate for the additional weighted volume term from the
relative entropy inequality of Proposition 3.10

T ot
AweightVol ::/ / (Xu_Xv)(w : V)ﬁ(m> dzx dt. (3170)
0 JRd Te
Lemma 3.33. Let the assumptions and notation of Proposition 3.28 be in place. In partic-
ular, we assume that there exists a C-function e: [0, Tstrong) — [0,7¢) such that the relative
entropy is bounded by E[xy,u,V,|Xv,v](t) < €2(t). Then the additional weighted volume term
Apeightvor may be bounded by a Gronwall term

C T
Aueighavar < 5 (L 013y 2 o ) /0 Elxur . V|xo, 0](t) dt. (3.171)

c

Proof. We may use the exact same argument as in the derivation of the estimate for the term
I1] from the additional surface tension terms Agy,7en, see (3.146). O

3.5.9 The weak-strong uniqueness principle with different viscosities

Before we proceed with the proof of Theorem 3.1, let us summarize the estimates from the
previous sections in the form of a post-processed relative entropy inequality. The proof is a
direct consequence of the relative entropy inequality from Proposition 3.10 and the bounds

(3.42), (3.50), (3.51), (3.52), (3.144), (3.157), (3.162), (3.169) and (3.171).
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Proposition 3.34 (Post-processed relative entropy inequality). Let d < 3. Let (xq,u, V) be
a varifold solution to the free boundary problem for the incompressible Navier—Stokes equation
for two fluids (1.1a)-(1.1c) in the sense of Definition 3.2 on some time interval [0, Tyqr;). Let
(xw,v) be a strong solution to (1.1a)-(1.1c) in the sense of Definition 3.6 on some time interval
[07 Tstrong) with Tstrong S Tvm‘i-

Let £ be the extension of the inner unit normal vector field n, of the interface I,(t)
from Definition 3.13. Let w be the vector field contructed in Proposition 3.28. Let 3 be the

truncation of the identity from Proposition 3.10, and let 0 be the density 0, = W. Let
s

e: [0, Tstrong) — (0,7¢] be a C*-function and assume that the relative entropy

vXu(vT)
El\xu, v, Vixy, 0| (T ::a/ 1-&0,7) =—— d|Vxu(, T
D Vo, o) (T) =0 | 1= 80.T) - 5 M diV, )|
1
+ / §p(xu(-,T)) lu—v— w‘z(-,T) dz
R4
dist™ (-, 1,(T
+ [ o) = o) (L) g,
R4 Te
+O'/ 1 — 0p d|Vp|ga—
Rd
is bounded by E[xu,u, V|xu,v](t) < e(t)?.
Then the relative entropy is subject to the estimate
T
Elxu V] xe, 0](T) —1—0/ / V(u—v—w)dz dt (3.172)
0 Jrd

< Elxu, u, Vxv,v](0)

T
e /0 (1+ [ og e(®)]) Elxus t, Vixwr 0] (£) d

T

e /0 (1+ | oge(t)]) e(t) v/ Elxur . Vixor 0] (@) dt
T

e /0 (Soe®) B, Vixe, wl(t) i

for almost every T' € [0, Tstrong). Here, C > 0 is a constant which is structurally of the form
C = Cr;?% with a constant C = C(re, H'UHL?OWE,OO, ||8t'UHL<t>OW£,oo)7 depending on the various
norms of the velocity field of the strong solution, the regularity parameter r. of the interface
of the strong solution, and the physical parameters p*, u*, and o.

We have everything in place to to prove the main result of this work.

Proof of Theorem 3.1. The proof of Theorem 3.1 is based on the post-processed relative
entropy inequality of Proposition 3.34. It amounts to nothing but a more technical version
of the upper bound

E(t) < ee*Ct log E(0)

valid for all solutions of the differential inequality %E(t) < CE(t)|log E(t)|. However, it
is made more technical by the more complex right-hand side (3.34) in the relative entropy
inequality (which involves the anticipated upper bound e(#)?) and the smallness assumption
on the relative entropy FE[xu,u,V|xu,v](t) needed for the validity of the relative entropy
inequality.
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We start the proof with the precise choice of the function e(t) as well as the neces-
sary smallness assumptions on the initial relative entropy. We then want to exploit the
post-processed form of the relative entropy inequality from Proposition 3.34 to compare
Elxu, u, V]xov, v](t) with e(t).

Let C > 0 be the constant from Proposition 3.34 and choose § > 0 such that § < m.
Let € > 0 (to be chosen in a moment, but finally we will let ¢ — 0) and consider the strictly
increasing function

e(t) 1= e4e  10B(EbvuuVIxe t](0)+) (3.173)

Note that €2(0) = E[xu,u, V|Xy,v](0) + € which strictly dominates the relative entropy at
the initial time. To ensure the smallness of this function, let us choose ¢ > 0 small enough
such that whenever we have E[xy, u, V|xy, v](0) < ¢ and € < ¢, it holds that

e(t) < o5 Are (3.174)

3C

for all ¢ € [0, Tstrong). This is indeed possible since the condition in (3.174) is equivalent to

Tstrong

210g(E[xu, u, VX0, v](0) +€) < e~ s log(55 Are). For technical reasons to be seen later,
we will also require ¢ > 0 be small enough such that

_ Tstrong ]_

5 _
66

e

| log(E[xu, u, V|xv,v](0) + )| > C (3.175)

whenever E[xu,u, V]xy,v](0) < ¢ and € < ¢. We proceed with some further computations.
We start with

d

Selt) = zia‘ log(Elxa, t, Ve, v](0) + 2)[e(t)e 5 = %y log e(t)e(t). (3.176)

This in particular entails

T t
|log(E[Xu,u,V|Xv,v](O)+E)]/ eA(t)e s dt. (3.177)

After these preliminary considerations, let us consider the relative entropy inequality
from Proposition 3.10. Arguing similarly to the derivation of the relative entropy inequality
in Proposition 3.10 but using the energy dissipation inequality in its weaker form

E[qu u, V|X’U7 U] (T) < E[Xua u, V‘va U] (T)

for a.e. 7 € [0,T], we may deduce (upon modifying the solution on a subset of [0, Tstrong) Of
vanishing measure)

lim sup Exu, 4, V|xv, V](T) < Elxu, u, V|x0,v](T) (3.178)
Tlr

for all 7 € [0, Tstrong). Now, consider the set T C [0, Tstrong) Which contains all 7 € [0, Tstrong)
such that limsupy, Elxu,u, V|xy,v](T) > €*(7). Arguing by contradiction, we assume
T # () and define

T* :=infT.
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Since E[xu,u, V|Xv,v](0) < €2(0) and e? is strictly increasing, we deduce by the same ar-
gument which established (3.178) that 7% > 0. Hence, we can apply Proposition 3.34
at least for times 7' < T (with 7 = 0). However, by the same argument as before
the relative entropy inequality from Proposition 3.10 shows that E[xy,u, V|xe, v](T*) <
Elxu, 4, V|xv, 0](T)+C(T*—T) for all T < T*, whereas E[xu, u, V|Xv, v](T) may be bounded
by means of the post-processed relative entropy inequality. Hence, we obtain using also

(3.173) and (3.176)

Exu, u, VX0, V](T*) < E[Xu,u, V|xv, v](0) (3.179)

T*
+C / e2
T*
+0Wg;m%WmM@+@M)é
0

T*
+ €5 log( Bl u Vi dl0) + )] [ e(e)es at
0

We compare this to the equation (3.177) for €?(t) (with 7 = 0 and T' = T*). Recall that €2(0)
strictly dominates the relative entropy at the initial time. Because of (3.175), the second term
on the right hand side of (3.179) is dominated by one third of the right hand side of (3.177).
Because of (3.174) and the choice § < G(C ) the same is true for the other two terms on the

right hand side of (3.179). In particular, we obtain using also (3.178)

lim sup E[xu, , V[ X0, v)(T) — €*(T*) < Elxu, u, V|x0, v}(T*) — *(T*) < 0,
T|T*

which contradicts the definition of 7. This concludes the proof since the asserted stability
estimate as well as the weak-strong uniqueness principle is now a consequence of letting
e — 0. O

3.6 Derivation of the relative entropy inequality

Proof of Proposition 3.10. We start with the following observation. Since the phase-dependent
density p(x,) depends linearly on the indicator function y, of the volume occupied by the
first fluid, it consequently satisfies

/p(xv(-,T))( )dw—/ p(x9)p(-,0) da
Rd
/ / P(x0) (O + (v-V)p) do dt (3.180)

for almost every T' € [0, Tstrong) and all ¢ € Cé’;’t(Rd [0, Tstrong)). By approximation, the

equation holds for all ¢ € WH(R? x [0, Tstrong))- Testing this equation with v - 7, where

C’gl‘,’t(Rd [0, Tstrong); R?) is a smooth vector field, we then obtain

| 0600t a1y do = [ oS- n(-0) da
/ / p(xw)(v - Om +n - Ow) do dt (3.181)
/ / pxv)(n-(v-Vv+uv-(v-V)n) de dt
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for almost every T' € [0, Tstrong). Note that the velocity field v of a strong solution has the
required regularity to justify the preceding step. Next, we subtract from (3.181) the equation
for the momentum balance (3.7a) of the strong solution evaluated with a test function n €
Og;t(Rd [O,Tstmng);Rd) such that V -7 = 0. This shows that the velocity field v of the
strong solution satisfies

T T
0= / / p(xv)n - (v-V)v de dt + / / 1(x0) (Vo + Vo) : Vi dz dt
0 R4 0 Rd

T T
+/ / p(xv)n - Opv dx dt—o*/ / H-ndS dt
0 JRd 0 JI,()

which holds for almost every T' € [0, Trong) and all 1) € Cg;’t(Rd 0, Tstrong); R?) such that
V -n = 0. The aim is now to test the latter equation with the field ©w — v — w. To this end,
we fix a radial mollifier ¢: R? — [0, 00) such that ¢ is smooth, supported in the unit ball and
Jga @ dz = 1. For n € N we define ¢,,(-) := n?g(n-) as well as u, := ¢, * u and analogously
vy, and wy,. We then test (3.182) with the test function u,, — v, — w, and let n — oco. Since
the traces of uy, v, and w, on I,(t) converge pointwise almost everywhere to the respective
traces of u, v and w, we indeed may pass to the limit in the surface tension term of (3.182).

Hence, we obtain the identity

(3.182)

_/T/ p(xo) (Vo + VUT) :V(u—v—w)dedt
0 Jrd

T
= / / pxv)(u—v—w)- (v-V)v de dt (3.183)
0 R4

T
+/ / p(xv)(u —v—w) - O dx dt
0 R4
T
—J/ / H-(u—v—w)dS dt,
0o Jr@

which holds true for almost every T € [0, Tstrong)-
In the next step, we test the analogue of (3.180) for the phase-dependent density p(xu,)
of the varifold solution with the test function 3|v + w|* and obtain

/]Rd;p(Xu('7T))|U + wP(-,T) dz — /Rd %p(Xg)‘UO + w(,, 0)|2 dz
T
_ /0 /Rd p(u) (v +w) - By(v +w) da dt (3.184)

T
—i—/o /de(Xu)(v—f—w)-(u.v)(v_{_w) de dt

for almost every T € [0, Tsirong). Recall also from the definition of a varifold solution that
we are equipped with the energy dissipation inequality

/ L ol ,T>>|u<-,T>P d + o V| (RY x §9-1)

L

< [ 5o0dlnl? do +oVrSI®,

T” da at (3.185)

which holds for almost every T' € [0, Tstrong)-
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Finally, we want to test the equation for the momentum balance (3.2a) of the varifold
solution with the test function v + w. Since the normal derivative of the tangential velocity
of a strong solution may feature a discontinuity at the interface, we have to proceed by an
approximation argument, i.e., we use the mollified version v, + w, as a test function. Note
that v, resp. wy, are elements of L>([0, Tstrong); CY(R%)). Hence, we may indeed use vy, +wy,
as a test function in the surface tension term of the equation for the momentum balance
(3.2a) of the varifold solution. However, it is not clear a priori why one may pass to the limit
n — oo in this term.

To argue that this is actually possible, we choose a precise representative for Vo resp.
Vw on the interface I,,(t). This is indeed necessary also for the velocity field of the strong
solution since the normal derivative of the tangential component of v may feature a jump
discontinuity at the interface. However, by the regularity assumptions on v, see Definition 3.6
of a strong solution, and the assumptions on the compensating vector field w, for almost every
t € [0, Tstrong) every point x € R? is either a Lebesgue point of Vv (respectively Vw) or there
exist two half spaces H; and H passing through = such that x is a Lebesgue point for both
Voulm, and Vu|g, (respectively Vw|g, and Vw|g,). In particular, by the L> bounds on Vv
and Vw the limit of the mollifications Vv, respectively Vw, exist at every point € R? and
we may define Vv respectively Vw at every point 2 € R? as this limit.

Recall then that we have chosen the mollifiers ¢, to be radially symmetric. Hence,
the approximating sequences Vv, resp. Vw, converge pointwise everywhere to the precise
representation as chosen before. Since both limits are bounded, we may pass to the limit
n — oo in every term appearing from testing the equation for the momentum balance (3.2a)
of the varifold solution with the test function v,, + w,,. This entails

_/ POt T T) - (v + w)(- T) dH/ - (o4 w)(0) do (3156)
R4 R
T
- /0 /Rd ) (Vu+ Vul) : V(o +w) dz d
T T
:_/0 /de(Xu)u-at(U—Fw) dzx dt—/0 /de(Xu)U‘(U'V)(U—G—w) de dt

T
+a/ / (Id=s @ s) : V(v +w) dVi(z, s) dt
0 Rd xSd—1

for almost every T € [0, Tstrong). The next step consists of summing (3.183), (3.184), (3.185)
and (3.186). We represent this sum as follows:

< RHSk:m(O) + RHSsurEn (0) + RHSdt + RHSadv + RHSsurTem
where each individual term is obtained in the following way. The terms related to kinetic

energy at time 7" on the left hand side of (3.184), (3.185) and (3.186) in total yield the
contribution

LHSpin(T) = /Rd %p(xu(~, T))u— v — w2, T) da. (3.188)

The same computation may be carried out for the initial kinetic energy terms

1

RHS1in(0) = [ 5000 = 0 — (- 0P da. (3.189)
R

Note that because of (3.4) it holds

o Ve l(RE x S91) = 0| V(- T)|(RY) + (7/ | = 0 d|Vir|ses.
Rd
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The terms in the energy dissipation inequality related to surface energy are therefore given
by

LHSsurim(T) = 0Vxu(-, T)|(RY + o / 1 — 67 d|Vilsas (3.190)
Rd

as well as

Moreover, collecting all advection terms on the right hand side of (3.183), (3.184), and (3.186)
as well as adding zero gives the contribution

RHsadv:—/Tédp<xu><u—v—w>~<v-v>w dz di
T
/OT
-
-
-
/OT
-

—/0 [ oo =) ((w =0 =) V)w da

—plxw))(u—v—w) - (v-V)v dz dt

p(xu)(u—v—w)- ((u—2)-V)(v+w) dz dt

N

p(xu)(u—v—w)-(v-V)w dx dt (3.192)

—plxw))(u—v—w) - (v-V)v dz dt

!

RS
%\%\%\%\%\\

pixu)(u—v—w)- (u—v—w) V)vdzdt

pixu)(u—v—w) (w-V)(v+w) de dt

Next, we may rewrite those terms on the right hand side of (3.183), (3.184), and (3.186)
which contain a time derivative as follows

T
RHSy = — /0 /]Rd (p(xu) — pOxw)) (u — v — w) - v dx dt (3.193)

[ et ) dr

Furthermore, the terms related to surface tension on the right hand side of (3.183) and (3.186)
are given by

RHSSWTm—a/ / (Id—s® s) : VodVi(z, s) dt—a/ / (u—v)dsS dt
R4 xSd— 1 I(t
(3.194)

T T
+0/ / (Id-s®s) : VwdVi(z, s) dt+a/ / H-wdS dt.
0 JRdxSd-1 0 JI,(%)

We proceed by rewriting the surface tension terms. For the sake of brevity, let us abbreviate

u

from now on n, = ‘g e Using the incompressibility of v and adding zero, we start by

124



3.6. Derivation of the relative entropy inequality

rewriting

T
0/ / (Id-=s®s) : VodVy(z,s) dt
RdxSd—1
—a/ / ny - (ny - V)vd|Vyy| dt—a/ / V)vdVi(z,s) dt
R4 RdxSd—1
- U/ / n, - (0, - V)vd|Vx,| dt.
0 R4

Next, by means of the compatibility condition (3.2e) we can write

/ / (ny - V)vdS dt — O'/ / V)vdVy(z,s) dt
I ( t) R4 xSd— 1

T
- / (5—€) - ((5-€) - V)vdVi(z, ) dt
0 RdxSd—1
T
-0 / ¢ ((s=¢) - V)vdVy(z,s) dt
0 JRdxSd—1

T
—i—a/o /]Rd n, - ((ny — &) - V)vd| Vx| dt.

Moreover, the compatibility condition (3.2e) also ensures that

T
Y / / Vodieos)dt =0 [ [ & Vvdvd,
Rd xSd— 1 0 JR4

whereas it follows from (3.4)

T
J/ / - (&-V)vodV(z,s)dt
0 JRdxSd-1
T T
:a/ / (1—6)€- (€ V)odVilgas (2) dt~|—a/ / £ (€ V)wd|Vyl dt.
0 Rd 0 Rd
Using that the divergence of § equals the divergence of n,(Pr, =) on the interface of the
strong solution (i.e. H = —(V - &)n,; see Definition 3.13, i.e., the cutoff function does not
contribute to the divergence on the interface), that the latter quantity equals the scalar mean

curvature (recall that n, = \V n points inward) as well as once more the incompressibility
of the velocity fields v resp. u we may also rewrite

—a/ /1 (u—v)dS dt = —g/ /Rdx” w—v) V)(V-£) dz dt.

The preceding five identities together then imply that

/ /Rdxgdlld s®s): VodVi(z,s) dt—a/ /]U (u—v)dS dt

_ —0/0 /R ny - (- V)od|Vya| dt (3.195)
—JATAdXU((u—v)-v)(v-g) dz dt
o f ' Lo 59 (59 V)odViGa.s) a
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T

+o—/0 /Rda _0)€- (€ V) d|Vilgi (2) dt
T

-I—U/O /Rd(nu—f)'((nu—g)-V)vd\Vxﬂdt.

Following the computation which led to (3.195) we also obtain the identity

T
0/ / (Id-=s®s) : VwdVi(z,s) dt
0 JRIxS§d-1

ny - (ny, - V)wd|Vy,| dt

= —0

~
T

T
/ (s=¢) - ((s—ﬁ) . V)wd‘/}(aj,s) dt
RdxSd-1

T
(1=0)¢- (& V)wd|Vi|ga-(x) dt

%\

+o

+

Q
hhc\o\:
.

(ny — &) - ((nu &) V)Wd‘vxu’ dt.

d

Using the fact that w is divergence-free, we may also rewrite

—J/T/dnu-(nu-V)wd]VXu| at
0 R
:_J/OT/dnu-((nu—g)-v)wd\vXuydt+a/0T/Rquv-((§-V)w) dz dt
:_g/oT

[ e

T
+ 0/ / xuVw : VET dz dt.
0o Jre

Appealing once more to the fact that £ = n, on the interface I,, of the strong solution (see
Definition 3.13) and V - w = 0, we obtain

// H-wdS dt
['U
T
:—a/ /(Id—nv®nv):deSdt:a/ / n, - (§-V)wdsS dt
R4 Rd

:—a/ /Rdxv (¢ V)w) do dt = —0/ /RdXva vel dz de.

The last three identities together with (3.195) and (3.194) in total finally yield the following
representation of the surface tension terms on the right hand side of (3.183) and (3.186)

R
Rd

f' ((nu - 5) : v)wd‘VXu| di
4 (nu_f)'v)wd|vXu| dt

T
RHSyTen = —a/ / ny - (ny - V)od| Vx| dt (3.196)
0 JRrd

T

+0/0 /Rd(nu =€) ((ny — &) - V)vd|Vxy|dt
T

—0’/ / Xo((u—2) - V)(V-£) da dt
0o Jrd
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(5=&) - ((s—¢) - V)vdVi(z,s) dt

q|
S~
S
\

RdxS§d—1

+
Q
~

(1—0)€- (€ V)od|Vilsas(x) dt

|
Q
~
IS

€) - ((s—f) . V)w dVi(z,s) dt

—~
»
|

+
Q
~

S— — S— —

(1—0)€- (€ V)wd| Vi (z) dt

~
&

S S S

Y

€ ((nu =€) - V)wd|Vyu| dt

|
Q

T
+o0o / (Xu — Xo)Vw : VEL dz dt.
0 JRrd

It remains to collect the viscosity terms from the left hand side of (3.183), (3.185) and (3.186).
Adding also zero, we obtain

vzsc / / Xu ))Dsym v Dsym(u — U — w) dz dt
Rd
- / / 2u(xu)D¥ " : D" (u — v —w) dz dt
0 R
/ 2u(xy) D¥ "y » DMy de dt
Rd
T
/ 2u(xy)D¥ "y : D™ (v 4+ w) da dt
R

201(xu) | D™ (u — v — w)[* dz dt (3.197)
0 R4

T
+ /0 /]Rd 2(p(xu) — 1(x0)) D¥™ v : DY™(u — v — w) dz dt

+ / / 2u(xu)D¥"w : D™ (u — v — w) dz dt.
0 R4

In particular, as an intermediate summary we obtain the following bound making already use
of the notation of Proposition 3.10: Taking the bound (3.187) together with the identities
from (3.188) to (3.193) as well as (3.196) and (3.197) yields

/ %p(x (. T))|u — v —w|*( d:L“+/ / 2(xu)| D™ (u — v — w)|? dz dt
Rd
+ U|VXU(-,T)‘(Rd) + 0’/ 1 — 07 d|Vp|ga
Rd

1
< [ 3000 — oo — w00 do+ o7 (RY (3.198)
R

+ Rdt + Rvisc + Radv + Avisc + Adt + Aadv + AsurTen

—U/OT/Rdnu-(nu'V)vd|qu\ dt
+a/0T/Rd(nu—s> (=€) - V) d|Vy, | dt
—U/OT/Rdxv((u—v—w)-V)(V-f) dz dt
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T
—0’/0 /Rdxu(w-V)(V-g) dz dt
T
— a/ / (s=&) - ((s=¢) - V)vdVy(z, s) dt
0 JRIxSd-1
T
+a/0 /Rdu — 0 € (€ V)ud|Vi]san (z) dt.

The aim of the next step is to use o(V - £) (see Definition 3.13) as a test function in the
transport equation (3.2b) for the indicator function y,, of the varifold solution. For the sake
of brevity, we will write again n, = |§>>§“|. Plugging in o(V - £) and integrating by parts

yields

—a/ 0, (- T) - €0, T) d|Vxu(-, >+a/ 00 £(0) V)

:—o/ / n, - 8t§d|VXu\dt+a/ / Xu(uw-V)(V-§&) dx dt

for almost every T € [0, Tstrong). Making use of the evolution equation (3.29) for £ and the
fact that £ is supported in the space-time domain {dist(z, I,(t)) < r.}, we get by adding zero

- ‘7/ n,(,7) - &, T)d|Vxu(, T)| + (T/ nd - £(-,0) |V (3.199)
R4 Rd
T
- "/ /R - ((1d=ny(Py, ) @ 00(Pr, @) (Vo) €) d|Vxal dt

n, - (v-V)Ed|Vx,| dt

+0/ /Rd
—|—0/ /dxu(u-V)(V-ﬁ)dxdt

OT R 7
+o / /R ny - (Id—ny(Pr, (1 2) @ nu(Pr, @) (VVa — V0)T€) d| Vx| dt

d

+a/ /R“ (Ve —v) - V)€V dt

which holds for almost every T" € [0, Tstrong). Next, we study the quantity
T
RH Sy := U/ / n, - (v-V)Ed| Vx| dt
0 JRd
T
+ U/ / Xu(u-V)(V-&) de dt (3.200)
0 JRd

T
+ a/ / n, - ((Id—nU(P[v(t)af) ® nU(PID(t)x)) (VU)T . §) d| Vx| dt.
0 Jrd

Due to the regularity of v resp. & as well as the incompressibility of the velocity field v we

get
T T
0/ / nu'(v'V)fd]Vdet:—a/ / XuV - (v-V)Eda dt
0 R4 0 Rd

:—U/OT/RdXUV2:U®§d$dt
:—U/OT/RquV-((E-V)U)d:Bdt
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—a/ /Rdxu (v(V-§))dz dt

- _g/ / Yolv - V)(V - €)de dt (3.201)
0 R4

T
—|—a/ / n, - (£-V)vd|Vx,| dt.
0 R4

Exploiting the fact that {(z) = n, (Pr, =) (x) and ny (P, 4)z) only differ by a scalar prefac-
tor, namely the cut-off multiplier {(x) which one can shift around, it turns out to be helpful
to rewrite

T
U/ / Dy - ((Id_nv(PIv(t)l’) X HU(PIU(t)J:))(Vv)T . f) d| V.| dt
0o JRrd

T

= 0’/0 R f . ((Id—DU(PIU(t)LU) X DU(P[v(t)x))nu . V)U d|vXu| dt (3.202)
T

- U/ & (= (u(Pry @) - mu)no(Pr, ) - V)o Vx| dt

0 JRd

T

T
— 0/0 9 (& 1ny) 0y (P, 1)) - (nv(PIv(t)x) . V)v d|Vxu| dt

V)vd| Vx| dt

T
-1—0/0 /Rdﬁ'(f-V)vd]VXu|dt.

Hence, by using (3.201) and (3.202) we obtain

T
RH Sy = 0/ Ny, - (ny - V)vd| Vx| dt (3.203)
R4

~o [ fudne

+a/ /R

U/()T/Rd (& 1) 0y (Pr, ) - (00(Pr,nx) - V)vd|[Vxa| dt
A

T
+0/

This in turn finally entails

q

((nu - 5) : V)Ud|VXu| dt

S

xu((uw =) - V)(V-§) dz dt

o

£ (6 V)ud| V| dt.

[e=]

o [ D) €T AV o [ 0T (3.204)
Rd
—0/ / 0, - (ny, - V)vd| Vx| dt
Rd
9 (-9 Pppamlar
/Xu (u—v)-V)(V-&) dz dt
R4
/Rd € 1) 1y (Pr, ) - (o (Pr ) - V)0 — € - (€ - V)od|Vya| dt
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T
o / /Rd ny - ((Td=ny(Pr,(7) ® 1y (Pr, 7)) (VVa=V0)"€) d| Vx| dt

—l—a/ / nu- _n— )§d|VXu\ dt,
R4

which holds for almost every T' € [0, Tstrong)-

In a last step, we use the truncation of the identity S from Proposition 3.10 composed
with the signed distance to the interface of the strong solution as a test function in the
transport equations (3.2b) resp. (3.7b) for the indicator functions x, resp. x, of the two
solutions. However, observe first that by the precise choice of the weight function 3 it holds

(6 = 30)8 p(BECL)y)|

Hence, when testing the equation (3.2b) for the indicator function of the varifold solution and
then subtracting the corresponding result from testing the equation (3.7b) for the indicator
function of the strong solution, we obtain

/Rd‘XU(‘vT) ”5<d1st 1y (T)))\ e

C
= [ In=xilfo

/ / ~ 5fﬂ dlSti< ))_i_(uv)ﬁ(dwti(c’[”))) dz dt

—/O /Rdxv 25 Lt (" ) +(v-V)5(diStii"I”>)) dr dt,
dist® (z,I, ()

which holds for almost every T' € [0, Tstmng) Note that testing with the function 5( -
is admissible due to the bound Xy, Xy € L>®([0, Tstrong); L' (R?)) (recall that we assume
Xus Xo € L2([0, Tstrong); BV(R?)) in our definition of solutions) and due to the fact that

Ié] (%f’(t))) is of class C'. Indeed, one first multiplies 8 by a cutoff 65 € Cg;t(Rd) on

a scale R, i.e. # = 1 on {z € R?: |z < R}, § = 0 outside of {z € R?: |z| > 2R} and
VOB Lo (ray < CR™" for some universal constant C' > 0. Then, one can use 073 in the

(disti(‘,lv)> _

= [Xu — Xv‘
Tc

(MM dz (3.205)

transport equations as test functions and pass to the limit R — oo because of the integrability
of x, and x,. From this, one obtains the above equation.
Since the weight 8 vanishes at r = 0, we may infer from the incompressibility of the

velocity fields that
/ / Xv (u—v) )ﬁ(dlStr( )) dx dt

/ / —0))B(0)dS dt = 0.
Ly (t)
Hence, we can rewrite (3.205)

/R ) - }15(—(11“ L) g

/\Xu Xal|B

(M)\d
/ /Rd Xu—Xv) atﬁ(dlSti( )> ((U—U)'V)B(m)) dx dt

T,
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3.6. Derivation of the relative entropy inequality

for almost every T € [0, Tsrong). It remains to make use of the evolution equation for S
composed with the signed distance function to the interface of the strong solution. But
before we do so, let us remark that because of (3.19)

(v- V)B(diSti(" I”)) = (Vi - v)ﬁ(diSti(" L) ).

Tc Te

where the vector field V;, is the projection of the velocity field v of the strong solution onto
the subspace spanned by the unit normal n,(Pr, «)):

Valz,t) := (U($at) : nv(PIU(t)ffat))nv(PIU(t)xat)

for all (x,t) such that dist(z, I,,(t)) < r.. Thus, using the evolution equation (3.31) we finally
obtain the identity

/Rd|xu(., T) = xo(-, T “5<thtI(T))>‘dx

C
2/ XS — x|

ﬁ(dlSt("I”(O)))‘ da (3.206)
/ / Xu— Xv (u—v) - V),B(dISti( I)> dz dt

Tc
C

[ ] (-7 )R g ar

Te

which holds true for almost every T € [0, Tstrong)-
The asserted relative entropy inequality now follows from a combination of the bounds
(3.198), (3.204) as well as (3.206). This concludes the proof. O

Remark 3.35. Let us comment on the minor changes that occur in the proof of Proposi-
tion 3.10 when allowing for a bulk force p(x)f such as gravity in Definition 3.2 of a varifold
solution (resp. Definition 3.6 of a strong solution), where

€ WE([0, Tyarals H'(RGRY)) N WH([0, Tyari]; WH (R RY)).

In this case, the right hand side of the equation for the momentum balance (3.2a) for the
varifold solution (xu,u, V') has to be amended by the term

T
T /O /R ) d dt, (3.207)

whereas the right hand side of (3.7a) for the strong solution (xy,v) in addition includes

T
+/0 /Rd p(xw) f - n dz dt. (3.208)

Moreover, the energy dissipation inequality (3.2c) of the varifold solution (xy,u, V') now also
features on the right hand side the term

T
+/0 /Rd p(xu)f - u dz dt. (3.209)

Hence, as a consequence of including a bulk force it is clear that an additional term
RH Syuikporce has to appear in the inequality (3.187), and therefore also in the relative entropy
wequality of Proposition 3.10. We derive the term RH Syykrorce by a quick review of the
changes to be made for the argument from (3.181) to (3.186) which are the basis for (3.187).
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First, the identity (3.182) was obtained from (3.181) (which itself remains unchanged)
by subtracting the equation for the momentum balance of the strong solution. Due to the
additional term (3.208), this means that we pick up in (3.183) after essentially testing with
n=u—v—w an extra term of the form

T
_/ / p(Xv)f . (u —v — w) dx dt. (3210)
0 Rd

Second, we note that (3.184) remains unchanged under the inclusion of bulk forces, whereas
(3.185) now includes on the right hand side the term (3.209) as it is merely a reminder of the
energy dissipation inequality for the varifold solution. Third, since (3.186) arose essentially
from testing (3.2a) with n = v + w and multiplying the resulting identity by —1, we pick up
in (3.186) due to (3.207) the additional term

T
_/ / p()f - (v +w) de dt. (3.211)
0 Rd

Finally, as (3.187) was obtained by summing (3.183), (3.184), (3.185) and (3.186), it thus
follows from (3.209), (3.210) and (3.211) that

T
RHSyuikForce :/0 /Rd(ﬂ(Xu)_P(Xv))(U_U_w) - f dx dt. (3.212)

Since the whole argument after the derivation of (3.187) is unaffected from the inclusion
of bulk forces, we deduce that the only additional term appearing in the relative entropy
inequality from Proposition 3.10 is given by (3.212). Because of the simple computation
() —p(x0) = (07 —p") (xu—Xo) and | € L®(RIX[0, Tutrong); RY) it follows from an appli-
cation of Lemma 3.20 and an absorption argument that the weak-strong uniqueness principle
as well as the stability estimate of Theorem 3.1 are still valid.

3.7 Appendix

We begin with a remark on the higher order compatibility conditions (3.6b)—(3.8¢c) for the
initial data in Definition 3.6 of a strong solution.

Remark 3.36. The conditions (3.6b)—(3.8b) are standard in the literature on strong solutions
for the two-phase Navier-Stokes problem with surface tension, see, for example, the works
[125] and [127]. Denoting by v*: Usclo,Tuirons] QEx{t} — RY the velocity fields of the two
respective fluids, then (3.6b)—(3.8b) are necessary to have continuity up to the initial time
and up to the interface for the velocity fields v and their spatial gradients Vo*.

The condition in (3.8¢) is necessary for O™ being continuous up to the initial time and
the interface. Indeed, writing vF(z,t) := v=(Vlx,t) by making use of the diffeomorphisms
from Definition 3.5 we compute

0105 =0 = BvT |i—0 + (8, V| i—0 - V)vF |10

since U0 = 1d. Moreover, we have [[v=(t)]] = 0 on I,(0) for allt € [0, Tstrong], and therefore in
particular [[0,07F |i=o]] = 0. Hence, it follows from Remark 3.9 and the fact that the tangential
derivatives of vt naturally coincide on the interface that (3.8c) has to hold. One then verifies
similarly that the conditions (3.8d)—(3.8¢) are necessary for 0;Vv™ being continuous up to
the initial time and the interface.

One may also allow here for sufficiently reqular, density-dependent bulk forces like gravity.
The only difference concerns the compatibility conditions (3.8¢)—(3.8¢) for which one has to
include p(xo)f(+,0) in the obvious way.

132



3.7. Appendix

We proceed with a remark on the existence of strong solutions in the precise functional
framework of Definition 3.6 based on the assumption of the higher order regularity and
compatibility conditions for the initial data (3.6a)—(3.8¢).

Remark 3.37. We start by making precise what one can infer from the existing literature
about the existence of strong solutions to the two-phase Navier-Stokes problem with surface
tension. Note that all what is said until (3.216) also holds true if one considers gravity, see
for instance the works of Priss and Simonett [125], [127] and [128, p. 581]. The remaining
claims hold true after a suitable adaptation of the higher order compatibility conditions for
the initial data, see the end of Remark 3.56.

It follows from [89, Theorem 2]—up to the technicality that the authors consider the
problem in a bounded domain and not the full space R?, in which case one may also consult
[126]—that under the assumptions on the initial data in Definition 3.6 there exists a uniformly
continuous, bounded velocity field v € C(R¥x[0, Tstrongl; RY) which is of Sobolev regularity at
least (where ¢ > d + 2 is arbitrary):

v € LY([0, Tstrongl; WHI(RE\ I, (t); RY)) N HY ([0, Tstrongl; LI(RE RY)). (3.213)
This regularity directly implies by interpolation

sup  sup Vo] < oo. (3.214)
tE[O,Tst'rong] Rd\I’U (t)

Furthermore, it entails the existence of a pressure field p with Vp € L([0, Tstrong); Li(RY)),
as well as a family of smoothly evolving sets (Qj)te[O,Tsm«ong] with smoothly evolving surfaces
(Lu(1))t€[0,Tutrong) With indicator function x in the sense of Definition 3.5. More precisely, the
diffeomorphisms in Definition 3.5 inherit the reqularity of the height function h constructed
in [89, Theorem 2| and are thus, for the time being, short of one degree of spatial reqularity
to what is called for in Definition 3.5.

Moreover, it is proved in [S9] that in the time interval (0, Tstrong) the interface is actually
real analytic and that the velocity field v and the pressure p are real analytic as well; at
least for positive times and away from the interface. Hence, the triple (v, p, x) is for positive
times a classical solution to the free boundary problem for the incompressible Navier—Stokes
equation for two fluids (1.1a)-(1.1c). Since (3.213) also entails that

v € HY([0, Tstrong]; L*(R%GRY)) N L®([0, Tstrong); H (R RY)), (3.215)
Vo € L'([0, Tstrong]; BV (R RP*)), (3.216)

it remains to establish the estimate (3.7c) for spatial derivatives of order k € {2,3}, for the
time derivative Opv, and the mized derivative 0;Vv, as well as that the diffeomorphisms from
Definition 3.5 have one additional order of spatial reqularity. For this, one relies on the higher
order reqularity and compatibility conditions for the initial data as given in Definition 3.6.
Let us sketch how this works.

The argument uses the transformed formulation of the problem, see [89, (2.2)], stating it
on a fized domain R\ ¥ with a real analytic reference interface . At least for short times,
the evolving interface I,(t) is then described by means of the graph of a height function h
over this reference surface Y. Moreover, the evolving domains occupied by the two fluids are
described by means of the associated Hanzawa transform (see [89, p. 740] for the definition
of the diffeomorphisms ©y,). Defining the transformed velocity field v := v o ©p, and the
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transformed pressure p := p o O one obtains a quasilinear problem for (v,p, h) of the type

pOst — pAT + Vp = Fy(h, V¥ h, 8;h, Vv, V0, Vi) in R\ %,
V-9 = Fy(h, V**h, V) in R\ %,
—[[(VT4+VaTl) — pld||ny = F3(h, V'*h, VD) on ¥, (3.217)
(0]l =0 on X,
Oth —nx - v = Fy(h, V*h, 0) on 3,

where we abbreviated with V' the surface gradient on ¥. It is crucial that the non-linearities
on the Tight hand side are at least quadratic, and that each term which is of the same order as
the principal linear part on the left hand side comes with a factor of h or its derivative. Let
us denote in the following by vF resp. p* the transformed velocity fields resp. the transformed
pressures of the two fluids in their respective domains Qf

All regularity properties stated before hold naturally for the transformed data (v,p,h).
Moreover, regularity up to the interface is established in [128, Section 9.4] in the sense that
we have for the respective one-sided traces

7% € C%(2 x (0, Tstrongl; RY), (3.218)
((Id—nx @ nx) V)5t € C°( x (0, Tstrong); RTY), (3.219)
€ C%(2 % (0, Tstrong))- (3.220)

Let us only focus on how to establish the estimate (3.7¢) in the vicinity of the inter-
face; in the bulk one may proceed more directly without having to distinguish between tan-
gential and normal directions. The first step then consists of taking the derivative with
respect to a tangential vector field tx, in the transformed problem (3.217); this shows that
the tangential derivatives (tx, - V)v, (tx - V)p and (ts - V)h satisfy a system analogous
to (3.217). Recalling that we have assumed the higher regularity conditions (3.8a), we con-
clude that the theory of [89] applies to the tangential derivatives, yielding the regularity
(ts - V)o € LU0, Tstrong); WH4(RI\ L, (t); RY)) N H([0, Tstrongl; LI(RY RY)). Since this holds

for all tangential vector fields ty, we conclude that

sup sup |V((Id—ny @ ng) V)5~ (z,t)| < oo. (3.221)
te[oyTstrong] IEQ;‘L: (t)

By transforming back to the original variables, we deduce a corresponding estimate for the
term V((Id—nz, ® n;,)V)vE. Differentiating the constraint V - vt = 0 in the bulk and
using Schwarz’s theorem to change the order of differentiation (which is admissible by the
smoothness of the velocity in the bulk), one infers that actually all components of the second
derivative V2vT except for the normal-normal second derivative of the tangential velocity sat-
isfy an analogous bound to (3.221). To establish the reqularity for the last missing component,
the idea is to extract from the Laplacian the normal-normal second derivative and to use the
equation for vE. For this, however, we first need to establish reqularity for the time derivative
oyvt.
This is basically done by differentiating the transformed problem (3.217) in time, from
which one derives an analogous problem for the time derivative time derivatives 0;v, O0p, and
Oih of the transformed velocity v, pressure p, and height h. Arquing as before and using the
compatibility conditions (3.8¢)—(3.8d), we infer that

sup sup |00~ (z,1)| < oo (3.222)
te[&T@trong} IEEQ% (t)
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and thus that also Oyv satisfies a corresponding estimate, since we already know that Oih is
continuous up to the initial time t = 0. From this one may then infer that (3.7¢) holds true
for k =2 by using the equation for v as already explained before.

Up until now, we only know that h € C([0, Tstrongl; C*(X)) N CL([0, Tstrong); C* (X)) such
that SUP(z »esix(0Tutrons] |V V(@ 1)| + |0: V™ h(2,1)| < co. However, taking tangen-
tial derivatives of the equation for h in the transformed problem (3.217) together with the
one order higher regularity for the wvelocity field shows that h € C([0, Tstrong); C3(X)) N
CY([0, Tstrong); C*(X)) with a corresponding bound for the highest derivatives. In particular,
the diffeomorphisms Oy share the same properties from which we conclude that the diffeo-
morphisms from Definition 3.5 satisfy the required reqularity and bounds.

Finally, one may follow the above argument to verify that (3.7¢c) also holds true for k = 3
and the mized derivative O;Vv. To this end, one relies on the higher regularity condition
(3.8a) as well as the higher compatibility conditions (3.8d)—(3.8¢). First, one differentiates
the equation for the tangential derivatives of v¥ another time in the tangential direction
to obtain boundedness of the gradient of the tangential-tangential second derivatives of the
velocity fields v™. Differentiating the constraint ¥V -v* = 0 in the bulk twice, using Schwarz’s
theorem to change the order of differentiation, and differentiating in time the equation for Vv
(leading again to a similar system) yields the bound for 0,V v* and all third spatial derivatives
of vt except for the normal-normal-normal third derivative.

For this, one differentiates in the bulk the equation for v in normal direction concluding
that the missing third derivative can be expressed by terms which are already controlled. This
concludes the remark on the existence of strong solutions in the precise functional framework
of Definition 3.6.

We rely several times in this work on the following standard result for singular integral
operators of convolution type.

Theorem 3.38 (Boundedness of singular integral operators of convolution type in LP). Let
d>2,pc(1,00), and let K : S*™1 — R be a function of class C' with vanishing average.
Let f € LP(RY) and define

where the integral is understood in the Cauchy principal value sense. Then there exists a
constant C' > 0 depending only on d, p, and K such that

IKf N ze®ay < Cllfll Lo (ray-

We also state a non-trivial result from geometric measure theory on properties of one-
dimensional sections of Caccioppoli sets.

Theorem 3.39 ([39, Theorem G|). Consider a set G of finite perimeter in R, denote by
G = (Vfl, e ,Va%_l,l/yG) € R? the associated measure theoretic inner unit normal vector
field of the reduced boundary 0*G, and let x¢, be the precise representative of the bounded
variation function xg. Then for Lebesque almost every x € R4 the one-dimensional sections

G, :={y € R: (z,y) € G} satisfy the following properties:

i) Gy is a set of finite perimeter in R, xa(z, ) = x&(x,-) Lebesgue almost everywhere in

Ga,
ii) (0*G)y = 0*Gy,
iii) Vf(x,y) #0 for all y € R such that (x,y) € 0*G, and
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iv) hmy%yar X&(z,y) =1 and limyﬁya X&(x,y) = 0 whenever Vg(x,yo) > 0, and vice versa
if I/E(SC, yo) < 0.

In particular, for every Lebesque measurable set M C R~ there exists a Borel measurable
subset Mg C M such that L~ (M\ Mg) = 0 and the four properties stated above are satisfied
for all y € Mg.

To bound the L*-norm of the interface error heights A% in the case of a two-dimensional
interface, we employ the following optimal Orlicz—Sobolev embedding.

Theorem 3.40 (Optimal Orlicz-Sobolev embedding, [40, Theorem 1|). For every d > 2,
there exists a constant K depending only on d such that the following holds true: Let A :
[0,00) — [0,00) be a convex function with A(0) =0, A(t) — oo fort — oo, and

1 ¢ 1/(d-1)

Define

and

Then for any weakly differentiable function u decaying to 0 at infinity in the sense {|u(x)| >
s} < oo for all s > 0, the following estimate holds true:

IU( )! . )

The application of the optimal Orlicz-Sobolev embedding to our setting is stated and

proved next.

Proposition 3.41. Let T' > 0 and (I(t))ico,r) be a family of smoothly evolving surfaces in
R3 in the sense of Definition 5.5. Consider u € L= ([0, T); BV(I(t))) such that |u| < 1. Let
e: [0,7] — (0,00) be a measurable function. We define

e(t)s  for s <elt),
Ay (s) == g s? fore(t) <s<1,
2s —1 fors>1.

We also set Aoy (D f[ Acry(IVu(t)]) dS + [D*u(t)|[(I(t)). Then the following esti-

mate holds true
/ lu(z,t)[*dS < £<1+1og ! ) (3.224)
1) e(t)
x (e + d;Q(Hu<t>||%mm+A§(t> (Du(t) + [l ez + A% (Du(t)))
for almost every t € [0,T] and a constant C > 0.

136



3.7. Appendix

Proof. Let U C R? be an open and bounded set and consider u € C},(U) such that [[u|zec <
1. For the sake of brevity, let us suppress for the moment the dependence on the variable
t € [0,T). The idea is to apply the optimal Orlicz—Sobolev embedding provided by the
preceding theorem with respect to the convex function A.. Observe first that A, indeed
satisfies all the assumptions. Moreover, since d = 2 we compute

T
c for r <e,

,
s
(H(r))2:/0 mds: 1+log < fore<r <1,
1+logl+ 2L + 2log(2r — 1) forr > 1.

As a consequence, we get

= ey? fory <1,
=ecexp(y? — 1) for 1 <y < l—Hog%7

H(y) =
) > (y?—1-1logd)+1 fory>,/1+logl,
<22 —1-logl)+1 fory>,/1+logl.

This in turn entails

= 252 for s <1,

B(s) = A(H (s)) = { = e?exp(2s* —2) for1<s<y/1+logl, (3.225)

232—10g% forsE,/l—i—log%.

We then deduce from Theorem 3.40, d = 2, ||lu[[r~ < 1, the bound exp(s?) > 1s* for all
2
s> 0 as well as the bound s% — logé > 1+f0g% for all s > 4/1+ log%

/U u(z)|* de

- /Um{|u|SK\/m} |

u(z)[* dz

+/ lu(z)|* dz
Uﬂ{K«/Ae(Du)§|u\§K\/Ae(Du)1/1+logé}

+/ w(z)|* dz
Un{mwm@}' )

2 2
SKU%(?“)/ o2 |2U(3?)| de
e vr{ju<ky/ADw} K2A(Du)
2 4
+ K4Ae(12)u) / 62 LU(;L‘” dZU
e Un{ K /A (D)< ul<K\/Ac(Du)/1+10g L}  K1AZ(Du)
1 u(z)|!
+ K?(1+41og =) A. Du/ dx
( ° €> (D) Un{ju>K/Ac(Du)/1+1log £} K?(1+log ¢) Ac(Du)

<01+ 108 ) (43D + A2(Du)).

which is precisely what is claimed. Note that since u is continuously differentiable, the
singular part in the definition of A.(Du) vanishes.

In a next step, we want to extend to smooth functions u on the manifold I(t). By
assumption, we may cover I(t) with a finite family of open sets of the form U(z;) := I(t) N
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By, (x;), z; € I(t), such that U(x;) can be represented as the graph of a function g: B;(0) C
R? — R with |[Vg| < 1 and |[V2g| < 77!, We fix a partition of unity {¢;}; subordinate to
this finite cover of I(t). Note that |[V;| < Cr; L. Note also that the cardinality of the open
cover is uniformly bounded in ¢. Hence, we proceed with deriving the desired bound only for
one uy, where ¢ = ¢; is supported in U = U(z;). Abbreviating & = uo g and ¢ = p o g, we
obtain from the previous step

/ gl dS = / (ug)(g(@) VI T V@) da
U B1(0)
< VB0 (14105 ) (5 AX(D(D)) + A2(D(9) ).

Using the bounds A.(t+1) < CAc(t) + CA(f) and A (At) < O(X+ A?)A.(t), which hold for
all A > 0 and all £, > 0, as well as the product and chain rule we compute

A(D(ag)) < Or;2 / A(lul(g@) de+C [ A(Vul(g(x))) dar.
B1(0) B1(0)
By definition of A, we can further estimate
/ A (Jul(g(x))) dx < C* + / ul?(g(x)) da.
B1(0) B1(0)

Changing back to the local coordinates on the manifold I(t) we deduce
1
/ wtas < & (1+1og 7) (3.226)
U c €

(e+ 3 (llS ) +A2 (D)) + ull ey + AZ(Du) ).

This yields the claim in the case of a smooth function u: I(t) — R.

In a last step, we extend this estimate by mollification to u € BV(I(t)) with ||u||ze < 1.
To this end, let 6: RT — [0, 1] be a smooth cutoff with 6(s) = 1 for s € [0, 1] and 6(s) = 0
for s > % We then define for each n € N

f](t) O(n|z — z|)u(z,t) dS(Z)

f[(t) O(n|z — z|) dS(2)
Since the analogous bound to (3.77) holds true, we infer |lu,|z < 1 as well as ||u, —
ul| ri(1(t)) — 0 asn — oco. In particular, we have pointwise almost everywhere convergence at
least for a subsequence. This in turn implies by Lebesgue’s dominated convergence theorem

that |[un — ullpa(r)) — 0 as n — oo at least for a subsequence. Moreover, the exact same
computation Wthh led to (3.76) shows

i 0017 = ) (e (V0,1 + Aty (0 u(2, 1)) AS(2)
Auy V(1)) < €0 o G0 = 2] 350
f P00k — o LD
fI O(n|z — x|) dS(2)

Integrating this bound over the manifold and then using Fubini shows that

Up(x,t) :=

+C

Ay (Dun(t)) < Cr7? Aey (Du(t))

holds true uniformly over all n € N. By applying the bound (3.226) from the second step,
we may conclude the proof. O
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In the case where the interface I, is a curve in R?, a much more elementary argument
yields the following bound.

Lemma 3.42. Let T' > 0 and let (1(t))icpo,r) be a family of smoothly evolving curves in R?
in the sense of Definition 3.5. Let w € L*>([0,T];BV(1(t))) such that |u| < 1. Consider the
convex function

2 <
Gls) i {s Clsl=

We also define |Du(t)|q := fI(t) G(|Vu(z,t)])dS + |D*u(t)|(T"). Then,

C(1+H'(I(t))?
1

C

/I o ju(z, t)]* dS < (1Du(t)[& + [Du®)|E + ull12(1y) (3.227)

holds true for almost every t € [0,T] with some universal constant C > 0.

Proof. Fix t > 0. First, observe that I(t) essentially consists of a finite number of noninter-
secting curves. By approximation, we may assume u(t) € WH(I(t)).

Let 1; be a partition of unity on I(t) with |V, (z)| < Cr_ ! such that the support of
each 7; is isometrically equivalent to a bounded interval (note that the Definition 3.5 implies
a lower bound of cr. for the length of any connected component of I(¢)) and such that at
any point x € I(t) there are at most two i with n;(z) > 0.

Treating by abuse of notation the function n;u as if defined on a real interval I = (a,b),
we then write

neu) = [ m ) + o) dy
= /j i (y)uly) dy + /ax 1i(y) (max { min{u'(y), 1}, =1}) dy
# [ () - 1), - () - (D) )y
Hence, we may estimate using Jensen’s inequality
o
o) < 1 2( [ ) oo ma {min( V", 1), -1} )
+/I(t) o (V4] — 1), dS—I—Crc_l/I (| S

(t)Nsupp n;

for any x € I(t). Taking the fourth power, integrating over x, and summing over i, we deduce
2
[ u@itas < cirop( [ max {min{vnl, 1. -1)dy)
1(¢) 1(t)

Tl ( / (7 - 1>+ds)4

2
" Crc4|f<t>|3( / \u|2dy) .
1)

From this we infer the desired estimate by approximation. ]
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CHAPTER

Weak-strong uniqueness for planar
multiphase mean curvature flow

Abstract. We prove that in the absence of topological changes, the notion of
BV solutions to planar multiphase mean curvature flow does not allow for a
mechanism for (unphysical) non-uniqueness. Our approach is based on the local
structure of the energy landscape near a classical evolution by mean curvature.
Mean curvature flow being the gradient flow of the surface energy functional,
we develop a gradient-flow analogue of the notion of calibrations. Just like the
existence of a calibration guarantees that one has reached a global minimum in
the energy landscape, the existence of a “gradient flow calibration” ensures that
the route of steepest descent in the energy landscape is unique and stable.

4.1 Main results & definitions

In the following, we present our weak-strong uniqueness principle for BV solutions of mul-
tiphase mean curvature flow in the plane. In addition, we provide a quantitative stability
estimate, i.e., as long as a strong solution exists, any solution to the BV formulation of
multiphase mean curvature flow with slightly perturbed initial data remains close to it. Our
results are valid under minimal assumptions on the surface tensions, see Definition 4.8.

Theorem 4.1 (Weak-strong uniqueness and quantitative stability). Let d = 2 and P € N,
P > 2. Let x = (x1,-..,xp) be a BV solution of multiphase mean curvature flow in the
sense of Definition 4.11 on some time interval [0, Tpy). Let x = (X1,...,Xp) be a strong
solution of multiphase mean curvature flow on R in the sense of Definition 4.1/ on some
time interval [0, Tyrong) With Tsrong < TRV .

Then, the BV solution x must coincide with the strong solution x for almost all 0 < t <
Tstrong, provided that it starts from the same initial data.

Furthermore, the evolution by multiphase mean curvature is stable with respect to pertur-
bations in the initial data in the sense that for every T' € (0, Tyrong) the stability estimates

E[x[€](t) < e“"E[x|£](0)
Evolume[X]X](t) < e (Evolume [x|x1(0) + E[X‘f](o))
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hold true for almost every t € [0,T], where the constant C > 0 only depends on x and T
through certain higher derivatives of functions associated to x. The interface error functional
E[x|€] is defined in (4.2), with & ; denoting the gradient flow calibration for the classical
solution X as constructed in Proposition 4.0, and the bulk error functional Eyome[X|X] s

defined in (4.5).

Proof. This is an immediate consequence of the conditional weak-strong uniqueness principle
of Proposition 4.5, and the existence results of Proposition 4.6 and Lemma 4.7 realizing the
assumptions of Proposition 4.5 in the planar setting. O

4.1.1 Calibrations and inclusion principle

The key ingredient for our uniqueness result prior to topology changes is the following gra-
dient flow analogue of the notion of calibrations for minimal partitions. Our main result,
Theorem 4.1, is then an immediate consequence of two implications: First, the existence of a
gradient flow calibration guarantees uniqueness of the BV solution (see Proposition 4.3 and
Proposition 4.5) in arbitrary ambient dimension d > 2; second, classical solutions to planar
multiphase mean curvature flow are calibrated in the sense that a gradient flow calibration
exists (see Proposition 4.6 and Lemma 4.7).

Definition 4.2 (Calibrations for the gradient flow and calibrated flows). Let d > 2, P > 2
be integers and let o € RP*P be an admissible matriz of surface tensions in the sense of
Definition 4.8. Let T > 0, and for alli € {1,..., P} let Q; = Useo, Qi(t)x{t} such that
for all t € [0,T) the family (Q(t),...,Qp(t)) is a partition of finite surface energy of R?
in the sense of Definition 4.10. For each i,j € {1,...,P} with i # j and all t € [0,T], let

I; j(t) := 0*Qi(t) N 0*Q;(t) be the interface between the phases i and j at time t.

A pair (§ = (&i)iequ,...,py, B) consisting of vector fields
& € CH([0, TT; Cop (RG RY)) N CO([0, TT; CLy (RGRY)), i€ {1,..., P},
B e C°([0,T]; CL (RGRY))
is called a calibration for the gradient flow for the calibrated flow (Q1,...,Qp) on [0,T] if
the following conditions are satisfied:

e [or each pair of phases i,j € {1,...,P} and all t € [0,T], the vector field
1

Tij

(1) = —(& — &) () (4.1a)

coincides on I; j(t) with the associated unit normal vector field 1, j(-,t) (with the con-
vention that 1; ;(-,t) points from phase i into phase j), and it satisfies an estimate of
the form

1&.(2,1)] <1 — cmin{dist?(z, I; ;(t)), 1} (4.1b)
for some c € (0,1) and all (z,t) € R x [0,T].

e The evolution of the vector fields &; j is approzimately transported by the velocity field
B in the sense

‘8t§i,j + (B . V)&'J + (VB)Tgi,j‘(l‘,t) < C(dist(l’,fijj(t)) VAN 1) (4.10)
and
1041417 + (B - V)|&i 57| (x, 1) < C(dist*(x, I (1)) A1) (4.1d)

for some C > 0 and all (z,t) € RY x [0, T].
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e For eacht € [0,T], the normal component of the velocity field B(-,t) near the interface
I; ;(t) is approzimately given by the mean curvature of I; ;(t) in the sense that

&g - B+ V- & j|(x,t) < C(dist(z, L (1) A1) (4.1e)
for some C >0 and all (z,t) € R x [0, 7).

Note that, at least heuristically, such a calibrated flow is a solution to mean curvature
flow as on [; j the normal velocity i; ; - B coincides with the mean curvature due to (4.1e).

The next proposition states that for general d > 2 the existence of a gradient flow cal-
ibration for a given time-evolving partition of R? into P domains (Qi,...,Qp) constrains
the possible locations of the interfaces in weak (BV) solutions to mean curvature flow to the
corresponding interfaces of the partition (€, ...,Qp). This assertion may be seen as a multi-
phase analogue of the varifold comparison principle by Ilmanen [82, Theorem 10.7|, which for
two-phase mean curvature flow provides a corresponding inclusion given any Brakke solution
and a level set solution. Note that such an inclusion does not yet yield uniqueness of BV
solutions, as it does not exclude the sudden vanishing of all phases except one.

Proposition 4.3 (Quantitative inclusion principle). Let d > 2 and P > 2 be integers and
let 0 € RPXP be an admissible matriz of surface tensions, see Definition 4.8. Let T > 0, and
let (Q,...,Qp) be a calibrated flow on [0,T)] in the sense of Definition 4.2.

Then the interfaces I; j(t) := 0*{x:(t) = 1}N0*{x;(t) = 1} of any BV solution (x1,...,xp)
to mean curvature flow on [0,T] in the sense of Definition 4.11 with the same initial data
as the calibrated flow must be contained in the corresponding interfaces I; ;(t) :== 0*Q;(t) N
9*Q;(t) for a.e. 0 <t < T, i.e., it holds I; j(t) C I; j(t) for all i,j with i # j up to HI™!
null sets.

Furthermore, the existence of a gradient flow calibration also implies a stability estimate:
Introducing the interface error functional

Elx|€)(t Z aw/ 1—& () (-, ) AR, (4.2)

i,j=1,i#] Lii®

there exists a constant C > 0 depending on the calibrated flow such that we have the stability
estimate

Ex[€)(t) < e“" Elx[€)(0) (4.3)
for general BV solutions x = (x1,...xp) and almost every t € [0,T].

As already discussed, the interface error control provided by the functional (4.2) suffers
from a lack of coercivity concerning the vanishing of interface length in a BV solution. For
this reason, we also have to consider a lower-order term FEyolume[X|X], see (4.5) below, which
controls bulk deviations from the grains of the strong solution €. The main input for the
bulk error functional is captured in the following notion of transported weights.

Definition 4.4 (Transported weights). Letd > 2, P > 2 be integers and denote by T € (0, 00)
a finite time horizon. For all i € {1,..., P} let Q; := Usepo, Qi(t)x{t} such that for all
t € [0,T) the family (Q(t),...,Qp(t)) is a partition of finite surface energy of R in the
sense of Definition /.10. Denote by X = (X1,--.,Xp) the associated family of indicator
functions for Q@ = (Qq,...,Qp). Assume that for all i € {1,..., P} the measure Oyx; is
absolutely continuous with respect to the measure |Vx;|, and that the boundary 0Q;(-,t) is
Lipschitz at all times t € [0,T]. Let finally B € C°([0,T]; C& (R4 RY)).
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In this setting, a family of measurable maps
¥;: REx [0,T] — [-1,1], ie{l,...,P},

is called a family of transported weights with respect to (€2, B) on [0,T] if the following
conditions are satisfied:

e (Regularity) For all phases i € {1,..., P} it holds

¥ € WHL(R? x [0, T]) N WH2(R? x [0, 7).

o (Coercivity) For all phases i € {1,...,P} and all t € [0,T], we have ¥;(-,t) < 0 in the
essential interior of ;(t), ¥;(-,t) > 0 in the essential exterior of Q;(t), and 9;(-,t) = 0
on 0Q;(t).

e (Advection equation) The weights are transported by the vector field B in the sense that
holds true in R? x [0,T] for all phases i € {1,..., P}.

The merit of the previous definition is that it allows to sharpen the quantitative inclusion
principle of Proposition 4.3 to a conditional weak-strong uniqueness principle (with an asso-
ciated conditional stability estimate) for BV solutions of multiphase mean curvature flow; see
Proposition 4.5 below for the precise statement. The result is conditional in the sense that
in addition to the existence of a gradient flow calibration (see Definition 4.2), the existence
of a family of transported weights (see Definition 4.4) is assumed. However, the crucial point
is that it already holds in arbitrary ambient dimension d > 2.

Proposition 4.5 (Conditional weak-strong uniqueness and quantitative stability). Letd > 2,
P > 2 be integers and o € RE*F be an admissible matriz of surface tensions in the sense of
Definition 4.8. Let x = (x1,--.,xp) be a BV solution of multiphase mean curvature flow in
the sense of Definition 4.11 on [0,T]. Let moreover 2 = (1, ...,Qp) be as in Definition /.4
on [0,T]. The associated family of indicator functions is denoted by X = (X1,--.,XP)-
Assume also that there exists a gradient flow calibration ((&i)ieqi,...py, B) with respect
to Q on [0,T] in the sense of Definition 4.2, and that there exists a family of transported
weights (V;)ieq1,..., py with respect to (2, B) on [0,T) in the sense of Definition 4.4. Recall the
definition (4.2) of the interface error functional, and define a bulk error functional by

P
Buonmex0(0) = Y [ .0l O]de, € 0.7) (4.5)
=1 /R

Then it holds
x(-,0) = ¥(-,0) a.e. in R = x(-,t) = X(-,t) a.e. in R? for a.e. t € [0,T).

Moreover, the interface error functional E[x|&] from (4.2) and the bulk error functional
EvotumelX|X] from (4.5) satisfy quantitative stability estimates of the form

Elx[€](t) < e“*Ex[€](0) (4.6)
Evolume [Xb_d (t) < eCt (Evolume [X|>Z](O) + E[X|§](O))

for almost every t € [0,T].
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4.1.2 Gradient flow calibrations for regular networks

In view of Proposition 4.5 above, the question of weak-strong uniqueness for BV solutions
of multiphase mean curvature flow is reduced to the task of constructing a gradient flow
calibration and a family of transported weights. As it turns out, in the planar case the
existence of a classical solution to mean curvature flow — in the sense of a smooth evolution
of curves meeting at triple junctions with the correct contact angle, see Definition 4.14 —
entails the existence of a calibration for the gradient flow:

Proposition 4.6. Let d =2 and P € N, P > 2. Let (Q1,...,Qp) be a strong solution to
multiphase mean curvature flow on [0,T] in the sense of Definition 4.14. Then there exists
an associated gradient flow calibration on [0,T] in the sense of Definition 4.2.

In the same setting as above, one can in addition establish the existence of a family of
transported weights.

Lemma 4.7. Let d = 2 and P € N, P > 2. Let (Q1,...,Qp) be a strong solution to
multiphase mean curvature flow on [0,T] in the sense of Definition 4.14. Let B denote the
velocity field from Proposition 4.6. Then there exists a family of transported weights on [0, T
with respect to (Q, B) in the sense of Definition 4./.

4.1.3 Basic definitions

In the following, we recall the precise definitions of the solution concepts for multiphase
mean curvature flow which our main results are concerned with. We begin with the notion
of admissible surface tensions.

Definition 4.8 (Admissible matrix of surface tensions). Let P > 2 be an integer and o =
(0i)ij=1,.,P € RP*P " The matriz o is called an admissible matrix of surface tensions if the
following conditions are satisfied:

i) (Symmetry) It holds that o, ; = 0j; and o;; =0 for every i,j € {1,...,P}.
ii) (Positivity) We have owin := min{o; ;: 1,57 € {1,..., P}, i # j} > 0.

iii) (Coercivity) The matriz of surface tensions o is non-degenerately ¢%-embeddable into
RP=1 j.e., there exists a non-degenerate (P — 1)-simplez (q1, ..., qp) in RE™1 such that
, ; ) P q q
oij = ¢ —qj| for alli,j € {1,..., P}, see Figure 4.1b.

We briefly comment on the previous definition.

Remark 4.9. The above conditions on the matriz of surface tensions are natural, which is
clear for the first two items, while condition i) already appeared in [102] as being necessary
for the existence of calibrations in the static case. It implies another coercivity condition in
the form of the strict triangle inequality

0ij < Oik+ Ok j (4.8)

for all choices of pairwise distinct i,j,k € {1,..., P}.

We call condition iii) of Definition 4.8 and condition (4.8) coercivity properties for the
following reasons: First, the strict triangle inequality (4.8) will ensure that our relative en-
tropy functional provides control on wetting, i.e., the nucleation of a thin layer of a third
phase along the smooth part of an interface between two phases. Second, the embeddability
condition i) will prevent the nucleation of a fourth phase (or clusters of phases) at a triple
Junction.
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a) b)

Ny

n; i dk Ok, q;
Figure 4.1: a) Normals n; j, n;j and ny; satisfying the balance-of-forces condition o; jn; ; +
0k, + 0k ik = 0. b) Sketch of the points ¢;, ¢; and g, of the I2-embedding of o.

It is well known, see [137, Section 3/, that condition i) of Definition 4.8 may be equiv-
alently phrased as follows: The symmetric (P x P)-matriz QQ = (O',zj)i7j:17m7p is strictly
conditionally negative definite in the sense that

P
2-Qz<0 forall z€ RY\ {0} with Z zi = 0. (4.9)
i=1

In a second step, we turn to the notion of partitions with finite interface energy.

Definition 4.10 (Partitions with finite interface energy, cf. [12]). Let d > 2, let P > 2 be
an integer and let o € RE*P be an admissible matriz of surface tensions in the sense of
Definition 4.8. Let (Q,...,Qp) be a partition of R in the sense that fori,j =1,..., P with
i # j we have € C R? and the sets € N Q; and R \ Uf:lQi have L%-measure zero. Let
Xi = xq, denote the characteristic function of the L-measurable set Q; fori=1,...,P.

We call x = (x1,...,xp), or equivalently (Q,...,Qp), a partition of R? with finite
interface energy if the energy

P
1
Elx:= Ui,j/ 5 (Vo] + Vx| = AV (xitx;)l) (4.10)
ij=lizj VR
is finite.

Note that for a partition of R? with finite interface energy, each €; is a set of finite

perimeter. By introducing the interfaces I; ; := 0%Q; N 0*Q); as the intersection of the
respective reduced boundaries, the energy of a partition x can be rewritten in the equivalent
form

P
Eil= Y am/] 1dHI L (4.11)
0]

ij=1,i%j
We next recall the notion of BV solutions to multiphase mean curvature flow, cf. [98, 99].

Definition 4.11 (BV solutions for multiphase mean curvature flow). Let d > 2 and P > 2
be integers. Let o € RP*P be an admissible matriz of surface tensions in the sense of
Definition 4.8, and let Tgy > 0 be a finite time horizon. Let xo = (Xxo,1,---,Xo,p) be an
initial partition of R with finite interface energy in the sense of Definition 4.10.

A measurable map

X:(Xl,...,Xp)IRdX [O,TBV)—>{O,1}P,

or the corresponding tuple of sets Q% := e my,) u(t)x{th, (1) = {xi(t)=1} for i €
{1,...,P} and t € [0,TBv), is called a BV solution for multiphase mean curvature flow with
initial data xq if the following conditions are satisfied:
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i) (Partition with finite interface energy) For almost every t € [0,Tgv ), x(-,t) is a partition
of R% with finite interface energy in the sense of Definition 4.10 and

P
esssup E[x(-,t)] = esssup Z Jm-/ 1dHY! < o0, (4.12a)
tE[O,TBv) tE[O,TBv) ij=1,i£j ij(t)

where for all t € [0,T] we denote by I; j(t) = 0*Q;(t) N 0*Q;(t) for i # j the interface
between the phases Q;(t) and €;(t).

ii) (Bvolution equation) For all i € {1,..., P}, there exist normal velocities V; € L?(R? x
[0, Tsv), |Vxi| ® L) in the sense that each x; satisfies the evolution equation

[ty de = [ vl 0)da

// Zg0d|VXZ|dt—i-/ / XiOpp da dt (4.12b)

for almost every T € |0, TBV) and all cp = C(RY x [0,Tgy)). Moreover, the (reflec-

cpt
tion) symmetry condition Vi V] \V | shall hold H*™' @ L'-almost everywhere on
Ute[OTBV 2]( ) {t} L # ]

iit) (BV formulation of mean curvature) The normal velocities satisfy the equation

VX@ d—1
Z i / / Gow Bdnitdt

IVX | =

1,j= 1@;&] Li 5 (1)
> b T o e
Ti,j ® —— | : VBdH* " dt (4.12c)
i,j=1,i#j I; 4 (t) ’le’ |VXZ|
for almost every T € [0,Tpy) and all B € C’ggt( x [0, Ty ); RY).

iv) (Energy dissipation inequality) The sharp energy dissipation inequality

Z %/ / VA2 dH 1 dt < Elyo] (4.124)

i,j=1,i#j

holds true for almost every T € [0, Tv).

The same definition can be used to define a BV solution for multiphase mean curvature
flow on [0, Tev] for maps x = (x1,...,xp): R? x [0, Tgy] — {0,1}F.

Next, we give the definition of strong solutions to multiphase mean curvature flow. To
this end, we first define a notion of regular partitions and regular networks of interfaces (cf.
[110, Definitions 2.1, 2.7 and 4.7]).

Definition 4.12 (Regular partitions and networks of interfaces). Let d = 2, let P > 2 be
an integer, and let (Q,...,Qp) be a partition with finite interface energy of open subsets
of R? such that the closure of 0*C); is given by 0S);. Moreover, let Y; = Xq, denote the
characteristic function of the L% measurable set Q;, and let I_@j = 00 N 8Qj denote the
respective interfaces for i # j.

We call X = (X1,...,Xp), or equivalently (Q1,...,Qp), a regular partition of R? and
7=, £ I;; a regular network of interfaces in R? if the following properties are satisfied:
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i) (Regularity) Each interface I_Z-yj is a one-dimensional manifold with boundary of class C°.
The interior of each interface is embedded. Moreover, each interface I; ; is compact and
consists of finitely many connected components.

ii) (Multi-points are triple junctions) Only different interfaces may intersect, and if this is
the case then only at their boundary. Moreover, at each intersection point exactly three
interfaces meet. In other words, all multi-points of the network of interfaces are triple
Junctions.

iii) (Balance-of-forces condition) Let p € R? be a triple junction present in the network.
Assume for notational concreteness that at the triple junction p, the three phases €;, €;
and , meet. Then, the balance-of-forces condition.

04,0, (p) 4+ 05 k1 k(P) + OkiTgi(p) =0 (4.13)

has to be satisfied, see Figure 4.1a. Here, 1; j(x) denotes the unit normal vector of the
interface I; j at x € I; j pointing from phase §; towards phase ;.

iv) (Second- and third-order compatibility) We additionally have the second-order compati-
bility condition

oijH; j(p) + 0jxHjk(p) + oriHri(p) =0 (4.14)

for the scalar mean curvatures H; j := —V"™ .10, ;, which is equivalent to the existence of
a “velocity” vector B(p) € R? with Hy ,,(p) = fym(p)- B(p) for all distinct I, m € {i, j, k}.
For the choice of tangent vectors 7; j = Jflﬁi,j with J := ((1) 51), we furthermore have

the third-order condition

7i,;(p) - (HijB + VH, ;) (p) = Tjx(p) - (Hj kB + VH;y) (p)

= Ti(p) - (HpiB + VHy;) (p). (4.15)

Here, we slightly abuse notation by denoting the tangential derivative of H; ; in direction
Tij by Tij VHZ"J'.

Let o € RP*P be an admissible matriz of surface tensions in the sense of Definition 4.8.
We call X = (X1,...,Xp), or equivalently (Q,...,Qp), a regular partition of R? with finite
interface energy, if X satisfies

P
Elx]:== ) am-/l 1dS < o0 (4.16)
%)

i, j=1,i#]
i addition to the previous requirements.

Interpreting the triple junction as a free boundary of the interfaces, the identities (4.14)
and (4.15) can be viewed as parabolic compatibility conditions: They arise from differentiat-
ing in time the zero-th order condition of p being the common endpoint of I_i’j, I ks and I ki
and the first-order condition (4.13) in time, respectively. Keeping in mind parabolic scaling,
the condition (4.14) is indeed second order, while (4.15) is third order.

We say that a regular partition along with its associated regular network of interfaces
evolves smoothly if no topological changes occur in the sense of the following definition:

Definition 4.13 (Smoothly evolving partitions and smoothly evolving networks of inter-
faces). Let d = 2, let P > 2 be an integer and let xo = ()’((1),...,)’(93) be a reqular par-
tition of R? with a reqular network of interfaces Ty = U#j fi?j in the sense of Defini-
tion 4.12. Let T > 0, and consider i := Uyeo ) () x{t}, i € {1,..., P}, so that for
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Figure 4.2: Sketch of a regular partition of the plane and the corresponding regular network.

all t € [0,T) the family (Q1(t),...,Qp(t)) is a regular partition of R? in the sense of Defi-
nition 4.12. For each i € {1,..., P} let x;: R?x[0,T] — R? be the characteristic function
of Qi, and for each pair i # j with i,5 € {1,..., P} and all t € [0,T] define the interfaces
I@j(t) = an(t) N 8Qj(t). - B

We say that x = (X1,---,XP), or equivalently (Q1,...,Qp), is a smoothly evolving regular
partition of R2x[0,7] and T := Uijeqt,...pris I; ; is a smoothly evolving regular network of
interfaces in R?x [0, T, where I; ; := Usepo,m L ;) x{t} for alli,j € {1,..., P} with i # j,
if there exists a time-dependent family of diffeomorphisms

v R2 5 R? te(0,T],
with the following properties:

i) YO =1d, vi(t) = xVo (wt)fl and I; j(t) = wt(fi?j) foralli,j e {l,...,P} withi# j and
all t € [0, 7],

ii) for alli,j € {1,..., P} withi # j, the map
(R fi?jx[ovT] =L, (z,t) = (@), 1)
is a diffeomorphism of class (CYC2 N CgCg)(fi?jx[O, T)).

We have everything in place to proceed with the definition of strong solutions for multi-
phase mean curvature flow.

Definition 4.14 (Strong solution for multiphase mean curvature flow). Let d = 2, P >
2 be an integer, o € RP*P be an admissible matriz of surface tensions in the sense of
Definition 4.8, and let Tyrong > 0 be a finite time horizon. Let Xo = (X{,...,X%) be an
initial reqular partition of R? with finite interface energy in the sense of Definition 4.12.

A measurable map

X = (Xl? cee 7)213): Rd X [OaTstrong) — {07 1}P7
or the corresponding tuple of sets ; = Ute[07Tstrong) Qi(t)x{t}, Qu(t) := {xi(t)=1} fori €
{1,..., P} and t € [0, Tstrong), is called a strong solution for multiphase mean curvature flow

with initial data xo if for all T € [0,Tirong) it is a strong solution for multiphase mean
curvature flow on [0, 7] in the following sense:
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i) (Smoothly evolving reqular partition with finite interface energy) The map X is a smoothly
evolving regular partition of R2x[0,T] and T := Ui,je{l,...,P}J;éj I, ; is a smoothly evolving
regular network of interfaces in R?x[0,T| in the sense of Definition 4.13. In particular,
for every t € [0, T, X(-,t) is a regular partition of R* and Uiz I ;(t) is a reqular network
of interfaces in R? in the sense of Definition 4.12 such that

P

sup E[x(-,t)] = sup Z cri,j/ 1dS < oc. (4.17a)
t€[0,7] tEl0T] 121 i I 4(t)

ii) (Evolution by mean curvature) For i,j = 1,...,P with i # j and (x,t) € IL;; let
Vi j(x,t) denote the normal speed of the interface at the point x € I ;(t), i.e., V; j(z,t) :=
(i 5 (2,1),0) - Opthi i (y, 1) at y = () ~L(x) € I; ;(0), where 1; j and Y are the maps from
Definition 4.13. Denoting by H; j(x,t) the mean curvature vector of I; j(t) at x € I; ;(t),
we then assume that

Vij(z, t)n; j(z,t) = H; j(x,t), forallt€]0,T], x € fi’j(t). (4.17b)

ii) (Initial conditions) We have X;(z,0) = Xo.i(z) for all points x € R? and each phase
ie{l,...,P}.

4.1.4 Relative entropy inequality

The key ingredient for the proof of Proposition 4.3 is the derivation of a Gronwall-type
inequality for the tilt-excess-like error functional (4.2): We aim to derive an estimate of the
form

T
ENEIT) < EXE)0) + C(¢) /0 Blxe](t) (4.18)

for almost all admissible times T" > 0 from which one may infer the desired stability estimate
(4.3) by an application of Gronwall’s lemma. The weak-strong uniqueness principle then
follows by means of the coercivity properties of the relative entropy error functional (4.2) and
a subsequent estimate for Eyolume|X|X], see Proposition 4.5. The following result contains the
first key step in the derivation of the Gronwall-type inequality (4.18); it is valid for general
vector fields & and B with sufficient smoothness (not just for gradient flow calibrations).

Proposition 4.15 (Relative entropy inequality). Let d > 2, P > 2 be integers, and let

o € RPXF be an admissible matriz of surface tensions in the sense of Definition 4.8. Let

X = (x1,---,xp) be a BV solution of multiphase mean curvature flow in the sense of Defini-

tion 4.11 on some time interval [0,T'] with T" > 0. Fori,j =1,..., P with i # j we denote
by

— VXi __Vxi

ni,j - - = )

IVx;l Vx|

H a.e. on I, (4.19)

the (measure-theoretic) unit normal vector of the interface I; j pointing from the i-th to the
j-th phase of the BV solution. Moreover, let

‘/i,j = ‘/; = —‘/}’ Hd_l-a.e. on Il:] (420)

Let (&ij)izjeqn,..,py and (&i)i=1,.. .p be families of compactly supported vector fields such
that

&ig>& € CH([0,T7]; Cop(R:RT)) N CO([0, T']; CL (REG RY))
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as well as 0; ;&5 = & — & for all i # j. Let

B e o, 1;Ct

cpt

(R RY))

be an arbitrary compactly supported vector field. Consistently with (4.2), define the interface
error control

ElxE®) = ) a,,j/ 1—& () ng (-, t) AR (4.21)

i,j=1,i#j 1i;(t)

Then the interface error control is subject to the estimate

[X|§]( )

Py o[ [ Wt Gl Vigmi (-
4,j=1,i#j

< E[X’f]( )+Rdt+Rdissip (422)

for almost every T € [0, T']. Here, we made use of the abbreviations

P T
1
Rapi=— ) O’m/ / *(8t‘fi,j|2+(B'V)’ﬁi’j|2) dHet dt
ijzl i#j Lij(t) 2
Z Uz’]/ / (04 +(B - V)& +(VB) &) - (mi—&iy) dH
i,j=1,i#j Ly ()
Rdissip = Z Uz,]/ / 5 V &,])—i-B fzj‘Q 'Hd 1dt
i,j= 11753 1;,;(t)
Z Uw/ / 2!B &7 (1= 1&i3%) dH™ dt
5= 127&] i)
Z Ti,j / / ;&) (V-&;)(B-&;) dH de
1,j= 11;&] I 5 (t)
+ Z Tij / / (Id—&i, ®fz',j)B) (Vig+V - &gy R de
4,j= 11#] ZJ t)
! Z "”/ / —nij - &,)(V - B)dH T dt
3,7=1 z;éj
Z 0-7’7] / / n’L,j 57,,] (nz,J 51 ]) VB de 1 dt
1,5=1i#]

4.1.5 Structure of the paper

The remaining part of the paper is organized as follows. Section 4.2 illustrates our strategy
at the two most important examples, a smooth interface and a triple junction.

In Section 4.3, we prove the stability of calibrated flows and exploit all properties of our
gradient flow calibrations and the weak solution: In Subsection 4.3.1 we derive the relative
entropy inequality in its full generality of Proposition 4.15; and in Subsection 4.3.2, we prove
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the quantitative inclusion principle, Proposition 4.3. The latter is lifted to the conditional
weak-strong uniqueness principle of Proposition 4.5 in Subsection 4.3.3.

The next three sections of the manuscript are devoted to the construction of our gradient
flow calibrations given a strong solution. First, we provide explicit constructions at a smooth
interface (Section 4.4) and at a triple junction (Section 4.5). These cases do not only serve
as model examples but they also form the building blocks for our general construction in
Section 4.6. Therein, we glue together these local constructions to obtain a gradient flow
calibration for regular networks, which establishes Proposition 4.6.

Section 4.7 finally provides the construction of a family of transported weights given a
strong solution.

4.2 Outline of the strategy

4.2.1 Idea of proof for a smooth interface

Let us give a brief idea of the proof, ignoring technical difficulties in the simplest case of
two phases sharing one single interface with ¢ = 1. In that case, it is sufficient to describe
the weak solution and the calibrated flow by a single phase Q(t) C RY, resp. Q(t) ¢ R? for
t € [0,T], the first being a set of finite perimeter and the second being a simply connected,
smooth set. The relative entropy is then simply given by

E[x[€](t) = / (1—n-€)dni,

8*Q(t)

which has the interpretation of an oriented excess of the weak solution with respect to the
strong one. Here x = x(z,t) denotes the characteristic function of Q = Q(¢) and n = — dd|§>>§\
denotes the (measure theoretic) exterior unit normal of 9*€(t). Furthermore, the vector field
&(+,t) is an extension of the exterior unit normal n(-,¢) of the calibrated, smooth interface
I(t) := 952 necessitated by the fact that we evaluate it on the weak solution.

In order to relate the extension £ to the evolution, we require it to be transported along

an extension B of the velocity field of I in the sense that

& =—(B-V)¢(—(VB)T¢+0(dist(-, 1)), (4.23)

which will help make the second term of Ry small (see Proposition 4.15 for the definition).
The extension for B will be done such that it is constant in the “normal” ¢-direction, meaning
we have (£ - V)B = 0, and such that the motion law ii- B = V = H = —V®% . @i is still
approximately true away from the interface in the sense that

§-B=-V-£+0(dist(-, 1)), (4.24)

helping with the first term of Rgjgsip-

As we also want the functional E[x|¢] to ensure that y cannot be too far away from ¥,
we allow for £ to be short, i.e., we have |£| < 1, and we ask this effect to be transported by
B up to quadratic error

SE2 + (B V)|¢? = O(dist?(-, 1)), (4.25)

keeping the first term of Ry, small.
In the present case of a single interface, the construction of these vector fields is straight-
forward using the signed distance function s = s(z,t) to the smooth interface I: We set

£:=((s)Vs and B :=—(As),
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Figure 4.3: Illustration of the vector field { at a smooth interface I(t). The vector field ¢
extends the unit normal vector field of I(¢) by projection onto I(t) and multiplication with
a cutoff function.

where ( is a suitable cut-off function such that ((8) = 1 — &% close to § = 0. Note that since
|[Vs| = 1, this implies

s2=1-((s)<1—¢(s)n-Vs=1-n-¢ (4.26)

in the region where s is small, so that the relative entropy controls the (truncated) L? distance
of the weak solution and the calibrated flow.

In the following heuristic derivation of the relative entropy inequality (from Proposi-
tion 4.15) in the case of a single interface, we will use the abbreviation fa*n ci= fa*ﬂ(t) SdHd-t
for the integral along a time slice 9*Q(t), t € [0,T], of the weak solution. Recall that V' de-
notes the normal velocity of the weak solution characterized by the distributional equation
Ox =V |Vx|, see (4.12b), so that the sign convention is V' > 0 for expanding €.

The optimal energy dissipation rate (4.12d) and the definition (4.12b) of V' imply

d _ g d . _ 2 _ ) :
G Ellel = 51070 dt/Q(V £)da < /MV /*QV(V £) B*Qatg n.

Testing the distributional mean curvature flow equation (4.12c) with the extended velocity
field B gives

O:/ V(n-B)+/ (Id—n®n): VB.
*Q “Q
Adding these terms to the right-hand side of the previous inequality yields
—E[x|€] < —/ (V24+V(V-¢ -V (nB)) +/ (V-B)—/ n®n: VB
*Q *Q *Q
- 8t£ - 1.
0*Q

We now write B = (£- B)¢ + (Id =€ ® £) B, which we interpret as a decomposition of B

into “normal” and “tangential” parts. Then we complete the squares, and add and subtract
(B-V)&+ (VB)T¢ to make the transport equation for ¢ appear. We obtain

1
+/* (< O+l e b))+ | vaqa—geo B

/ —/amn@n:VB
/ Vet [ ewws

/ 8+ (B-V)¢+ (VB) ,5) n, (4.27)
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where the second line collects precisely the terms left after completing the squares.
By symmetry considerations, we have

o—/v (Bo¢- §®B)]da:—/ V. (Boé—E®B) n

0*Q)

= [ (V-9n-Bn-( V) B (V-Bju-g—n-(B- V)¢,

where for the second line we used (£-V)B = 0. Now we use |£| < 1 to drop the prefactor |¢|?
of (¢ B)? in the second right-hand side integral in inequality (4.27), complete the square,
add the above identity to obtain, and collect all terms involving VB

GENE <=5 [ ((+V-92+va- (€ B)P)
+1/ (V-e+e B+ | (V-00-9-B
/ (1d— £®£)B+/ (1-n-6)(V-B)

0*Q

/ n—¢):VB+ E®REVB

0*Q

- [ (a¢+B-V)e+(VBTE) n
0*Q

Once more, we decompose B into “tangential” and “normal” components with respect to &
and manipulate the last integral to finally arrive at the entropy dissipation inequality

GE <=5 [ (V49924 Va- (€ B

w3 erents [ (vowe-nEn

8*

+/ (V-6+V)n- (d—€©¢) B
0*Q

[ 0B - [ w-9om-9: VB

7]

[ (g Ve TBTE) -9
0*Q
- [ @+ 379 €

Now let us briefly argue term-by-term that the right-hand side can be controlled by
the relative entropy E[x|{], which together with a Gronwall argument and a subsequent
estimate (4.7) of the bulk error would yield Theorem 4.1 for P = 2. Thanks to (4.24), the
first term of the second line is quadratic in dist(-, I) and therefore controlled by the relative
entropy due to (4.26). The second integral of the second line is controlled by the relative
entropy since V - £ and £ - B are uniformly bounded; for the second term one can use (4.26).
To handle the third line, we use Cauchy-Schwarz and Young, and absorb [(V-£+V)? in the
first integral. The remaining integral of |(Id —£®&)n|> = n— (6-n)é]2 < n— €2+ (1 —n-¢)?
is controlled by the relative entropy. Clearly, both terms in the fourth line are controlled by
the relative entropy. Finally, the integrals in the fifth and sixth lines are quadratic due to
(4.23) and the factor n — £, and (4.25), respectively.
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Figure 4.4: Sketch of a triple junction.

4.2.2 Idea of proof for a triple junction

The second model case is given by a triple junction, say, with equal surface tensions. To
illustrate the additional difficulties, we also present the idea of our proof in this case. However,
we restrict ourselves to the case d = 2.

We denote the phases of the weak solution by €21, 29, and €23 with characteristic functions
X1, X2, and x3. To simplify notation, we identify indices if they are equivalent mod 3, i.e.,
we define x4 := X1, X5 := X2, X0 := X3, and so on. Following the notation of Proposition
4.15, we denote the normal vector of the interface I; ;11 = 0*; N 0*Q;11 between phases i
and ¢+ 1 for ¢ = 1,2, 3 in the weak solution by

dVXi+1 _ dVXi

n; 41 := = — ’Hl—a. e.on 0" NO* Viyq.
T AV d[Vxil i

The normal velocity of I; ;11, denoted by V;, is characterized by the distributional identity
Orxi = Vi|Vxi|. Furthermore, we will consider its restriction V; ;11 := Vj|z, ,,, to the interface
I; ;11 together with the symmetry condition V;i1; := —V;;41. As before, the corresponding
quantities in the calibrated solution will be indicated by an additional bar on top of the
quantity, i.e., for example Y; for the indicator function of the corresponding phases, n; ;41 for
the corresponding normal, and so on.

The first key step is to construct extensions &;;41, ¢ = 1,2, 3, of the unit normal vector
field 0; ;11 of the calibrated interfaces fi’i+1. As in the case of a single interface, the extensions

&ii+1 and the velocity field B are constructed to have the following properties:

e The time evolution of the vector fields & ;41 is approximately described by transport
along the flow of the velocity field B. More precisely, for the vector field B we have for
1 =1,2,3 that

N€iiv1 = —(B-V)iiv1 — (VB) & iv1 + O(dist(-, I 1))

e On each interface I;;+1, i = 1,2,3, of the calibrated solution, the normal part of the
velocity field B must satisfy N1 B = ﬁi,i+1 = —Vtan. nj;+1, where Hi,i-l—l is the
scalar mean curvature of I; ;1. We strengthen this identity to approximately hold even
away from the interface, in form of

fi,iJrl -B = —V . fmurl + O(dist(-, ji,iJrl)) fOI“ 1= 1, 2, 3.

e The vector fields &; ;1 have at most unit length |§; ;41| < 1.
e The length of the vector fields ; ;41 is advected with the flow of B to higher order

& ir1|? = —(B - V)& ip1|> + O(dist? (-, L1 141)) for i =1,2,3.
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The new aspect of a triple junction as opposed to a single interface is that one also has
to extend the normal of an interface to locations where a different interface may be closer.
To this end, we turn to Herring’s angle condition (4.13), which in our case of equal surface
tensions says that the three interfaces must meet at the triple junction to form equal angles
of 120° each, and require it to hold throughout the domain in the sense that

3
Zfi,i+1(x, t)=0 for all z,t. (4.28)
i=1

Furthermore, note carefully that we only define a single extension B of the velocity field,
and that B is not necessarily a normal vector field on each interface I_l'72'+12 Indeed, we expect
the triple junction p(t) to move according to %p = B(p(t),t), so that not allowing for tangen-
tial components would pin the triple junction in space. It turns out that in addition to Her-
ring’s angle condition, which we take to be of first order, we require higher-order compatibility
conditions of the interfaces at the triple junction. For instance, in part iv) of Definition 4.12 we
have already seen that the second-order condition Hy 2(p(t),t)+H23(p(t),t)+Hs1(p(t),t) =0
is equivalent to the existence of the vector B(p(t),t).

To construct the extensions &; ;41 of the normal vector fields n; ; 41, ¢ = 1,2,3, we first
partition space into six wedge-shaped sets around the triple junction: Three contain one
strong interface each, while the remaining three wedges lie entirely within a single phase,
see Figure 4.5a. On the mixed phase wedges, we first extend the corresponding normal by
an expansion ansatz, see Figure 4.5b, and then define the remaining vector fields to satisfy
the identity (4.28) by 120° rotations of the ansatz, see Figure 4.5c. On the single phase
wedges, we will interpolate between the competing definitions of the two adjacent mixed
phase wedges.

All rigorous discussions of compatibility will be deferred to Section 4.5, and we will only
describe the initial extension procedure here. Let us fix ¢ = 1,2,3. In fact, it is more
instructive to first extend the velocity field B in the wedge-shaped neighborhood of the
interface I:Z-ﬂurl. To this end, we recall 7; ;41 = Jflﬁi’i_l,_l on fm-ﬂ with J = ((1) *01) from
Definition 4.12 and use the extension ansatz

B = H; 11041 + Qi1 Tiir1 + Biyit18ii+1Tii+15

where 1i; ;41 and 7; ;41 are extended to be constant in the 0i; ;41-direction, s; ;11 is the signed
distance function to I_@Hl with the sign convention Vs;;11 = 0;;41, and o 41 and §; 41
are still to be determined. As %p(t) = B(p(t),t), it is reasonable that a;1(p(t),t) =
Tii+1(p(t),t) - %p(t) should be the tangential velocity of p at the triple junction. It turns
out to be convenient to extend «; ;1 along the interface I; ;41 by means of the ordinary
differential equation (7j ;41 - V)oy i1 = ng 41~ In view of the third-order compatibility
condition 4.15, the choice 5i,i+1(.%',t) = (’7_'2'71'_;,_1 . V)Hz’,i—H + ai,i+1Hi,i+1 for z € fi’i+1(t) is
a good candidate to make B independent of i. To define «; ;1 and 3;;11 away from the
interface, we once again require them to be constant in n; ;41-direction.
It turns out that as the extension & = &; ;41(x,t) of ; ;41 one should take

=1+ ast — 3a%s°n (4.29)

where the functions a = o i4+1(x,t) are as above and we dropped the indices 7,7+ 1 for ease
of notation. Note that in particular & ;11 = 0; ;41 on the interface fi,i“ and that we allow
for linear corrections of the tangential component as we move away from the interface, but
only for quadratic corrections of the normal component of &.
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4.2. Outline of the strategy

a) b)
W; Wi
Wi
Wi X \ Wi,
_ \\\ _
L, S
WJ \\\\ Wk
W] s k j] 7k

Figure 4.5: a) The gray, horizontally hatched domain is Hj j, the region hatched in red from
the bottom left to the top right is Hj ;, and Hy, ; is shown hatched in blue from the top left
to the bottom right. The simply hatched regions indicate the wedges W ;, W; and Wy ;
containing the interfaces I; g I; .k and I;” The interpolation wedges W;, W; and Wy, are
shown as doubly hatched regions. b) Sketch of the initial extensions of fi;; in blue on the
right and 1n;; in red on the left, defined on Wy ; and W;;, as well as the two respective
neighboring interpolation wedges. c¢) The image shows the vector field ny; (in blue on the
right) and the rotated vector field Rn; ; (in red on the left), where R is the clockwise rotation
by 120°.

We then measure the error between the weak solution x and the calibrated solution y by
means of the relative entropy functional

Elx|€)(t Z/ (1 =151 - &iir) dHE
7, 1+1(t

Let us use the abbreviation ), = Z?Zl for the summation over the three relevant indices.
As in the two-phase case, we only use two ingredients to evaluate the time evolution of
the relative entropy: the energy dissipation inequality for the weak solution in the sharp form

dtz/ 1dH! < Z/”H V2 dHY,

1 ,i+1
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4. WEAK-STRONG UNIQUENESS FOR PLANAR MULTIPHASE MEAN CURVATURE FLOW

and the weak formulation of the evolution equation of the indicator functions y;

d

d pde = / Vi dH! + / idhp da
dt R’i *Qi Rd

for compactly supported, smooth . In order to make use of the latter equation, we have to
rewrite the contributions fI_ Ly Dii &iit1(x,t) as a volume integral. It turns out that the

annihilation condition ), & ;41(x,t) = 0 enables us to rewrite & ;41 as

Giit1 = & — &it1 (4.30)

by defining the vector field &; as &; := %(gm-ﬂ —¢&i—1,i). Combining (4.30) with the symmetry

; dVyx; o .
n;it1 = —(ﬁgiﬁz' = déiiii' and the decomposition 0*€); = I;_1; U I; ;41, we rewrite the

second term in the relative entropy as

1
- g / n;it1 &1 dH = g (/
i Y liis i I g1

ZZ/*Qifz"dVXi
—-3 [ w(veg)da

& -dVx; +/ §it1 'deiJrl)
I 441

This indeed enables us to evaluate the time evolution of the relative entropy as

Elx|¢] < Z/ VzZzH dH!
z si41

—2/ Vi(V - &) dH1+Z o, O AV dm’.

Arguing analogously to the previous computation in reverse order—that is, splitting the
integrals into contributions 0*Q; N 0*Q;41 = I; j11, using (4.30) and the definitions of n; ;41
and V; ;41—we obtain

X’f Z/ zz+1 dHl Z/ zH—l v gz 7,+1) dHl
'L'H»l

7, si+1

1
— E / 0¢&ijiv1 - mi i1 dH .
i it

Now we proceed as in the two-phase case in the previous section: The BV formulation of
mean curvature flow in this three-phase setting reads

Z/ W7i+1ni’i+1 . BdHl = — Z/ (Id —1; 41 ® ni,i+1) : VB d%l
i Yl i Yl
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4.3. Stability of calibrated flows

Following precisely the same algebraic manipulations as in the two-phase case we obtain

[x[€]
1
S-3 Z/I ((Vi,iJrl + V&) + [Viiemiis — (&iiv1 - B) §i,i+1|2> dH!
i i+l

+ - Z/ v gzz—l—l""fzz-&—l B) dHl

'L Ji+1

+ Z/ V gl Z+1) (nl i+1 " fl i+1 — 1) (gz i+1 ) dHl

z ,i41

+Z/ (V- €irr + Vigr ) miies - (1d = i1 © & 141) BdH!

z 41

+ Z/ — 141 - &) (V- B) dH!

z si41

- Z/ (41— Eii1) @ (i1 — &iip1) : VBAH!
; 7,2+1

— Z/ <5tfz',¢+1 +(B-V) &1+ (VB)T&',z'H) “(Miir1 — 1) dH
i i1

- Z/ (0iiiv1 + (B V) &ig1) - &g dH
i iit1

With this inequality at our disposal we can conclude as in the two-phase case.

4.3 Stability of calibrated flows

This section is devoted to the proof of the stability properties of calibrated flows. In the
next three subsections, we derive the relative entropy inequality Proposition 4.15 and the
quantitative inclusion principle Proposition 4.3.

4.3.1 Relative entropy inequality: Proof of Proposition 4.15

We start with the proof of the relative entropy inequality for a BV solution x = (x1,...,xP)
of multiphase mean curvature flow in the sense of Definition 4.11. The definition of the
relative entropy functional E[x|¢] can be found in (4.21).

Proof of Proposition 4.15. In order to make use of the evolution equations (4.12b) for the
indicator functions y; of the BV solution, we start by rewriting the interface error control of
our relative entropy. Using o0 ;& ; = & —&; from Definition 4.2 of a gradient flow calibration,
the symmetry relation n; ; = —n;;, the definition (4.19) of the measure theoretic normal as
well as the representation of the energy (4.11), we obtain by an application of the generalized
divergence theorem

Z Um/ — & (5 T) - mig(-, T)dH!

i,5=1,i#]



4. WEAK-STRONG UNIQUENESS FOR PLANAR MULTIPHASE MEAN CURVATURE FLOW

ZE[X(HT)H'Z'Z / &(.’T)-Md?{d—l

_ VX, 7)

=D 22 [ 6T v )
P

= BT = 2Y [ DT 60T de, (4.31)
i=1 /R4

This enables us to compute by the sharp energy dissipation inequality (4.12d), the evolution
equations (4.12b) for the indicator functions x; of the BV solution, and definition (4.20) of
the velocities V; ; for almost every T € [0, T"]

Elx[€[(T)
P
0)]—2;/Rd><0,i(v.gi ,0))dx — Z aw/ / Vi |2 dHAt dt

i,j=1,i#j

—QE/OT/RdXiat(V‘&)dxdt—QZ;/O /Rd‘/%(v‘&)dWXﬂdt-

The first two terms combine to Fipterface[X|X](0) using (4.31) in reverse order. We aim to
rewrite the latter two terms back to surface integrals over the interfaces as well. To this end,
we argue analogously to the computation in (4.31) but now in reverse order. Using first the
generalized divergence theorem, then splitting the integrals over the reduced boundaries of the
phases into contributions over the interfaces I; ; = 0*Q; N 0*(); by means of 0; ;& ; = & — &
from Definition 4.2 of a gradient flow calibration we obtain

_22/ / Xi0(V - &) d:z:dt_ZZ/ /d ;? - 016 | Vx| dt
R z
Vxi d—1
- -0 dHT dt
D R

1= 13 1]751
+Z Z / / VX0 gy A de
j=li= lzyé] Li,(t) |VXJ
Z / / n; - Op(& — &) dHI dt
i,j=1,i#j
Z UZ,]/ / ni,jﬁt&,jd?—[d_ldt.
bhj=1,i#j Lis®)

The term incorporating the normal velocities is treated similarly. In addition to the above
ingredients, i.e., 0; ;&; ; = & —&; from Definition 4.2 of a gradient flow calibration and splitting
the integrals over the reduced boundaries of the phases into contributions over the interfaces
I;; = 0*Q; N 9*Q;, we also use that V;; = —Vj; on I; ; together with definition (4.20) to
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4.3. Stability of calibrated flows

compute
P T P
—22/ / Vi(V - &) d| Vx| dt = Z > // Vi j(V-&)dH dt
=170 JRd i=1 =1 j#i
P
+ZZ// Vi (V&) dni—tat
J=1li=1,i#j
Z am/ / Vi (V- &) dHitde.
1,5=1,i#]

Combining the last two identities, we obtain for almost every T' € [0, 7"
E[x[€)(T)
< E[x|€](0 Z Uw/ / ‘Vw’z A" dt

,j=1,i#j

Z Tij / / n; ;- 0 dH 1t dt

3,j=1 1753 L3 (®)

Z a,,]/ / Vi (V&) dH4  dt,

1,j=1,i7] 1)

For the next step, we use the vector field B as a test function in the BV formulation of mean
curvature flow (4. 12c) Adding the resulting equation to the previous inequality, observing in
the process that V; < IV 5 = —Viynij on I j due to (4.19) and (4.20), as well as decomposing

= (Id_fw ® gz,J)B + (B fz’,j)gi,j, we obtain

Elx|E(T)
< E[x(£](0 Z %/ / Vi |2 dHA~t dt (4.32)
i,5=1,i#j
P
+ Y a,]/ / (B -& )& - Vi dHI L dt
i,j=1,i#j 1;,;(t)
P T
- > o / / Vi (V- &) dHitde
i,j=1,i#£j 0 1i,5(t)
P T
+ > om/ / (Id—&; ® & ;)B - Viymn; j dH dt
i,j=1,i#£j 0 1i5(t)
P T
+ o B)dH4 1t dt
l,J=§1,:l7éJ ’ /O /Il 3(®) Y
P T
-y am/ / n;; @n;;: VBAH dt
i,j=1,i#£j 0 IZJ(t
P T
- > ]/ / n; ;- 0 ; dH dt,
1,j=1,i#] 0
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4. WEAK-STRONG UNIQUENESS FOR PLANAR MULTIPHASE MEAN CURVATURE FLOW

which holds for almost every T' € [0,7”]. In order to obtain the dissipation term on the
left hand side of the relative entropy inequality (4.22), we complete the squares yielding for
almost every T € [0,7"]

Z am/ / V|2 dHA 1t dt

i,j= 1@#]
+ Z U’J/ / B g’t,j f%] V,an] de 1dt

1,Jj= 11#]

Z Ti.j / / Vii(V - &) AR dt (4.33)
L,j= 12#]

1 —
Z UW/ / |Vi,j+v'§z‘,j|2+§!W,jni,j—(3-&,j)&,jIQ) At ae
1,j= 1Z;£J I 5 (t)
! 1 2, 1 2 d—1
+ Z Tisj (*IV-&J\ +51(B - &ij)Eil )d?—l dt.
i,j=1,i#j 0 JIp,() V2 2

Furthermore, on the one hand, adding and subtracting (B - V)& ; + (VB)7¢; ; yields

Z O"Lj/ / de Lae

i,j= 1%#]
Z am/ / ni; ®ng; : VBAHdt
i,5= 1%#]
Z 0-7'7]/ / nZ_] 82551] Hd 1dt
i,j= 11#]
Z a”/ / ) dHAt dt (4.34)
i,j= 11#]
Z Uz,j/ / nzu 5”) (HZJ )Bde 1dt
1,j=1,i#j
P T
" Z Uw/ / ((B-V)&iy) n;; R4 dt
i,j=1,i#j 0 JI;;(t)
P T
o Z O-I"]/v / (8t€luj+( )gl,]—i_(vB) fzg) nzj Hd 1dt
1,j=1,i#j i, ()

for almost every T € [0,7"]. On the other hand, we may exploit symmetry to obtain (relying
again on the by now routine fact that one can switch back and forth between certain volume
integrals and surface integrals over the individual interfaces by means of 0; ;& ; = & — &
from Definition 4.2 of a gradient flow calibration, the symmetry relation n; ; = —n;; and the
definition (4.19))

Z aw// V- (B®&,))dH*t dt

1,7=1,i#j
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4.3. Stability of calibrated flows

> / / (B (6-€)) an' T ar

i,j=1,i#j

L e
—22/ [ v (v Beg) ara
—22/ [ 69 (9@ o B) ot

Z 0i / / V(6 ©B))dHidt.

1,j=1,i#j

Because of this identlty, we can now compute

Z ffw// (B®&,;—&;®B))dH ! dt

i,j=1 wﬁy
Z O'z,]/ / V é-lj B IlZ] %d 1dt (435)
,7=1 z#]
+ Z Oi,j / / gz N )B de_l dt
ij=1 Z#J L J(t)
Z 04,5 / / )gz J de Lat
i,5=1 z#]
Z 0'17]/ / 51] g ;5 de Lat.
1,j=1,i#j

Making use of the identities (4.33) and (4.34) in the inequality (4.32) as well as adding (4.35)
to the right hand side of (4.32), we arrive at the following bound for the time evolution of
the interface error control of our relative entropy functional

[x!&]( )
1 p—
+ Z Uw/ / ’W,j+v'§i,j|2 + §!W,jnz',j—(3-&,j)&,j\Q) dH dt
i,5=1,i#]
< Ex[€](0) (4.36)
P T
1 1 -
+ Z Uz’,j/ / (§|V : §z',j|2 + §|(B . 5i,j)§i7j‘2) dH4 1 de
‘,j—1 i#£j 0 JIi;(t)
+ Z au/ / (V-&4)B -0 ;dH dt
i,j= 117&3 I; (1)
" Z UZ’]/ / (Id—¢&; ® &) B - Vijm; ; dH 1 de
INES 11753 Ii5(t)
+ Z Um/ / —&ij 'ni7j)de71 dt
4,j=1i#] Lij(t)
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Z 0i,j / / nz,j - gi,j) @n; ;e VB de_l dt

= 11751 Lig®)
+ Z i / / n;; ®&;: VBAHI dt
i,5= lzsﬁj Lij(2)
S cmﬁ/ | (@68 V) (VBT g i
i,j=1,i#] L (@)

which is valid for almost every T' € [0,7"]. Completing squares and adding zero yields for
the second, third and fourth term on the right hand side of (4.36)

1 _
Z Uw/ / \V Gigl* + 5\(3 - &ii)&ij 2) dn=tdt
i,j= 11#]
+ Z UZJ/ / v £ZJB nz] Hd ldt
1,j= 11#]
+ Z aw/ / (Id—&; ® & 4)B - Vijng j dH L de
= 11#]
i,5= 11#]
- Z Uivj/ / ‘B &J’( |§i,j’2)d7'[d71dt
i,j:l,z’;éj 0 J1 2
+ Z UW/ / (Id=&;®&;)B - (Vij +V - & j)ng dH de
INES 12#]

Z U”// — 0y &) (V- &i)(B - &) AR dt.

1,5=1i#]

Adding zero in the last term on the right hand side of (4.36) in order to generate the transport
equation for the length of the vector fields ; ;, we observe that the last three terms on the
right hand side of (4.36) combine to

Z Uw// (njj — & j) ®@n;; : VBAHT dt

i,5= 11#]
+ Z aw/ / n,; ®&;: VBAHT dt
1,j= 11#]
3 e[ 6B T g
INES 1175]
Z i / / (i — &) ® (ng; — & 4) : VBAHI L dt (4.38)
i,j= 11#]
Z Uw/ / (0ilij+(B - V)& ;+(VB)T& ;) - (nij — & j) dH 1 de
1,j=1,i#j

164



4.3. Stability of calibrated flows

o "/ / 5 (O P+(B - V)l P) ' ar.

i,j=1,i#j

Employing the notation of Proposition 4.15 as well as using (4.37) and (4.38) in (4.36), we
deduce that the right hand side of (4.36) indeed reduces to

[x!f]( )
1
+ Z am/ / Iw,j+v-§i,j|2+§yw,jni,j—(B.gi,j)gi,j\z) ARt de

i,j=1i#]
< E[X|£]( ) + Rdt + Rdissip,

which is valid for almost every T € [0,7”]. This concludes the proof of (4.22). O

4.3.2 Quantitative inclusion principle: Proof of Proposition 4.3

We now prove the inclusion principle stating that interfaces of any BV solution must be
contained in the corresponding interfaces of a calibrated flow, provided both start with the
same initial data.

Proof of Proposition 4.53. Step 1: The stability estimate (4.3). The starting point is the
estimate on the evolution of the interface error functional (4.2) from Proposition 4.15. In the
following, we estimate the terms appearing on the right hand side one-by-one. Let T € [0, T"].

Due to (4.1c), (4.1d), as well as the trivial relation
=& jl* < 2(1 —mij - &) (4.39)

(which follows by |&; ;| < 1), we immediately deduce

T
| Rat| < C/O E[x|&](t) dt. (4.40)

Making use of the simple estimate 1—[&; ;| < 2(1 — |&;]) < 2(1 —n;; - & ;) and again the
bound (4.39), we also obtain

|Rd1s51p|< Z Uz,]/ / v ‘51,])7LB fz]|2 Hd ldt

1,J= 1%#]

Py o / / (1d—€; ©€)B - (Vi 4V - € 5)m; dHO dt

i,j=1,i#j

e /0 E[x[€](t) dt

T
L IiIIeC /0 Elx[€](t) dt

By means of (4.1e), we may directly estimate

T
I<c /0 E[x[€](t) dt.
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Furthermore, by an application of Holder’s and Young’s inequality we deduce

|II| = Z 0'7,,_7 / / Id glj X gz]) . (‘/;J.'.V . 5@7])(1’127]_617]) d/}_[d—l dt
= 1%#]
< (5 Z 027]/ / V,j—i—v E'LJ) d%d_l dt
1,j=1,i#j J(t

+05—1/0 E[x|€](t) dt

uniformly over all 6 € (0,1). Hence, we get the bound

‘Rd1551p| <9 Z UZ,]/ / V,j+V fzj) de_l dt (441)
IOR:

i,5=1,i#j

Lo /O El€(t) dt

Plugging in the bounds from (4.40) and (4.41) into the relative entropy inequality from
Proposition 4.15, and then choosing ¢ € (0, 1) sufficiently small in order to absorb the first
right-hand side term, we therefore get constants C7,Cy > 0 such that the estimate

ExET ) (4.42)
+G Z / / ® V,J+V fz,a) %“/i,jni,j_(B'fi,j)f@jﬁ) dHdtat

i,j=1,i#j

<0 / Elx|€](t) dt

holds true for almost every T € [0,7']. By an application of Gronwall’s lemma, the asserted
stability estimate (4.3) from Proposition 4.3 follows.

Step 3: Weak-strong comparison. For coinciding initial conditions E[x|£](0) = 0, the
stability estimate (4.3) entails E[x|¢] = 0 for almost every ¢ € [0,7”]. From this and (4.1Db),
it immediately follows that I; ;(t) C I; ;(¢) holds up to an H% -null set for almost every
t € [0,7']. This proves the quantitative inclusion principle for BV solutions of multiphase
mean curvature flow. O

4.3.3 Conditional weak-strong uniqueness: Proof of Proposition 4.5

We start with an analogue of the relative entropy inequality of Proposition 4.15 in terms of
the bulk error functional Eyopume[x|X] from (4.5).

Lemma 4.16. Let d > 2, P > 2 be integers and o € RP*F be an admissible matriz of
surface tensions in the sense of Definition 4.8. Let x = (x1,...,xp) be a BV solution of
multiphase mean curvature flow in the sense of Definition 4.11 on some time interval [0,T"].
Recall from (4.19) resp. (4.20) the definitions of the (measure-theoretic) unit normal vectors
n; ; resp. of the normal velocities V; ; of a BV solution. Let moreover Q=(MN,...,Qp) bea
time-dependent partition of R® with finite interface energy on [0,T'] as in Definition 4.4, and
assume that there exists an associated family of transported weights (9;);cq1,... py with velocity
field B. Finally, let (fi’j)i¢j6{17.'.7p} be a family of compactly supported vector fields such that

&g € C°[0,T'); Cpe(RLRY)).
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4.3. Stability of calibrated flows

Then, the bulk error functional Eyolume|X|X] from (4.5) is subject to the identity

Evolume[XbZ] (T) = Evolume[XbZ] (0) + Rvolume (443)

for almost every T € [0, T']. Here, we made use of the abbreviation

Rvolume = / / B &,J 2]) de 1dt

1,5=1,i7#]

Z / / (ny; — &) dHT dt

1,j=1,i#j

+Z/ /Rd (V- B)drdt
+Z/ /Rd )00 + (B - V)0;) da dt.

Denote for i,j € {1,...,]_3} with i # j and t € [0,7'] by L; j(t) == 0Q;(t) N OQ;(t) the
interfaces associated with §). Then, the identity (4.43) may be upgraded to the estimate

Evolume [X|>Z] ( )

< Byolume[X|X](0) + & Z / / |B-&j— Vi PdHI dt (4.44)

i,j=1,i#]

C & _

g Z / / dist?(-, I ;) A 1dH  dt

1,j=1,i#] I 5(t)

C P

g Z / / ® ni,j . gi,j d%d_l dt
i)

h,j=1,17]
+C Z /0 Evorume[X[X](t) dt
=1

valid for almost every T € [0,T], all 6 € (0,1] and a constant C' > 0 being independent of §.

Proof. We split the proof into two steps.
Proof of (4.43). To compute the time evolution, note that the sign conditions on 9; from
Definition 4.4 of a family of transported weights is precisely what is needed to have

Eyolume X‘X Z/ Xz Xi ,T))I%'(',T) dz.

Hence, we may make use of the evolution equations (4.12b) for the indicator functions y; of the
BV solution which together with d;x; < |Vx;| and ¥; = 0 on supp |Vx;| (see Definition 4.4)
yields for almost every T € [0,7"]

Evolume [sz] (T)
P

T P T
- vomme[xyg](o)JrZ/D /Rd(xz-—xi)atﬁidxdtJrZ/O /Rdeidyvx,-ydt.
=1

i=1
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We next use the convention (4.20) and rewrite

P T P T
> / / Vit d| V| dt = > / / 9;Vi; dM dt.
=170 JR4 Jo I ()

i,j=1,i#]

Furthermore, by adding and subtracting (B - V)d;, an integration by parts, ¢¥; = 0 on

supp |V xi| (see Definition 4.4), and the definition (4.19) of the measure theoretic unit normal,
we obtain

P T
Z/ /(Xi—Xi)atﬁz‘dl’dt
=170 R4
P T P T
_—Z/ /(Xi—gi)(B.vwiddeZ/ /(Xi—)zi)(é)tﬁi—i—(B-V)ﬁi)dxdt
=170 R4 i=1 70 R4
P T P T
:—Z/ /(Xz'—)_(i)v'(ﬂiB)dedH'Z/ /(Xi—ii)ﬂi(V'B)diﬂdt
i=1/0 JR¢ =170 JR
P T
=3 [ amx@a @ 90 s
=1
P T Vi P T )
- ;/0 | -de\in\dH;/O | Gex0i(v - B) et
P
+Z/0 /IRd(Xi—)Zi)(atﬁi+(B -V)¥;) da dt
=1
P T
=- > / / 0;B - & dH dt
JooJn

i,j=1,i%j

P T
— Z // 9;B - (n;j—& ;) dH" dt
0 JIi;(®)

i,j=1,i#j

P
+;/0 /Rd(xi—xi)ﬁi(v-B) dz dt

P
T ;/0 /Rd(Xi—Xi)<atT9i+(B V), da dt

for almost every T' € [0,7”]. The combination of the previous three displays thus proves (4.43)
as asserted.

Step 2: Proof of (4.44). Starting point is of course (4.43) meaning that we need to
estimate the term Ryoume. First, we may infer based on the bound (4.4) on the advective
derivative of the transported weights ¢;, the bound |B| < C' (see Definition 4.4), Holder’s
and Young’s inequality as well as the bound (4.39) that the estimate

P T
‘Rvolume‘ <9 Z / / |B - &ij — Vm,‘? AR At
ij=1,i#j 70 Y1)
c &7
+= > / / 92 AR dt
1,7=1,i#7 ij
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c &7
+ g Z / / 1-— n; ;- &'J de_l dt¢
-J0 I; ;

17.72171#] 3y (t)

L
+C Z /0 Evorume [X[X](?) dt
=1

holds true, uniformly over all 6 € (0,1). As ¥; = 0 on supp|V;|, ¥i € W;fo(Rd X
[0,7"];[-1,1]) and 9%; is Lipschitz (see Definition 4.4), we may further estimate

97 < O(dist?(-,00Q;) A1) < O(dist?(+, I; j) A 1)
for all phases i,j € {1,..., P} with i # j. This, however, concludes the proof. O

We have everything in place to lift the quantitative inclusion principle from Proposi-
tion 4.3 to the conditional weak-strong uniqueness principle of Proposition 4.5 (with an
associated conditional stability estimate).

Proof of Proposition 4.5. The stability estimate (4.6) concerning the interface error is al-
ready a consequence of Proposition 4.3 (for which one only needs to assume the existence
of a gradient flow calibration ((&i)ieq,...,py, B) with respect to Q). Recall from (4.1b) that
dist?(-, I; ;) A1 < C(1 — |&4|) for all 4,5 € {1,..., P} with i # j. Inserting this into the
corresponding right hand side term of (4.44), adding the estimate (4.42) from the proof of
Proposition 4.3 to the estimate (4.44), and choosing ¢ € (0, 1] in (4.44) sufficiently small then
entails

T
ENIENT) + Bvomme |TI(T) < C /0 EEN®) + Beonme[x|5(8) dt

for almost every T € [0,T"]. The stability estimate (4.7) for the bulk error is now a direct
consequence of Gronwall’s lemma.

It remains to prove the conditional weak-strong uniqueness statement. To this end, note
first that x(-,0) = x(-,0) almost everywhere in R? entails E[x|£](0) = 0 and Eolume[X|X](0) =
0 as a consequence of the respective definitions (4.2) and (4.5). In view of the stability
estimate (4.7), this directly implies Eyolume[X|X](T) = 0 for almost every T € [0,7"]. It then
follows from the coercivity properties of a family of transported weights (see Definition 4.4)
that x(-,T) = x(-,T) almost everywhere in R for almost every 7' € [0,7’]. This, however,
is the desired weak-strong uniqueness principle. O

4.4 Gradient flow calibrations at a smooth manifold

The aim of this section is to construct a gradient flow calibration in the simple situation of
one single connected manifold (with or without boundary) evolving by mean curvature, see
Lemma 4.18 for the main result of this section. For the sake of simplicity, we stick to the case
d = 2, but the construction in this section immediately carries over to arbitrary dimensions.

In terms of a gradient flow calibration for a whole network of interfaces in the sense of
Definition 4.2, the vector fields constructed in Lemma 4.18 provide the local building block
at a smooth two-phase interface of the network. These vector fields therefore only live in a
small tubular neighborhood of the evolving interface, so that in the case of general networks
a suitable localization in terms of a family of cutoff functions will be necessary. We defer
these considerations to Section 4.6.1.

First, we provide the precise setting of this section by giving a suitable notion of neigh-
borhood for a single space-time connected component of the evolving network of interfaces.
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Definition 4.17. Let d = 2 and P € N, P > 2. Let (Q1,...,Qp) be a strong solution to
multiphase mean curvature flow in the sense of Definition 4.14. Fiz phasesi,j € {1,..., P}
with i # j such that I; ; = Usepo,n L ;(t)x{t} is a non-trivial interface (possibly with bound-
ary). A scale r;j € (0,1] is called an admissible localization radius for the interface I; ; if
for all t € [0,T] the following two ball conditions are satisfied:

i) For each interior point x € I; j(t) it holds By, (z=r; 0 (z,t)) N 1;;(t) = {z}.

ii) In addition, for a boundary point x € 01, j(t) (i.e., a triple junction) denote by t; ;(x,t)
the tangent at x pointing away from the curve I; j(t), and by H, | (x,t) the half-space {y €
R?: (y — x) - tij(x,t) > 0}. We then require that B, ,(y) N 1 ;(t) = {x} for all y €
0By, ;(z) NHg, (x,1).

It follows from our regularity requirements in Definition 4.14 that an admissible localiza-
tion radius always exists. Moreover,

\IJZ'J'Z Ii,j X (—TZ'J', 7“7;7]') — R? x [0, T], (l‘, t, S) — (.T + Sﬁ@j(l‘, t), t) (445)
defines a bijective map onto its image
im (Wi ;) o= Wi (Lg% (=7, 7i5))

= | ({dist(-,fi,j(t))@i,j}\ U (Hgi’j(x,t)ﬁBm,j(a:))>x{t}, (4.46)
t€[0,T x€dl; ;(t)

and the inverse map is a diffeomorphism of class (CPC2 N CLC?)(im(¥; ;)). We may further
split the inverse of the diffeomorphism (4.45) as follows:

‘1’;]12 (U, ;) = Lij x (=rij,rig), (2,t) = (Pij(a,t),t,s05(x,t))

where the map s; j: im(¥; ;) — (=i ,7i ;) represents a signed distance function

o 8) i {dist(x,li,j(t)), (2,8) € Wiy (L15x[0,717)), (447)
BT —diSt($,Ii’j(t)), (.T,t) S \Pi,j (Ii,jx(—ri,j,())),

and the map P ;: im(¥; ;) = Uepo I; ;(t) represents in each time slice the projection onto
the nearest point on the interface in the sense that

P j(x,t) .= Pp, )(x) = argmin|y — x|, (2,t) € im(Vy, ). (4.48)
yEI,-,j(t)

Note that we have the identity

Pi,j(w, t) =T — Sm'(l', t)ﬁi’j (Pi,j({B, t), t) S Ii,j(t), (x, t) S im(\I/i,j). (4.49)

As a consequence of our regularity assumptions on I}g, see again Definition 4.14, we also
know that (for the former, one may consult Lemma 4.19 below)

sij € (CPCINCLCH(m(V, ), Py € (CYChNCLC2)(im(P55)). (4.50)

We may now introduce extensions of the unit normal 11; ; and the scalar mean curvature H; ;
(oriented with respect to n; ;) of the interface I; ; to the space-time domain im(¥; ;). Slightly
abusing notation, we define
n;;: im(\Ilm) — Sl, (Z‘,t) — VSZ'J‘(CE, t), (4.51)
Hij:im(Vij) = R, (2,1) = (=Asi)(Pj(,t),1). (4.52)
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We register as a consequence of the definitions that
ni; € (C)Cy NGO (m(Wiy)),  Hiy € (C)CF N CLCy)(im(Wy ). (4.53)

The following result provides a (two-phase version of a) gradient flow calibration for a
single connected interface. Note that the velocity field B can accomodate arbitrary tangential
components, a fact we will exploit when constructing a velocity field for general networks in
Section 4.6.

Lemma 4.18. Let d = 2 and P € N, P > 2. Let (Q1,...,Qp) be a strong solution to
multiphase mean curvature flow in the sense of Definition 4.14. Fiz i,5 € {1,..., P} with
i # j such that I, j = Useo,r L j(t)x{t} is a non-trivial interface. Let r;; € (0,1] be
an admissible localization radius for fi,j in the sense of Definition 4.17. Fix a space-time
connected component (of which there are finitely many) T = Uyejo T (1) x{t} C L;; of the
interface 1; j. Denote by W the restriction of the diffeomorphism (4.45) to T x(—r;j,7i;),
and its image by im(¥r) := W (T x(—7rij,7ij))-
Let o € CYC2(im(W¥ 7)) be an arbitrary map, and define the tangent vector field

Tij = JTﬁi,jI 1m(\IJw) — Sl € (CEC;; N Cth,f)(lm(\I/l,])) (454)

where J denotes the counter-clockwise rotation by 90°. Then the vector fields &; ;: im(¥7) —
S! and B: im(¥1) — R? given by

gi,j =1y 5, (455)
B = Hi,jﬁ'i,j + aT;; (456)

satisfy & ; € (C2C2 N CLC2)(im(V 7)), B € CPC2(im(¥ 7)), with corresponding quantitative
estimates

i VEE 1 < C, ke{0,1,...,4}, (4.57)
20V ) < C k€ {0,1,2}, (4.58)
k
rf,jWkB\ < Cri_’jl—i-CZrﬁ’leaL ke {0,1,2}, (4.59)
1=0

throughout the space-time domain im(Vr). Moreover, it holds

Osij+ (B-V)s;j =0, ( )

8t§i,j + (B . V)fm’ + (VB)T&J =0, ( )
§ij - 0i&ig+ &g (B-V)&ij =0, (4.62)
|IB-&;+ V- & | < C’Ti_J2 dist(-, I; ;) (4.63)

(4.59)

throughout the space-time domain im(Vy). The constant in the estimates (4.57),
and (4.63) is independent of r; ;.

Proof. For ease of notation, we omit all indices, superscripts, and arguments for the rest
of the proof unless specifically required otherwise. Since W represents in each time slice a
tubular neighborhood diffeomorphism on scale r € (0,1], we have max—o 5 r*|VEs| < Or
throughout im(¥). From the definitions (4.51), (4.54), (4.52) and (4.49), we then deduce
maxg—g__47"(|V*A|+|VEF|+|VEP|) < C and max—q__37*|VFH| < Cr~!. Due to (4.64)
and (4.66), it holds ;s = —H. Hence, we obtain the bounds max;—o . 3 rk+219,Vks| < Or,
maxg—o1.2 7" (|0 VEQ|+|0,VF7|+|0,VFP|) < C and finally maxj—q 1 r*2|0,VFH| < Cr~L.
The estimates (4.57)—(4.59) now directly follow from the definitions (4.55)—(4.56).

171



4. WEAK-STRONG UNIQUENESS FOR PLANAR MULTIPHASE MEAN CURVATURE FLOW

It follows from (4.64) and (4.66) below, as well as from the orthogonality 7-n = 0 that the
tangential term in the definition of B does not have an effect on the transport equation (4.64)
for the signed distance s, i.e., we have

s = —(Hﬁ . V)s = —(B . V)s.
We may take the gradient of this identity so that by definition of & we have
0 = Vs = —(B- V)¢ — (VB) ¢,

which proves (4.61). The validity of (4.62) is evident from the fact that |£|?> = 1. For the
identity (4.63), note first that B -§ = n-& = H as a consequence of the orthogonality
7-0n = 0. By definition (4.51) and definition (4.55), it holds V - £ = As. Hence, B-{ = H =
—V - £+ 0(r2dist(-,I)) in view of the definition (4.53) and the regularity estimates for the
signed distance. This concludes the proof. O

The preceding result relies on a number of well-known properties of the signed distance
and the nearest point projection. For further reference, we present them here in a separate
statement.

Lemma 4.19. Let d = 2 and P € N, P > 2. Let (Q1,...,Qp) be a strong solution to
multiphase mean curvature flow in the sense of Definition 4.14. Fiz i,5 € {1,..., P} with
i # j such that I, j = Usepo,r I j(t)x{t} is a non-trivial interface. Let r;; € (0,1] be an
admissible localization radius for fi,j in the sense of Definition 4.17.

Then s;; € (CPC5 N CLC3)(im(V; ;). The time evolution of the signed distance s; ; is
moreover given by transport along the flow of the mean curvature vector field in the sense
that we have

8t5i,j = _(Hi,jﬁi,j . V) Sij throughout 1111(‘1117]) (464)
The gradient of the projection map (4.49) is given by
VP ;="T;®T;— 8ijVi throughout im(\lli,j). (4.65)

Finally, for all (x,t) € im(¥; ;) the derivatives of the signed distance s;j are subject to the

relations
vsi»]' (x’ t) = vsl}j (y, t)‘y:Pm- (z,t) = n; ; (x) t)v (466)
Vsij(x,t) - Vs (z,t) =0, (4.67)
(Vsij(a,t) - V) Vs j(x,t) =0, (4.68)
Opsij(@,t) = Oesij (U, t)ly=p, (1) (4.69)

Proof. The representation of s; ; as a component of the inverse of W; ; initially gives the
regularity s;; € (C2C2 N CLC?)(im(¥;;)). A proof of the well-known identities (4.64)—
(4.69) was given for instance in [64, Lemma 10| with the only difference being the precise
form of the normal velocity of the evolving family of interfaces. The higher regularity for
the signed distance s;; and its time derivative O;s;; finally follows from (4.53) and the

identity (4.66). O
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4.5. Gradient flow calibrations at a triple junction

4.5 Gradient flow calibrations at a triple junction

The aim of this section is to construct a gradient flow calibration in the model case of three
regular interfaces meeting at a single triple junction. The space-time trajectory of such a
triple junction will be denoted by T = Uyeo 1 T (t)x{t} where T(t) C R? is a singleton
for all t € [0,T]. For simplicity, we assume throughout the section that the triple junction
consists of interfaces between the phases 1,2 and 3. We will also use cyclical indices ¢ = 1,2,3
throughout the section.

Similar to the previous one, the constructions provided in this section are local in the sense
that they are restricted to a sufficiently small space-time neighborhood of the evolving triple
junction 7. We first formalize this by introducing the notion of an admissible localization
radius v = r € (0,1] for the triple junction T in Definition 4.20. We then state the
main result of this section, Proposition 4.22, which provides all relevant properties of the
constructed calibrations.

The construction of a calibration &, ; for ¢, j € {1, 2,3} with ¢ # j along with an associated
velocity field B proceeds in three steps. First, we extend the normal of the interface fi,j
of the strong solution to auxiliary vector fields g” defined on the natural domain Hj; :=
im(Wi,5) N Uyejo,r) Br(T (¢))x{t}, see Figure 4.6a, on which the nearest point-projection onto
I ; is well-defined and regular; see Definition 4.17 and the subsequent discussion. One should
think of 5, as the main building block for the vector field &; ; on the domain Hj; ; containing
the corresponding interface fi,j. Similarly, we also construct auxiliary velocity fields B; ; on
H; ; by choosing its normal component as an extension of the scalar mean curvature H; ; of
the interface fm.

In the second step, we aim to identify a candidate vector field for the definition of &; ;
outside of its natural domain of definition H; ;. The guiding principle is to make sure that
the Herring angle condition at the triple junction

01012 + 023023 + 0310131 = 0, (4.70)
is satisfied by the calibrations (&1 2,£23,£31) in the whole neighborhood of the triple junction:

012812 + 023823 + 031831 = 0. (4.71)

This allows us to define vector fields (§1, &2, §3) such that 05 ;41§41 = & —&i41 holds true for
all cyclical indices ¢ = 1,2, 3. The latter identity in turn is precisely the property of gradient
flow calibrations necessary to differentiate the relative entropy functional in time.

In order to achieve (4.71) we note that it represents an angle condition. As the union of
the domains H; ;41 for i = 1,2, 3 covers a neighborhood of the triple junction, see Figure 4.5a,
we would like to define &1 ;-1 and §_1,; on Hj; ;41 by simply rotating gi,m, see Figure 4.5c.

However, as these domains overlap, see Figure 4.6a, we will have to interpolate between
the competing definitions of the calibrations and velocities. To this end, we partition the
neighborhood of the triple junction into six wedges centered at the triple junction as indicated
in Figure 4.6b, three of which are denoted by W; ; = W;; and the remaining three by W;.
We require that B, (T(t)) N IL;; C W;; UT(t) C H;;, see Figure 4.6b, the first inclusion
corresponding to a geometric smallness condition for the interfaces away from the triple
junction. For the remaining three wedges it is required that W; C ﬂj £ H; ;, see again
Figure 4.6b. We will refer to these wedges as interpolation wedges since on them we will
interpolate between the two competing calibrations and velocities.

Definition 4.20. Let d = 2 and P € N, P > 2. Let (Q1,...,Qp) be a strong solution to
multiphase mean curvature flow in the sense of Definition 4.14. Let T = Ute[o,T} T(t)x{t}
be an evolving triple junction present in the network of interfaces of Q, and assume for
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a) b)

Wa 3

Figure 4.6: a) Sketch of a triple junction with phases Q1, Q2, and Q3; and the corresponding
interfaces. The bottom left to top right hatched region is the domain H 2, the horizontally
hatched region is Hp 3, and the top left to bottom right hatching represents Hs ;. b) The
interpolation wedges, shown as hatched, are given by W7, Wy and W3. The remaining wedges
Wi,2, W3 and W31 contain the corresponding interfaces.

simplicity that it is formed by the phases 1,2 and 3. For each i € {1,2,3}, denote by
Tiiv1 = Ute[O,T} Tiiv1(t)x{t} the unique space-time connected component of I_i,i_H with an
endpoint at the triple junction, and let r; 11 € (0,1] be an admissible localization radius for
the interface I_i7i+1 i the sense of Definition 4.17.

We call a scale r = r7 € (0,712 Arg3 A1s31] an admissible localization radius for the
triple junction T if there exists a wedge decomposition of the space-time neighborhood U, =
Uteto,r) Br(T (1)) x{t} of the triple junction in the following precise sense:

i) For eachi € {1,2,3} there exist space-time domains Wiiy1 1= Uep r) Wii+1 (1) x{t} and
Wi = Uepom Wilt)x{t} (in order to not rely on cyclical notation in later sections, we
also define Wity := Wi iq1 for all i € {1,2,3}) subject to the following requirements:
First, for each t € [0,T] the siz sets (Wiit1(t))ieq1,2,3) and (Wi(t))ieq1,2,3) are pairwise
disjoint, non-empty open subsets of B, (T (t)) such that

U Wii(®) UWi(t) = B.(T(#)). (4.72)
1€{1,2,3}

Second, there exist six time-dependent unit vectors (Xii,i-i-l’ Xﬁil)ie{m’g} of class C*([0,T))

such that for all i € {1,2,3} and all t € [0, T] we have
Wiis1(t) = (TO+{nX] 1 (42X (1) 1,92 € (0,00)}) N BA(T(1),  (4.73)
Wit) = (TOH{MX] i )+ X1 (D) 71,72 € (0,00)}) N Bo(T(t).  (4.74)

For all i € {1,2,3}, the scalar products X/, - Xfﬁl € (0,1) and X}, - X} 1 ; are
constant in time, and their values only depend on the surface tensions.

Third, we require that for alli € {1,2,3} and all t € [0,T)] it holds

BT(T(t)) N 7;72‘4,_1(?5) C Wi,i—f—l(t) U T(t) C Hi,i-i-l(t)) (475)
M/Z(t) C Hi7i+1(t) N Hi,i—l (t), (4.76)

with the space-time domains H; iv1 = Uyepo 7 Hijit1(¢) x {t} being defined by H; ;+1(t) :=
{.%' € R2: (a:,t) S im(\I/Z-J-_;_l)} N BT(T(t)), t e [O,T]
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ii) There exists a constant C = C(o) > 0 depending only on the surface tensions such that
for alli e {1,2,3}

max{dist(-, ), dist(-, [; j+1), dist(-, ;_1;)} < C min dist(-,[; j41) in Wi,  (4.77)

7=1,2,3

dist(-, I;41) < C Il’ilgl?) dist(-, [j j+1) in Wiit1, (4.78)

dlSt(l‘ T) < CdlSt( i H—l) m Wi—l,i U Wi-{—l,i—l- (4.79)

In view of the properties (4.73)—(4.76), we call each W; ;1 an interface wedge, and each W;
an interpolation wedge.

The following lemma ensures the existence of an admissible localization radius for a triple
junction; in particular, that we can indeed find wedges with the desired properties. Its proof
is deferred to the end of Subsection 4.5.2.

Lemma 4.21. Let the assumptions of Definition /.20 be in place. Then there exists an
admissible localization radius for the triple junction T . In fact, one may choose r = %(7’1,2 A
ro3 A131) for a constant C = C(o) > 1 depending only on the surface tensions at the triple
Junction.

As a final remark concerning the construction of the calibrations and the velocity, one
has to make sure that they have sufficiently high regularity at the triple junction. Naively,
one might choose the auxiliary vector fields é,j as in the case of a single connected interface
from the previous section, i.e., E” := 1;; on H; ;. However, this ansatz after the rotation
and interpolation steps only provides continuous vector fields & ; which in general already
fail to be Lipschitz at the triple junction, as we will see later. Hence, in the first step we will
employ a more careful expansion ansatz in terms of the signed distance function to fz-,j, see
(4.90).

We are now in a position to state the main result of this section, namely the existence of
a gradient flow calibration in the vicinity of an evolving triple junction.

Proposition 4.22. Letd =2 and P € N, P > 2. Let (Q1,...,Qp) be a strong solution to
multiphase mean curvature flow in the sense of Definition 4.14. Let T = Uyejo ) T (8)x{t}
be an evolving triple junction present in the network of interfaces of the strong solution, and
assume for simplicity that it is formed by the phases 1,2 and 3. Let r = ry € (0,1] be an
associated admissible localization radius for the triple junction T as given by Lemma 4.21. In
particular, for all distinct i,5 € {1,2,3}, let r; j be an admissible localization radius for I_i,j
in the sense of Definition 4.17.

Then there exists a constant C' ( ) > 1, depending only on Q but independent
of (7'1,]) je{1,2,3),ij, So that the mdzu # := C~'r has the following properties: Define

= Urepon Bi(T (1)) x {t}. For all i,j € {1,2,3} with i # j, there exist continuous
extensions of the unit-normal vector fields and a continuous velocity field

& U > R% B:lUy — R?

which are of reqularity & ; € (C2C2NCLCY) (U \ T) resp. B € CPC2(U; \'T), and which are
furthermore subject to the following properties:

i) It holds &; j(x,t) = 1, j(x,t) for allt € [0, T] and for allx € T; ;(t) N B:(T(t)), where T;
is the unique space-time connected component of I; ; with an endpoint at the triple junc-
tion T. We also have |&; j(x,t)| =1 for all (x,t) € Us. Expressing the triple junction in
form of T(t) = {p(t)}, it holds B(p(t),t) = Sp(t) for all t € [0,T).
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ii) We have the skew-symmetry relation & j = —&; ;.

iwi) The family of vector fields (& ;)iz; satisfies the Herring angle condition (4.70) in the
entire neighborhood of the triple junction, i.e., it holds for all (x,t) € Uy

01,26172(% t) + 0'27?,6273(%7 t) + 0'3,153,1(.%, t) =0. (4.80)

iv) There exists a constant C = C(Q) > 0, depending only on the strong solution Q0 but
independent of 7, such that throughout Uy \ T and for all i,j € {1,2,3} with i # j, we
have the bounds

|0cij + (B - V)& + (VB) & 4| < C72 dist(-, L 5), (4.81)
(V- &)+ B-& | < Cr2dist(-, L), (4.82)
ij - 0ij+ & (B-V)&,; =0. (4.83)

v) Finally, there exists a constant C = C(Q) > 0, depending only on the strong solution )
but independent of ¥, such that

f2|8t£i,j| < Ca fk’vkgi,ﬂ < 07 k€ {07 172}7 (4'84)
R|IVEB| < C7 Y, ke {0,1,2} (4.85)

throughout the space-time domain Uy \ T .

4.5.1 Construction close to individual interfaces

For all what follows in this subsection, let the assumptions of Proposition 4.22 and the
notation of Section 4.4 and Definition 4.20 be in place. In this subsection, we for : = 1,2,3
first introduce the previously discussed auxiliary vector fields &; ;41 as extensions of the normal
n; ;41 to the domains H; ;1.

We would like to define §~m~+1, and later also the velocity field B, by an expansion ansatz
in terms of the signed distance function s;;41 to the interface fi7i+1, see (4.47). To this
end, two sets of coefficient functions will be of importance. First, for every i € {1,2,3} we
introduce a function

i1 Hijrn = R, (2,t) = Qi1 (Piiya(z, 1), 1) (4.86)

being defined by projection onto I_murl in terms of the solution

Qi1 U Tiiv1(t) x {t} = R (4.87)
t€[0,T]

to the following ODE posed on the space-time connected component 7;;11 of the inter-
face I; ;41 with initial condition at the triple junction 7 (t) = {p(¢)}:

@ii+1(p(t),t) = Tiir1(p(t),1) - Sep(t) (4.88)
(Tiir1(2,t) - V) Qi (w,t) = HPypq(2,1), v € Tiisa ().

Second, we define for each ¢ € {1,2,3} a function f; ;41: H;;+1 — R by means of
Biit1 = —iv1Hiit1 — (Tiit1- V)H;iq1. (4.89)
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Finally recalling the definitions (4.49), (4.51), (4.52) and (4.54), the ansatz for the extension
&ii+1 of the normal vector field ﬁi,i+1|fi i then is

gz’,zurl(x, t) =10 iq1(z,t)
+ agir1(z,t)siip1 (2, )T (2, t) (4.90)

1 _
- ialz,iJrl (.%, t)sz?,i+1 (33‘, t>ni,i+1 (1'7 t)

and gi_:,_Li = —gmq_l for t € [O,T], T € Hi7i+1(t)7 and i € {1, 2, 3}
We briefly present the regularity properties of &; ;4 1.

Lemma 4.23. Let the assumptions of Proposition 4.22 be in place, in particular the notation
of Definition 4.20. For all phases i € {1,2,3}, the auziliary vector field & i+1 is of class
(CPC2NCLCY)(H; i41). More precisely, we have the estimates

&1l + 7iir1|VEiin] + 7“,‘271‘4_1(|V2§i,i+1‘+‘8tgi,i+1|) <C (4.91)
for some C = C(Q) > 0 only depending on Q but independent of (Ti5)ije{1,2,3}i -

Proof. Step 1 (Qualitative differentiability): In view of the expansion ansatz (4.90), the
regularity (4.50) of the signed distance s;;y1, the regularity (4.53) of the normal fi; 41,
and the regularity (4.54) of the tangent 7;;41, it suffices to prove that ;11 € (CPC?n
CHCO) (M i11) to conclude & 41 € (CPC2 N CLOY) (i)

We start with the time regularity of the initial value of the ODE (4.88). Using the
evolution equation %p(t) N 541(p(t),t) = Hii1(p(t), t) at the triple junction we get

D) = Higa(0) 00100, 1) + (7isa 00, 1) - 500 a0, ) (1.92)

for i € {1,2,3}. Note that this identity is equivalent to the second-order compatibility
condition (4.14). We can now identify the term in the parenthesis as o ;11(p(t), ) due to the
intial value of the ODE (4.88) and multiply the above equation with the rotation matrix .J
in order to deduce

—HioTio+aioNyo=—Ho3To3+asgNas=—H31731+a3103;1 (4.93)

at the triple junction.

For i # j, we then define ¢; ; := 0;,;11(p(t),t) - 0 j4+1(p(t),t) and d; j = D 41(p(t), 1) -
7jj+1(p(t),t) and notice that they are indeed constant in time due to only depending on the
angles between interfaces determined by the surface tensions. Furthermore, note |¢; ;| < 1
as the surface tensions satisfy the triangle inequality. Multiplying (4.93) with the normal
0 i+1(p(t),t) thus yields

aiiv1(p(t),t) = —Hjj1(p(t), t)di; + o jr1(p(t), t)eij

for all i # j and all ¢ € [0,T]. Switching the roles of ¢ and j in the previous formula entails

aii1(p(t),t) = —(1=c; ;)" (Hj i1 (p(t), t)ds j + Hy i1 (p(t), t)ds jei ;) (4.94)

for all i # j and all ¢ € [0, T)]. Hence, we deduce t — a;;+1(p(t),t) € C*([0,T]).

We procedd by explicitly integrating the ODE (4.88), and exploiting the regularity (4.53)
of the extended scalar mean curvature H;;,1, as well as the regularity of the space-time
curve T;;y1. Let us make this argument explicit. To this end, we first choose a C5 dif-
feomorphic parametrization ~o: [0,1] — 7;,41(0) of the initial curve 7;;41(0) such that
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70(0) = p(0), and then define ~v(s) := (yo(s)) for all (s,t) € [0,1]x[0,7] by means

of the flow maps from Definition 4.13. Capturing orientation by means of the constant

cx = Toi1 (7e(s), 1) - (sl € {1}, we set

- _ d 5
Qiiv1(s,t) == Tiir1(p(t), 1) - &P(t) + Ci/o Hiz,i+1(%(€)at)’8s%(£)’ d¢ (4.95)
for all (s,t) € [0,1]x[0,T], and then have

amﬂ(w, t) = &i,i—i-l (('yt)_l(:v), t) (4.96)

for all t € [0,7] and all © € T;;41(¢t). The validity of (4.88) is indeed a simple conse-
quence of the ansatz (4.95), the definition (4.96) and the chain rule. The required regularity
Qiit1 € (CPC2N CLCY)(H; i+1) in turn follows from the regularity (4.50) of the projection,
the regularity (4.54) of the tangent, the regularity (4.53) of the curvature, and the regularity
condition #) of Definition 4.13.

Step 2 (Quantitative estimates): Since in each time slice the map W¥;;;; from (4.45)
represents a tubular neighborhood diffeomorphism on scale r; ;41 € (0, 1], we deduce

Tﬁi_‘_1|vk8i7i+1| < C""i,i-ﬁ-l, ke {0, 1, 2, 3, 4, 5}, (497)
and thus from the definitions (4.51) and (4.54) that
| Vi |+ F Vi <€, k€ {0,1,2,3,4}. (4.98)

The previous estimates in addition entail the following bounds for the nearest-point projec-
tions due to (4.49) (in form of Pj;y1(z,t) = x—siit1(z,t)Vs;it1(z,t)) and the (extensions
of the) scalar mean curvatures due to (4.52)

1| VEP | < Criga, ke {1,2,3,4}, (4.99)
riialVEH | < Ol k€ {0,1,2,3}. (4.100)

As a consequence of the evolution equation (4.64) for the signed distance, we also obtain the
following estimate on the time derivatives

Pisit1|OrSisigt| + 155101 ] + 7741 10¢Ti i1

: (4.101)
+ rii1| 0P| + 710 i i1 | < C.
It then follows from the representations (4.94) and (4.92) that
d , |d
Tiir1laiiv1(p(t), t)] + Ti,i+1‘ap(t)‘ + Ti,i+1‘EO‘i,i+1(p(t)vt) <C (4.102)
for all t € [0, 7.
We next claim that

max i [VEei| 4+ 17 0| < Crijly. (4.103)

k=0,1,2

Once this is established, the asserted bound (4.91) for the derivatives of the vector fields EZ-,,-H
can then be directly inferred from the ansatz (4.90) and the above regularity estimates. The
estimate (4.103), however, is a consequence of the regularity estimates (4.98)—(4.102) and the
representations (4.86)—(4.88) in form of Ve, ;41 = HZiH(ﬂ',Hl ® Tiit1 : VPiit1)Tiiqg1. For
later reference, we note that

(7__i,i+1 ’ v)ai,i+1 = Hgﬂ_l + O(T;iil|sivi+1|) (4.104)

due to (4.65), (4.97) and (4.100). O
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4.5. Gradient flow calibrations at a triple junction

Ultimately, the point of the ansatz (4.90) is to ensure both (4.80) throughout B, (7 (t))
and sufficiently high regularity of & ; at the triple junction. Moreover, the relations (4.88)
and (4.89) also holding true away from the triple junction turns out to be crucial to obtain
the estimates (4.81) and (4.82) on the whole space-time domain. The first step towards these
goals are the following relations, which in particular yield that—after rotation R; ;)—the
vector fields are compatible to second order at the triple junction:

Lemma 4.24. Let the assumptions of Proposition 4.22 be in place. For each pair i,j €
{1,2,3} there exist uniquely determined rotations R(; jy € SO(2), only depending on the
restriction (0 ;)i j=1,23 of the admissible matriz of surface tensions for the given strong so-
lution 0, such that

0 i11(t) = R jynyj1(-5t)  at T(t) (4.105)
for allt €10,T], and
RiinRi—1iv1) Rt = 1d. (4.107)

Furthermore, the ansatz (4.90) satisfies the first-order compatibility conditions at the triple
Junction:

Eiiv1 (1) = R(i,j)gj,j-‘rl(‘v t) at T (1), (4.108)
Véiir1(t) = V(R j&jr1) (1) at T (1), (4.109)
for all t € [0,T].

Proof. Identity (4.105) uniquely defines R(; ;). It is immediate from the ansatz (4.90) and
(4.105) that the zero-order condition (4.108) is satisfied. The two properties (4.106) and

(4.107) follow from
R(i,j)R(j,i)ﬁi,i—i-l = Ny4+1, (4.110)
R i—n)Ri—1i41)Rir1,nNiit1 = Nijit1, (4.111)
which follow straightforwardly from iterating (4.105). Therefore, it is sufficient to prove the

remaining statement (4.109) for j = i + 1, as it then follows automatically for j =i — 1 by
(4.106) and (4.107) that at 7 (¢) it holds

V(R(z‘,i—l)giﬂ,i)('a t) = R(m’+1)v(R(i+17i—1)5~i*1’i)(" t)
= R(i7i+1)V(£i+1,ifl) ('7 t)
= V(R(i7i+1)£i+l,ifl)('7t) = VfLHl('?t)'

For ease of notation, we also fix the index ¢ and omit all indices, superscripts, and argu-
ments for the rest of the proof unless specifically required otherwise. The ansatz (4.90) then
reads

~ 1
=10+ asT — §a2$2ﬁ. (4.112)

By definition (4.51), V2s being symmetric, the identity (4.68), and the orthogonality rela-

tion 7 -0 = 0 we have Vii = As7 ® 7. Hence, by the definitions (4.54) and (4.52) as well as
the estimate (4.97), we then get

Vi=-H7®7+O0(r?|s|), (4.113)

@7+ O0(r2|s|). (4.114)
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As a result we infer from this and (4.103)
VE=-—H7@7+ar@i+ 0 2s|). (4.115)
This in turn yields
VE=7® (—H7+ai) at the triple junction T (4.116)

Now we are in a position to prove the compatibility condition (4.109). By (4.105) and
JT =, see (4.54), we obtain

Tii+l = R(i,j)%j,j—&-l at the triple junction 7. (4117)

Moreover, expressing the evolving triple junction in form of 7 (t) = {p(t)} for all ¢t € [0, T],
it follows from the evolution equation %p -0 = H and the choice of the initial value in the
ODE (4.88) that

d _ _ _ _ _ _
wh= Hiphio+oioTio = Hoshos+assTws = Hsn3 + 31731, (4.118)

—HioT12 +aioni o = —Hs3T1 2+ agshog = —H3 1712 + a3,1031 (4.119)

at the triple junction 7 (the latter follows from the former by multiplication with J). There-
fore, by (4.116), (4.117) and (4.119) we indeed at T get

V(Rap&ig+1) = RipTigr ® (= HjjnTijen + 05 010,541)
= Tii+1 & ( —H;i1Tiit1 + ai,i—i—lﬁi,i-i—l)
= V& it1.
This concludes the proof of Lemma 4.24. O
Recall that apart from the family of vector fields (& ;)i-j, the notion of gradient flow
calibrations also requires a suitably defined velocity field B. For its construction in the
vicinity of a triple junction, we introduce in a first step certain auxiliary symmetric velocity
fields B(; jy = B(j- To this end, we start for every i € {1,2,3}, ¢ € [0,T] and = € H; ;41 (t)

with an expansion ansatz of the form

Biiiv1)(x,t) == Hy i1 (2, )0 41 (7, 1)
+ ai7i+1(9€, t)fi7i+1(a:, t) (4.120)
+ Biiv1(w,t)si i1 (2, )T 01 (2, )
and also set E(H_l,i) = E(z‘,i—i-l)-

Lemma 4.25. Let the assumptions of Proposition 4.22 be in place, in particular the notation
of Definition 4.20. For all phases i € {1,2,3}, the auziliary velocity field B(; ;1) is of class
CPC2(H;,i11). More precisely, we have the estimates

\E(z‘,i+1)| + 7“i,1+1|V§(i,z‘+1)| + Tz'2,i+1|v2§(i,i+1)| < 07“;,#1 (4.121)
for some C' = C(Q) > 0, depending only on Q but independent of (Ti.5)ije{1,2,3} i -

Proof. In view of the expansion ansatz (4.120) and the ingredients of the proof of Lemma 4.23,
it suffices to prove that 3; ;41 € C’?C%(HMH) with corresponding estimate

IV*Biis1] < C?‘Z,-’f[f, k€ {0,1,2}. (4.122)

Recalling the definition (4.89) of the coefficients S;;41, the bound (4.122) is immediate
from (4.103), (4.98), (4.100), and (4.101). O
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4.5. Gradient flow calibrations at a triple junction

We again have to make sure that our ansatz (4.120) for the auxiliary velocity fields satisfies
a first-order compatibility condition at the triple junction.

Lemma 4.26. Let the assumptions of Proposition 4.22 be in place. Expressing the evolving
triple junction in form of T (t) = {p(t)} for allt € [0,T], for everyi,j € {1,2,3} the ansatz
(4.120) then satisfies

Biis1y(p(t), 1) = Byjju1)(p(t),t) = %p(t), (4.123)

VB (p(t),t) = VB ;41 (1), 1) (4.124)
for all t € [0,T].

Proof. We again fix the index ¢ and omit all indices, superscripts, and arguments unless
specifically required. At the triple junction, we have

B(p(t),t) = %p(t) (4.125)

by (4.118) and the ansatz (4.120). This of course proves (4.123).

An explicit computation making use of the ansatz (4.120), the estimates (4.113) and (4.114),
the choices of the coefficients (4.88) and (4.89)—in particular (4.104)—as well as the esti-
mates (4.103) and (4.122) moreover gives

VB=(—H?+(7-Va))7®7
+((7-VH+aH)L®T
+pF @4 0(r3|s|)

=B3(F@a—-n®7)+0(r3s|).

(4.126)

Aswe have (T®n—n®7)h=7=—Jnand (T®n—0®7)7T =—0 = —J7 it follows that
(T®n—n®7)=—J, where we recall that J denotes the counter-clockwise rotation by 90°.
Therefore we get

VB = —BJ+ 0@ 3s|). (4.127)

Hence, (4.124) holds true once we established that 12 = (2,3 = 3,1 at the triple junction.
This, however, follows from a combination of the definition (4.89), the choice of the initial
value in the ODE (4.88), and the third-order compatibility condition (4.15). O

In a preparatory step towards the proof of (4.81) and (4.82), we now present the corre-
sponding estimates for the (rotated) auxiliary vector fields &; ;11 and the auxiliary velocity
fields B; 41y on their respective domains of definition.

Lemma 4.27. Let the assumptions of Proposition 4.22 be in place, in particular the notation
of Definition 4.20. Then there exists a constant C = C(Q) > 0, depending only on Q but
independent of (1ij); je(1,2,3},i+j, Such that the following holds: For everyi,j € {1,2,3} and
throughout the space-time domain H; ;41 we have

|0:R (i j)855+1 + (Bijan) - VIRGpG 01 + (VBGjan) Rl

DT (4.128)
< Orj i dist(, L),
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as well as
V- R &1 + B(H+1 R j&ge1| < Cry 7 dist(-, I ), (4.129)
|1 w)fj J+1’ ‘ < er j+1 dist* (-, I j+1)s (4.130)
‘V|R i)’ < Oyt dist® (-, T ), (4.131)
‘8t|R zy)’SJJ-‘rl’ ‘ <Cr; g+1d15t (- jj41), (4.132)
04| Rii.jy &g [P + (B - VIR &g [7] < Oy dist? (-, L) (4.133)

We also have for all pairs i, j € {1,2,3} with i # j throughout the intersection H; ;41 NH; j 11
that (with rmin == 112 AT23A731)

R &1 — Ragony&i-15] < Crpd dist®(, T,

min

(
VR £ jr1 — VR - 15] 1] < Cr 2 dist(-, T), (4.135

(

(

min

|B(z,i+1) - B(j7j+1)| < Crs d15t2( 7)),

min

|V§(ivi+1) - Vé(jd-&-l)| <Cr3 dist(-, 7).

min

Proof. By the ansatz (4.90) and R(; jy € SO(2) we have

~ 1
2 2 2 2
[Rii.q)&ig+1l” = (1 2 u+15u+1) T 518541
(4.138)

4
=1+ 40‘] J+155,5+1

from which together with (4.97), (4.103), (4.101), and (4.121) the estimates (4.130)—(4.133)
immediately follow.

To prove the estimates (4.128)—(4.129), let 7,5 € {1,2,3} be fixed. For what follows, we
omit all indices and arguments unless specifically required. Plugging in the ansatz (4.90)
for ¢ and introducing the commutator [C, D] := CD — DC for matrices C,D € R¥?, we
obtain

~ - ~ L~ 1 ~ ~
O RE+(B - V)RE+(VB) RE = (1—5(1232)3(6@ +(B-V)a+ (VB)Th)
+asR(97 + (B - V)7 + (VB)"7)
+a(ds+ (B-V)s)(RT — asRq)
+[(VB)", RI¢
+ (ata+(§ -V)a)s(RT — asRn).

By the ansatz (4.120), the auxiliary velocity B only corrects Hn in tangential direction.
Hence, the identities (4.61) and (4.60) are applicable and we obtain

i+ (B-V)i+ (VB)'i=0, Os+(B-V)s=0

throughout Hj j 1. Recalling the definition 7 = Jn, cf. (4.54), we deduce from the previous
display

o7+ (B-V)7+(VB)'7 =[(VB)", J]n

throughout H; ;1. Hence, recalling (4.127) and using the fact that [JT, R] = 0 on account
of both matrices being rotations in the plane we get

(VB)T,R] = 0(r*|sl), [(VB)T.J]=O0(r"s])

182



4.5. Gradient flow calibrations at a triple junction

throughout Hj j;1. Together with the estimate (4.103), the previous four displays in combi-
nation imply (4.128). N

We turn to the proof of (4.129). Due to the computation (4.115) of V& we have on the
one side

V-RE=—H(R7-7) 4+ «(R7 - 11) + O(r~2|s|). (4.139)
On the other side, making use of the definitions (4.90) and (4.120) of £ and B we obtain
B - RE = Hi - Rii + a(7 - Ri) + O(r~2|s)). (4.140)
Furthermore, recalling J7 =1, J' = J~! = —J, and [JT, R] = 0 gives

ii-J7 = Rii-,
fi-Ji=—Ri-7T

Rr-7=RJ ' 7=
Rr-n=RJ 'a-n=

N

Therefore, we can combine (4.139) and (4.140) to yield the estimate (4.129).
We proceed with the verification of the bounds (4.134) and (4.135). As by (4.108)
and (4.109) the Taylor polynomials at the triple junction of the functions R(; ;§;j+1 and

R j—1)§j-1,; agree up to first order, the estimate (4.134) follows by bounding the remain-
ders using (4.91). One can argue similarly for the estimate (4.135). On the basis of (4.123),
(4.124) and (4.121), the estimates (4.136) and (4.137) follow by the same argument. O

4.5.2 Gluing construction by interpolation

Throughout this subsection, let again the assumptions of Proposition 4.22 and the notation
of Section 4.4 and Definition 4.20 be in place. As we discussed in the previous subsection, the
auxiliary vector fields §Z i+1 and the auxiliary velocity fields B(l i+1) serve as the definition of
the vector fields &; ;41 and the velocity field B on the interface wedge W; ;11, see Figure 4.6b
for the partition of the neighborhood of the triple junction.

The next step is to extend &; ;11 and B to the entirety of the space-time domain. As we
want Herring’s angle condition (4.71) to hold throughout the ball B, (7 (t)) we are essentially
forced to set &; ;11 = R; jy&j+1 for all 4, j € {1,2,3} wherever the latter is defined, and where
R; j) 1s given in Lemma 4.24. As their domains of definition H; ;41 overlap, we resort to an
interpolation procedure on the interpolation wedges W;, see again Figure 4.6b. We similarly
deal with the issue of combining the velocity fields By; ;;1) into a single field. To this end, we
first define suitable interpolation functions which move and rotate with the evolving triple
junction.

Lemma 4.28. Let the assumptions of Proposition 4.22 be in place, in particular the notation
of Definition 4.20. Then there exists a constant C = C(2) > 0, depending only on 0 but
independent of (i ;)i jef1,2,3},ij, and interpolation functions

At | (BAT®))NWi(®) \ T () x {t} = [0,1]

te[0,T7]
for every i € {1,2,3} which satisfy the following properties:
i) It holds for all t € [0,T) that

)\Z-(a:, t) =0 for x € (8W,(t) N 8Wi7i+1(t)) \T(t), (4.141)
iz, t) =1 for x € (OW;(t) NOW;_1,(t)) \ T (¢). (4.142)
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ii) We have the estimates (Tmin =712 AT23 AT31)

IVi(z, )| < Cdist(z, T(t)™"  |9\i(w, 1) < Crid dist(z, T(t) ™! (4.143)
|V2\i(z,t)| < Cdist(z, T ()2 (4.144)
for allt € [0,T) and all z € (B,(T(t)) N W;(t)) \ T(¢t). Furthermore, it holds
Vi(z,t) =0, 9O\i(z,t) =0, (4.145)
VA\i(z,t) =0 (4.146)
for allt € [0,T) and all z € (B(T(t)) NOW;(t)) \ T(t).

iii) Expressing the evolving triple junction via T(t) = {p(t)} for all t € [0,T], we have a
bound on the advective derivative

i 1) + ((i (1) V)Ml < Ori, (4.147)

for all t € [0,T) and all x € (B,(T(t)) NW;(t)) \ T(t).

Proof. Due to (4.74), the interpolation wedge W;(t) is the restriction to B,.(7(t)) of the inte-
rior of the conical hull spanned by two unit vectors XZZ iq(t) and X! | i(t), whereas W ;11(t)
is the restriction to B,(7(t)) of the interior of the conical hull spanned by unit vectors
X};1(t) and le+i1( ) due to (4.73). In particular, we can represent OW;(t) N OW; ;11(t) =

{yX} z+1( )iy >0} and OW;(t) N OW;_1(t) = {yX]_, ;(t): v > 0}. As the vectors X/, (t)
and X! , i(t) can be expressed as a (fixed-in-time) linear combination of the unit-normals

0, ;(p(t), ) at the triple junction, we have due to (4.102), (4.98) and (4.101) the bounds

’dt i ‘+ ’dt i-1i(t )‘ < COrpl < Crpl dist(z, T(t) ™ (4.148)

min min

for all t € [0,T7], all x € B.(T(t)), and all i € {1,2,3}.
By Definition 4.20, the opening angle 6; of the interpolation wedge W;, defined by
cos(#;) = XfZH( ) - XE 1:(t) € (0,1), is time-independent and satisfies 0; € (0,5). (The

12
angles only depend on Q) through the surface tensions.) Let A\: R — [0,1] be any smooth
function such that A =0 on (—o0, 3] and A=1on [2,00). We define
1— Xz ( ) z—p(t)
Gitl [2—p(t)]
)\i ,t = A N
(%) ( 1—cos9;

Then the properties (4.141)—(4.146) are immediate consequences of the definitions and the
bounds (4.148) and (4.102); cf. also the subsequent computation.
It remains to check the bound (4.147) on the advective derivative. To this end, we

abbreviate A\;i(z,t) = A; (X7 i1 (1) - %) for the obvious choice of function A;: R — [0, 1]
and simply compute

IAi(z,t)

Xzz 1( ) ﬂf—p(t) $_p(t) d Y Ct?—p(t) d 7
m (I - ® )519@)4‘ To—p@)] &Xi,iﬂ(t)

lz—p(t)| ~ |z—p(?)]
:-(%p(t).v>)\(ac t)+/\’|$ PEt)’ thZ,m(t)

) d

where X, is evaluated at X7 ia(t) - %ﬁgg‘. From this, the last remaining claim (4.147)
immediately follows due to the estimate (4.148). O
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4.5. Gradient flow calibrations at a triple junction

Equipped with these interpolating functions we are finally in the position to prove the
main result of this section.

Proof of Proposition 4.22. Step 1: Interpolation of the vector fields. We define (not yet nor-
malized) extensions of the normal vector fields 1; ;7. ; on the space-time neighborhood of the
triple junction Uy := Uyeo 71 Br(T (1)) x {t} as follows:

~ R(i,j)%ijrl (fl?,t) _ ifx € VVjJ’Jrl (t),
gi,ﬂrl(l‘, t) = (1_)\]' ({L‘, t))R(z‘,j)fj,jil(-Ta t) fre WJ’ (t), (4.149)
+ A2, ) R j-1)&i-1,4(2, 1)
and giﬂ,i = —&Hl for i € {1,2,3}. The velocity field is given by
E(j,j+1)(337t)~ if v € Wjjp(t),
B(x,t) := ¢ (1=X;(, £)) B(j j41) (2, 1) (4.150)

+ (2, 8) By gy (@, 1) itz e W;b).
In the subsequent steps of the proof, we first establish all required properties in terms of the
vector fields ng and B. Only in the penultimate step we will choose the radius # = #(Q) < r
and define unit-length vector fields & ; by normalization of the vector fields é\” defined
in (4.149) above. The last step is then devoted to verify the required properties for the
normalized vector fields &; ;.

Step 2: Regularity of Zm- and B, the estimates (4.84) and (4.85), and properties i)-iii).
We first remark that the above definitions make sense due to the second inclusion in (4.75)
and the inclusion in (4.76). Indeed, these inclusions are precisely what is needed so that the
building blocks EMH and E(@H_l) are only evaluated on their domains of definition.

For every i € {1,2,3}, we obtain §7i+1(x,t) = é,iﬂ(x,t) = 1n;4+1(x,t) for all t € [0,T]
and all z € T; ;41(¢) N B (T (t)) from the first inclusion in (4.75) and the ansatz (4.90), taking
care of property 1); obviously except for the normalization condition away from the interfaces.
The second property gi,j = —Ej,l- for 7,7 € {1,2,3} with i # j holds by definition. For every
j €{1,2,3} we moreover have

19612 + 023603 + 031631 = (o12R(1,5) + 023R(2,j) + 031R (3 5)) €1 =0
on Wj;i1(t) by the defining property (4.105) of the rotations R

ensures validity of (4.80) on the interpolation wedges W ;(t).

ij)- A similar argument

By the compatibility condition (4.108) for the auxiliary vector fields §j7j+1 at the triple
junction, as well as the conditions (4.141) and (4.142) for the interpolation functions, the
vector fields E,j are continuous. Similarly, their first and second derivatives are continuous
across the boundaries of the interpolation wedges ;e[ 1y ((Br(T(t))now; () \ T (¢)) x {t}
by the properties (4.145) and (4.146) of the interpolation functions.

Moreover, all spatial derivatives up to second order are bounded in U, \ T with the
asserted estimate given by (4.84). Indeed, in the interface wedges W; ;1 this follows from
the estimates (4.91) and the definition (4.149). On the closure of the interpolation wedges W7,
we first compute using the definition (4.149)

ngurl = (1—)\j)VR(i,j)£~j,j+1 + )\jVR(m-_l)gj,l,j (4.151)
— (Rij&j+1—Raj—1)6i-1,5) VA,
V& i1 = (1=X)V?Rii &1 + N VPR -1j—1, (4.152)

o (VR(i7j)§7j+17vR(i’j—1)gjfl7]’)v>\j
B (R(i,j)§j7j+1*R(i,j—l)fjfl,j)V2>\j.
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Now, the bound (4.84) with respect to spatial derivatives follows from the blowup (4.143)
and (4.144) of the interpolation functions, the estimates (4.91), (4.134) and (4.135) for the
auxiliary vector fields EMH, as well as the estimate (4.77). In total, this proves g” €
CYC2(U,\T). The other property Em- € CLCY%U,\T) together with the asserted bound (4.84)
in terms of the time derivative follows similarly making use of Lemma 4.23, (4.134), (4.143),
(4.77) and the computation on the closure of W

Oiin = (1=A))0:Rii &g + X0 R 1§14
— (R j)&ig+r1—Riij-1)8-1,5) O,

We proceed with the regularity of the velocity field B. First, by the compatibility condi-
tion (4.123) for the auxiliary velocity fields B(; ;11 at the triple junction, as well as the con-
ditions (4.141) and (4.142) for the interpolation functions, the velocity field B is continuous.
The asserted bound (4.85) is a consequence of the definition (4.150), the estimates (4.121),
(4.136) and (4.137) for the auxiliary velocity fields, the controlled blowup (4.143) of the
interpolation functions, the estimate (4.77) as well as the computation

VB = (1-X\)V B 1) + NVB(_1) + (Bij—1,~Biin) VA, (4.153)
V2B = (1-X;)V2B(jj41) + N V2B(j_1) (4.154)
+ (VB(jo1,5)=VB(1,41) VA + (Bi-1)~ Bl V2N

on the closure of W;. This proves B € CYC2(U, \ T).
Step 3: Proof of the estimate (Tmin =112 AT23AT31)

0+ (B Ve + (VB)TE | < Or3 dist(-, I;,;)  in Uy (4.155)

min

By the skew-symmetry Em = —f}m we only have to prove (4.155) for j =i+ 1. Let i €
{1,2,3}. First, we remark that the validity of (4.81) for the vector field &; ;41 on the interface
wedges Wj 41 for all j = 1,2,3 follows from the estimate (4.128), the definitions (4.149)

and (4.150), and the estimate (4.78). Hence, it remains to prove the bound (4.155) for a,iﬂ
on each interpolation wedge W;, j € {1,2,3}.

To this end, let us fix j € {1,2,3}. For the sake of readability, let us introduce the
abbreviations, A = A;, B = R ;) R = R i1 § = §”+1, g = £J 15, B = Bj +1) and

B = B(J 1,j)- Using the product rule and the definition (4.149) of {Z i+1 on the closure of
the interpolation wedge W;, we have

(at +(B-V)+ (VB)T) i1 =(1-)\) (at +(B-V)+ (VB)T) RE
+A (at +(B-V)+ (VB)T> RE (4.156)
+ (OA + (B-V)A)(R'E — RE).

We want to manipulate the first two right-hand side terms to make the advection equations
(4.128) appear. To this end, we write B = B + A\(B’ — B) and obtain

(0 + (B-9) + (VB)T) RE=(d+ (B V) + (VB)T)RE
+ (A(B' = B)-V)RE + A(VB' — VB) "RE
+((B'—~ B) - RE)VA.
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4.5. Gradient flow calibrations at a triple junction

Using the compatibility conditions (4.136)—(4.137) for the auxiliary velocity fields alongside
with the bounds (4.91), (4.143), and the estimate (4.77) one shows that the last three right-
hand side terms are of order O(r 3 dist(:, I;;41)). By (4.128) and (4.77) the first term on
the right-hand side is also of order O(r_3 dist(-, I; i+1)).

Consequently, the first term on the right-hand side of equation (4.156) is of required order.
A similar argument shows that the second one is, too. Finally, also the third term is of the
desired order by the bounds (4.143) on A, the second-order compatibility (4.134), and the
estimate (4.77), concluding the proof of (4.155).

Step 4: Proof of the estimate (Tmin :=1r12 AT23AT31)

IV -&j+B-&j| <Cr2 dist(-, I;) iU (4.157)

Let i € {1,2,3}, and by the skew-symmetry E” = —¢;, it again suffices to prove (4.157)
in terms of EMH. Note that because of (4.149)—(4.150), (4.129), and (4.78) it only remains
to prove (4.157) for the vector field Zmﬂ in the closure of the interpolation wedges Wj,
j €{1,2,3}. We again fix j € {1,2,3} and use the same abbreviations as in the previous
step.

We proceed similarly as in the proof of (4.155). Making use of (4.149) we get

V-&ip1 = (1-NV-RE+AV - RE + (RE€—RE)-V)A.

By the controlled blowup (4.143) of the interpolation functions, the compatibility estimate
(4.134), the approximate mean curvature flow equation (4.129) and the estimate (4.77) it
then follows

V-&it1=—(1—=NB-RE—AB - R'¢ +0(r 2 dist(-, I i11))-

min

Finally, the compatibility estimates (4.135) and (4.136) in conjunction with definitions (4.149)—
(4.150) and the estimate (4.77) imply the desired bound (4.157).
Step 5: Proof of the estimates (rmin :=1r12 AT23AT31)

11— &,
2‘ +7ﬂmin}v|gi,j

?| < Cr 2, dist? (-, I ) in U,, (4.158)

min

2| < Crd dist(-, I ) in U,. (4.159)

min

Let i € {1,2,3}. The validity of (4.158) resp. (4.159) for the vector field @7”1 in interface
wedges W i1, j € {1,2,3}, is directly implied by the definition (4.149), the bound (4.78),
as well as the estimates (4.130) resp. (4.131)—(4.132).

For all j € {1,2,3}, we then may compute on the closure of the interpolation wedge W
by (4.149) and adding zero several times

Giie1]? = NIRE? + (1-N?|R'E? + 20(1-\)(Re - R'€)
=1 —M1=M)|RE — R 12+ MN|RE)P—1) + (1=N\)(|[R'E>-1). (4.160)

Hence, the estimates (4.158) and (4.159) are the result of the estimates (4.91), (4.134),
(4.130)~(4.132), (4.143) and (4.77).

Step 6: Choice of 7 = 7(Q2) < r and definition of normalized vector fields &; ;. We first
define 7 :=r A \/%—C(rl,g A 123 Arg1) with C' > 0 being the constant of (4.158). Note then

that (4.158) implies

inlU = | Ba(T()x{t} (4.161)

te[0,7
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4. WEAK-STRONG UNIQUENESS FOR PLANAR MULTIPHASE MEAN CURVATURE FLOW

for all 4,5 € {1,2,3} with i # j. We may then define

& j(x,t) = Sig(@,t) for all (z,t) € U; (4.162)

iz, 1)

and all ¢,5 € {1,2,3} with ¢ # j. It remains to verify the asserted properties in terms of the
vector fields &; ; and B on the restricted space-time domain U;.

Step 7: Conclusion. Since & j(z,t) = @J(x,t) for all t € [0,7] and all z € T;;(t) N
B;:(T (t)), property i) is an immediate consequence of definition (4.162). Note that (4.83)
trivially follows. Obviously, the skew-symmetry relation in property i) carries over from
Em- to & ;. Validity of the Herring angle condition (4.80) in terms of the vector fields &; ;
also follows immediately from their definition (4.162) and the fact that the vector fields 2”
already satisfy (4.80). Indeed, recall that the vector fields 51’2, 5273 resp. 53,1 can be obtained
from each of the other ones by a rotation due to Lemma 4.24.

For a proof of (4.84) (recall that the estimate (4.85) is already part of Step 2), we simply
compute
L (a8 g S
[3%1 &gl 1€l
Because of (4.161), the estimate 7#|V¢; j| +720:&; ;| < C throughout U; \ T thus follows from
the corresponding estimate in terms of aj from Step 2 of this proof. One proceeds similarly
for the required estimate on the second-order spatial derivative.

It therefore remains to argue that the estimates (4.81) and (4.82) hold true. Using the
product rule and the choice of 7 in the previous step, we may on U; compute

(90 V)& = ) (0, V). (4.163)

gij
O+ (B-V)+(VB)T) 2L
< Ve
1 T\ = 1 -~ ~ 9
= (0 (B-V)+ (VB)T) & — =& (O + (B- V) |y
il 2[5

By (4.155) and (4.161), the first right-hand side term is of the order O(#3dist(-, I; ;)).
To handle the second term, it suffices to apply the estimate (4.159), the estimate on the
magnitude of the velocity |B| < C7~! from Step 2, and the estimate (4.161). This proves the
estimate (4.81).

We now turn to the proof of (4.82). Here, we compute on U; by means of the choice of 7
in the previous step

o, b _ V-G (G VGl
il 1G] 28 51°
It is immediate from the estimates (4.161) and (4.159) to estimate the second term as being

of order O(#~2dist(-, I; ;)). Using the approximate mean curvature flow equation (4.157) for
the first term and the definition (4.162) of &; ; then yields

v. % __p. S +O(P 2 dist(-, [;;)) = =B - & + O(# 2 dist (-, I ;).
€51 [€i.j
In total, this gives (4.82). O

Finally, we provide the elementary-geometric proof for the existence of wedges with the
desired properties.
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4.5. Gradient flow calibrations at a triple junction

V

W3 /// ’

W3

Figure 4.7: If the angle between two tangent vectors is less than 90°, we trisect it to obtain
the desired interpolation wedge, see for example W5. Otherwise, we take the corresponding
intersection of the half-spaces, as is done for Wy and W3. The wedges Wi 2, Wa 3 and W3,
lie inbetween.

Proof of Lemma 4.21. We recall some notation in conjunction with Definition 4.17. For each
(cyclic) i+ € {1,2,3} and all ¢t € [0,T], the unit vector t;;+1(p(t),t) denotes the tangent
of I;;+1(t) at the triple junction 7 (t) = {p(t)}, with the orientation chosen such that it
“points away” from the curve [ j41(t). Define then 741 (t) :== —t;,11(p(t),t) and Hx, ,,, (t) =
{z € R?: (z—p(t)) - Tii+1(t) > 0}. Note that

0'1727_'172@) + 0'273’7_'273(15) + 0'3717_'371@) =0, te [0, T] (4164)

Using the balance of forces condition (4.164) together with the strict triangle inequality (4.8)
we see that there exist constant-in-time angles 6; € (0, 7) such that cos(6;) = 7 i+1(¢)-Ti—1,i(t)
fori=1,2,3 and t € [0,T]. For the following argument, see also Figure 4.7.

If 6; > 5 we may define X/; (t), X! | ;(t) € S' such that the cone Cy(t) := T(t) +
{(mX] () +72X] () 1,72 € (0,00)} satisfies Ci(t) = Hy,,,, (1) N H,_, ,(t). Other-
wise, we choose X7, ,(t), X] | ;(t) € S! such that the cone Ci(t) := T(t) + {n X/, (t) +
'ngf_LZ-(t): 71,72 € (0,00)} is the middle third of the cone {V17; i+1(t) +v2Ti—1,:(t): 71,72 €
(0,00)}. In both cases, defining for ¢ € {1,2,3} and ¢t € [0,T] the cone C;;11(t) =
T(t) + {'71Xf,i+1(t)+72Xii;i1(t)3 1,72 € (0,00)} we then have

Cl(t) - Hﬂ',i+1 (t) N Hﬂ?u (t)a (4‘165)

Ciip1(t) C Hz, (1), (4.166)

Ci(t) U Ciipa(t) = R?, (4.167)
=123

p(t) + Tiit1(t) € Ciiga(t) (4.168)

for all ¢ € {1,2,3} and all ¢ € [0, 7.
Let r € (0,712 Ar23 Arsa], and for ¢ € {1,2,3} and ¢t € [0,7] define W;(t) := C;(t) N
B, (T (t)) and Wi y1(t) :== Ciiq1(t) N Bp(T(t)). As (4.72) follows immediately from (4.167)
it suffices to argue that there exists a constant C = C(o) > 1, depending only on the
surface tensions at the triple junction, such that r := %(7’172 A T3 AT31) gives rise to the
inclusions (4.75)—(4.76) and the comparability of distances in form of (4.77)—(4.78).
First, (4.76) follows from (4.165) and the fact that H, ,, , (t) N B,(7(t)) is included in

the t-time slice of the image of the diffeomorphism from (4.45), see (4.46). Analogously, one
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derives the second inclusion of (4.75) from (4.166). For the first inclusion of (4.75), i.e., the
curve trapping condition, one may argue as follows. On one side, it follows from the endpoint
ball condition #) of Definition 4.17 and r < 712 A rog A ray that Tjr1(t) N Br(T(t)) C
Hz, ., (t) N B.(T(t)). On the other side, based on the ball condition i) of Definition 4.17 at
the triple junction 7 (t) = {p(t)}, we may sharpen this inclusion to

Tt (t) N Bo(T(1))
C (oo (0 0 BT D) \ (B (p(0) 471511 (1), 1)) U By (p(6) =i 1 (p(2), ) )

Hence, the first inclusion of (4.75) follows after choosing r € (0,712 A 723 A r3 1] sufficiently
small, with a proportionality constant depending only on the opening angles of the interface
cones Cj j11.

We turn to the proof of the estimates (4.77)—(4.79). The estimate (4.78) is a consequence
of the first inclusion of (4.75), the fact that the interface wedges W 41, ¢ € {1,2, 3}, are sepa-
rated from each other by the interpolation wedges W;, i € {1,2, 3, }, and that within B,(7(¢))
the distance to 7; ;41 equals the distance to I_i7i+1 by Definition 4.17 and r € (0, r1 2Ar23A73 1].
The estimate (4.79) follows from similar considerations, exploiting again that the interface
wedges are separated from each other by the interpolation wedges. Also the argument for the
proof of (4.77) is analogous; at least once we improved the curve trapping condition (4.75) to
a wedge which is strictly included in W; ;1. A possible choice for such a wedge is to simply
bisect the angles formed by fi,i+1=Xf,i 41 and fi,i+l’Xii,ﬁ1a respectively. The improvement
of (4.75) then follows from possibly reducing r € (0,712 A 723 A 131] even further. This
in turn can be done again at the cost of a proportionality constant depending only on the
surface tensions at the triple junction. O

4.5.3 Local compatibility estimates

We conclude this section with a result verifying that the local constructions at a triple junction
from Proposition 4.22 are (in a certain sense) suitable perturbations of the respective local
constructions from Lemma 4.18 with respect to interfaces meeting at the triple junction. It
is precisely at this stage where we rely on the freedom to choose a tangential component for
the local velocity field from Lemma 4.18.

Proposition 4.29. Letd =2 and P €N, P > 2. Let Q = (Q1,...,Qp) be a strong solution
to multiphase mean curvature flow in the sense of Definition 4.14. Leti,j € {1,..., P} such
that i # j and fi,j 18 a non-trivial interface. Denote by T, a space-time connected component
of I; j, and assume that T, connects two evolving triple junctions Tp. and Tp,_, respectively.
Let 7, ,7,_ € (0,1] denote the associated localization scales from Proposition 4.22, respec-
tively. Finally, denote by ( S B¢) the local vector fields from Lemma 4.18.
Then there exists a choice of the tangential component a. of B¢ satisfying

kr:nDz?fQ(prr Aip AP VFa | <O, 30:= tg[loig} dist(Tp, (t), Tp_ (1)), (4.169)
throughout im(Vr.), so that at each of the two triple junctions Ty, p € {p+,p—}, the local
vector fields (fgj,Bp) from Proposition 4.22 (at scale 7)) may be chosen so that they are

locally compatible with (& ;, B€) in the sense that

(V& —VEr)Ter,| < Oyt dist(, 1),

|(€5,-60;) - €851 < C7p 2 dist? (-, L),

|BP—B¢| < C#,° dist? (-, I ;).
|VBP—VB°| < Cf, 2 dist(-, I; ;)

‘fﬁj—fﬁﬂ +7p
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in the region B%(fp/\é)(%(t)) N (ij (HUWP()U ij(t)) for allt € [0,T] (where the wedges
Wffj, WP, WJP are the ones from Definition 4.20 with respect to the triple junction T,). The
constant C > 0 in the above estimates (4.169)—(4.173) may depend on Q, but is independent

of fp,, Tp_ and L.

Proof. The proof is split into three steps.

Step 1: Choice of vector fields. We take (@fj, BP#) as constructed in the proof of Propo-
sition 4.22. Moreover, we take ( T B¢) as defined in Lemma 4.18 with the following choice
of the tangential component .. Let # be a smooth cutoff function with 6(r) =1 for |r| < %
and § = 0 for |r| > 1. We then define

dist(+, 7p.,) ~ dist(-, 7,_) _ .
Qe = 0<M’)Bp+ T T 9<MD>BP‘ “Tij, inim(¥r). (4.174)
By the choice of the cutoff 0, this is indeed well-defined. The regularity estimate (4.169)

is a direct consequence of the definition (4.174) and the estimates (4.98) and (4.85). Note
that (4.169) in turn updates the estimate (4.59) to

Jnax (7, Ay A OFVFEBe < ¢ in im(T7), (4.175)
with the constant C' > 0 being independent of 7, , #,_ and /.

Step 2: Proof of (4.172) and (4.173). Let p € {py+,p—}. First, we note that for
all t € [0,7] it holds B%(pre)(%(t)) N (ij(t) UWwPr(t)u W]p(t)) C im(¥r.) due to (4.75)-
(4.76). By means of the regularity estimates (4.85) and (4.175), the choice of the cutoff
function @, and the definition (4.174) of the tangential velocity of B¢, it thus suffices to
prove B¢ = BP within the interface wedge W;(t) N Bi ;e (Tp(t)) for all ¢ € [0,T]. How-

) 2
ever, by (4.174) the two vector fields agree in tangential direction. Their normal component
in turn equals H; ;n; ;, which is evident for B¢ from definition (4.56), and for BP from the
definitions (4.120) and (4.150).

Step 3: Proof of (4.170) and (4.171). Let again p € {p4+,p—}. Thanks to the regu-
larity estimates (4.57) resp. (4.84) and the fact (V{ﬁj)T T = %V|£§j\2 = 0, the asserted
bounds (4.170) and (4.171) follow once we assured ourselves of the validity of &, — & ;=0
and (V{gj)T ¢; = 0 along the local patch 7.() ﬂBé(pr)(ﬁ(t)) for all ¢t € [0,T]. The former
is immediate from both vector fields being extensions of the unit normal 1, j|, ;7 whereas the
latter then follows from adding zero and |££j 2 =1 in form of (Vfﬁj)Tfﬁj = (V&f:j)ngj =

4.6 Gradient flow calibrations for a regular network

The aim of this section is to prove Proposition 4.6: Given a strong solution to multiphase
mean curvature flow (in the sense of an evolving network of smooth curves meeting at triple
junctions), we construct a gradient flow calibration by gluing together the local constructions
from the previous two sections.

More precisely, in Section 4.6.1 we define a partition of unity which allows us to localize
around each topological feature 7,, i.e., a two phase interface or a triple junction, for some
suitable index n € N. We then define the global vector fields &; ; for i, € {1,..., P} with
1 # j and B in Section 4.6.2 by gluing together suitable locally defined vector fields & and
B™. Most of these vector fields were already constructed in Sections 4.4 and 4.5, so that in
Section 4.6.2 we only need to define those vector fields &', for which at least one of the two
phases i or j is not present at the selected topological feature 7,. For their construction we
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crucially use the coercivity condition of Definition 4.8 on the matrix of surface tensions. In
Section 4.6.3, we prove the compatibility between the local constructions of the vector fields of
adjacent topological features, which then allows us in Section 4.6.4 to prove Proposition 4.6.

We first describe the necessary notation. Let Q = (Q1,...,Qp) be a strong solution for
multiphase mean curvature flow in the sense of Definition 4.14 on some time interval [0, 7. In
particular, the family € is a smoothly evolving regular partition and the family Z = U, £ I;j
is a smoothly evolving regular network of interfaces in the sense of Definition 4.13.

We decompose the network of interfaces of the strong solution according to its topological
features, i.e., into smooth two-phase interfaces on the one hand and triple junctions on
the other hand. Suppose that the strong solution has N of such topological features 7y,
ne{l,...,N}. We then split {1,..., N} =: CUP with the convention that C enumerates the
connected components in space-time of the smooth two-phase interfaces (being time-evolving
curves) and P enumerates the triple junctions (being time-evolving points). If p € P, we
define 7, := Uepr Tp(t)x{t} to be the trajectory in space-time described by the triple
junction. If ¢ € C, we define 7¢ := Uepo ) Te(t)x{t} C L ; for some 4,5 € {1,..., P} with
i # j to be the corresponding space-time connected component of a two-phase interface I; ;.
We say that the i-th phase of the strong solution is present at the topological feature T, for
n € {l,...,N} if 0Q; N T, # (). Otherwise, we say that the phase is absent at T,. Finally,
we write ¢ ~ p for ¢ € C and p € P if and only if 7. has an endpoint at 7,. Otherwise, we
write ¢ £ p.

For each p € P, let 7, € (0, 1] denote the localization scale provided by Proposition 4.22,
and for each i,j € {1,..., P} such that ¢ # j let r;; € (0,1] be an admissible localization
scale for the interface 1:” in the sense of Definition 4.17. We also define

3lp :=1A tg[l(},l’}} p,p,gg’l})#p, dist(7,(t), T (1))
In words, ¢p keeps track of the separation of the triple junctions. Moreover, for each ¢ € C
we let
3l :=1A tg{l&g] c’EC\{C?:u%ﬂ'TC/:@ dist(7:(t), To (t)).

If ¢ € C refers to a closed loop, then £. measures the separation to all other topological
features. Otherwise, ¢ € C refers to a two-phase interface with two triple junction endpoints,
and in this case £, represents the minimal distance to all other topological features except
for the two triple junctions at its endpoints and the set of two-phase interfaces also having
an endpoint at these triple junctions. We then define

2rp :=min#, A {p Amint, € (0,1]. 4.176
rp i=minfp Alp Aminte € (0, 1] (4.176)

Note that rp allows for the application of all the results from Section 4.5, and that distinct
triple junctions are well separated. In addition, the rp-ball around a triple junction 7,
intersects with the rp-neighborhood of a two-phase interface 7. if and only if ¢ ~ p.

Next, in case ¢ € C does not refer to a closed loop, i.e., there exists exactly two py,p_ € P
such that ¢ ~ p; and ¢ ~ p_, we consider

30 :=1A mi ' dist ( 7.(¢ B, 1), T (t)).
c=1nmin - min - dist (T U B (), ()
c/~p,pe{p+} pelp}

The purpose of /., is to separate interfaces which meet at the same triple junction; at least
outside of a neighborhood of the latter. We then define

2r¢ = min i A min e A min . € (0,1].
i,j€{1,...,P},i#j ceC c€C: IpeP s.t. c~p
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Observe that the scale r¢ allows for the application of all the results from Section 4.4, and
that distinct interfaces are well separated at this scale in the previously described sense.
Finally, it is convenient to define a minimal localization scale by means of

Tmin 1= 1¢ Arp > 0. (4177)

4.6.1 Localization of topological features

We now introduce a partition of unity (9ou,n1,--.,7n), where each n, forn = 1,... N
localizes in a neighborhood of the corresponding topological feature 7, as follows:

Lemma 4.30. Letd =2 and P € N, P > 2. Let Q = ((_21, .. ,Qp) be a strong solution to
multiphase mean curvature flow in the sense of Definition 4.14, whose network of interfaces
decomposes into N topological features T,, n € {1,...,N}. Let rp,fmin € (0,1] be the
localization scales defined by (4.176) and (4.177), and let Tp := U,cp Tp-

Then, for each n € {1,..., N} there exists a continuous function

N R? x [0,T] — [0,1]
satisfying n, € (CPC2 N CLCY)(R2x[0,T) \ Tp) with corresponding estimates

X Ty | V] + T G| < € in R2x[0, T]\ Tp, (4.178)

for some constant C > 0, depending only on 2 but not on T, so that the family (n1, . ..,nN)
s a partition of unity in the following sense:

i) Let o := 1 — S0 . Then myux € [0,1] throughout R*x[0,T]. On the evolving
network of interfaces T = U#j I; j we have nyux = 0. Moreover, there ewists a con-
stant C > 1, depending only on Q but not on Fmin, such that it holds

C™H (P dist? (-, Z) A1) < Dl in R2x[0,T]\ Tp,  (4.179)
Moutk < C (72, dist*(+, Z) A1) in R2x[0,T]\ Tp,  (4.180)

Viut| < Crh Pk dist(, 7)) A1) in R2x[0,T]\ Tp,  (4.181)

O] < COF 2 (Fok dist(Z) A1) in R2x[0,T]\ Tp,  (4.182)

and if either phase i or phase j is absent at a given topological feature n € {1,... N}
we have the estimates

M < C(Td, dist?(-, I; ;) A 1) in R*x[0,T)\ Tp, (4.183)
(V| < Crd (T dist(+, i ;) A1) in R?x[0,T]\ Tp, (4.184)
|0y < OF 2 (T, dist(+, ; ;) A1) in R2x[0,T]\ Tp. (4.185)

ii) For all c € C and t € [0,T] it holds
supp 7e(-,t) C W (Te(t) x{t} X [Pmin, Pmin]) =2 imz,, (P7:) (1), (4.186)
with W7 denoting the restriction to T, of the diffeomorphism (4.45).

iii) For allp € P and t € [0,T] it holds
supp 1p (5 t) C By (Tp(2))- (4.187)
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iv) Let p,p’ € P be two distinct triple junctions. Then for allt € [0,T] we have
supp Mp (-, t) Nsupp Ny (+,t) C Brp (Tp(t)) N Brp (T (t)) = 0. (4.188)

v) Let p € P be a triple junction and let ¢ € C be a two-phase interface. Then suppn, N
supp 7. # 0 if and only if T. has an endpoint at T,. In this case and assuming T C I; ;
fori#je{l,..., P}, it holds for all t € [0,T] that

supp 1p (-, t) Nsupp ne(:,t) C Brp (Tp(t)) N (Wi () U Wi(t) U Wi(t)), (4.189)
where W j, W; and W; are as in Definition 4.20.

vi) Let ¢,¢ € C be two distinct two-phase interfaces. Then we have suppn. N supp ne # 0
if and only if both interfaces have an endpoint at the same triple junction Ty, p € P. In
this case, it holds for all t € [0,T) that

supp 77c(+, t) N supp e (-, ) C By (Tp(t)) N Wilt), (4.190)
where we assume that T, C I_i,j and Ty C fkﬂ-.

Proof. An illustration of the constructed functions close to a triple junction can be found
in Figure 4.9. For the definition of a partition of unity (Muu,n1,-..,nn) with the required
localization and coercivity properties we proceed in several steps.

Step 1: Definition of auziliary cutoffs. Let 6 be a smooth and even cutoff function with
f(s) = 1for |s| < 1 and 6 =0 for |s| > 1. Let (: R — [0,00) be another smooth cutoff
function defined by

C(s) = (1 —s%)0(s%), (4.191)

see Figure 4.8. Let § € (0,1] be a constant to be determined later (independent of Fyin).
Based on the profile ¢, we then introduce for each topological feature 7, n € {1,...,N}, a
corresponding cutoff function (,, as follows. First, for a given triple junction p € P we define
the associated triple junction cutoff

dist t
Gola,t) = g(W) (z,) € R2x[0,T]. (4.192)
P

Second, for a given connected component ¢ € C of a two-phase interface, say 7. C fi,j for

some i,7 € {1,..., P} with i # j, we define the associated interface cutoff function

54,5 (x,t) ¢ T
Col, t) = o ) (@) € im(P7,), (4.193)
0 else.

where s; ; is the signed distance function defined in (4.47) and im(¥7,) is the image of the
diffeomorphism W7, i.e., the restriction to 7. of the diffecomorphism (4.45).

It follows directly from the definitions (4.191)—(4.193), the regularity of the signed distance
in form of (4.50), (4.97) and (4.101), as well as (4.102) that

supp (p(+,t) C Brp (Tp(t)), te0,7], (4.194)
supp (e (- 1) C W7 (Te(t) < {t} X[~ 0Tmin, 0Tmin]), t €[0,7], (4.195)
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-1 —1/2 12 1T

Figure 4.8: The profile ¢ used to construct the cutoff functions for two-phase interfaces and
triple junctions.

and ¢, € (CPC2 N CLCY(R2x[0,T]\ Tp) as well as ( € (CP?C2 N CLCY)(im(¥7.)) with

corresponding estimates (assuming 7. C I; ;)

[1=Gpl < C (Tt dist? (-, Tp) A1) on R?x[0, 7]\ T, (4.196)
Vel < Ok (2P dist> F(, T,) A1) on RZx[0, T\ Ty, k € {1,2},  (4.197)
10¢Cp| < C'rmm( mlln dist(+, 7p) A 1) on RQX[O,T] \ Tp, (4.198)
[1=Ce| < O dist® (-, Iij) A 1) on im(¥7,), (4.199)
|VkCc| < C'Tmm( ml(n )distQ_k(- L J)A 1) on m, ke {1,2}, (4.200)
100Gl < O, (Fonin dist(- Tig) A1) on im(¥7,). (4.201)

Step 2: Define 1, for triple junctions p € P. Let us assume that the phases 7,j,k €
{1,..., P} are present at the triple junction 7,, and the corresponding interfaces are denoted
by72” CI”, Te; CIJk and T, CI;“

We want to deﬁne np such that (4.187) holds true. Recall from Definition 4.20 that
B, (T,) decomposes into six wedges. Three of them, namely the interface wedges W; ;, W 1
resp. Wy, contain the interfaces 7T, , 72ij resp. ¢, ;. The other three are interpolation
wedges denoted by W;, W, resp. Wj.

We now have everything in place to move on with the definition of 7,. We note that
B, (Tp(t)) N W; ;(t) C im(\I’TCiJ) for all ¢t € [0,7T] due to (4.75) and (4.176). Therefore, we
can begin by setting

771’(%” = Cp(x’t)ccz',j (z,t), te [O>T]’ S BTP(E(t)) n Wi,j(t)v (4.202)

and analogously on the other interface wedges W and Wy ;. To define 7, on the interpola-
tion wedges, we use the interpolation parameter built in Lemma 4.28. To clarify the direction
of interpolation, i.e., on which boundary of the interpolation wedge the corresponding inter-
polation function is equal to one or zero, we make use of the following notational convention.
For the interpolation wedge Wj;, say, we denote by )\g’k the interpolation function as built
in Lemma 4.28 and which interpolates from j to %k in the sense that it is equal to one on
(OW; ;N OW;) \ Tp and which vanishes on (0W}, ; NOW;) \ T,. We also define )\f’] =1- )\f’k
which interpolates on W; in the opposite direction from & to j. Analogously, one introduces
the interpolation functions on the other interpolation wedges. We may then define

p(,t) 1= NP (@, )G (2, 8)Cor , (2, 8) + (LMY (2, 1) G (2, 8) e, (2, 8),

’ (4.203)
€ (0,77, x € B, (Tp(t)) N Wi(t),

due to By, (T,(t)) NW;(t) C im(¥r, ; )Nim(¥r,, ) for all ¢ € [0, 77, which follows from (4.76)
and (4.176). We can analogously define 7, on the other two interpolation wedges W and Wj,.
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Finally, we define

np(z,t) =0, te[0,T],z¢ B, (T(t)). (4.204)

We refer to Figure 4.9 for an illustration of the construction.

The localization property (4.187) is immediate from the definitions (4.202)—(4.204) and
the property (4.194), whereas (4.188) follows from the definition (4.176) of the localization
scale rp. Moreover, as a consequence of the estimates (4.143)—(4.144) for the interpolation
parameter, the estimates (4.196)7(4.201) for the auxiliary cutoffs, the definitions (4.202)—
(4.204) and the trivial estimate dist(-,I; ;) V dist(-, I; ) V dist(-, I ;) < dist(-,7,) through-
out By, (T,(t)) for all t € [0,T] (assummg that the phases i,j,k € {1,..., P} are present
at 7,) we obtain

[L=np| < C (T dist® (-, Tp) A1) on R2x[0, T]\ Ty, (4.205)
IVFn,| < crmm(-mfr’f 5 1st2 BT A1) on REX[0,T)\ Tp, k € {1,2},  (4.206)
|0mp| < C’rmm( mlln dist(+, 7p) A 1) on R?x x[0,T]\ Tp. (4.207)

These estimates of course imply the asserted bound (4.178) for n = p € P. Note also that the
error estimates (4.183)—(4.185) are trivially fulfilled by definition (4.176) of the localization
scale rp, the property (4.187) and the estimate (4.178).

Step 3: Define . for c € C. Let 4,5 € {1,..., P} with i # j be such that 7. C I ;. If the
interface 7. has no endpoint at a triple junction, i.e., it is a closed loop, we simply set

(4.208)

0, else,

nNe(x,t) := {CC(-’L"W if (x,t) € im(¥1.),

where the cutoff (. was already defined in (4.193).

Otherwise, the interface ends in two different triple junctions corresponding to p,p’ € P
with p # p/. We will only describe the construction close to 7,, as by (4.176) the triple
junctions are separated on scale rp and can thus also be treated separately. Away from the
triple junctions 7, and 7, we still define

n(z, 1) = {ch) (z.t) € m(U7) \ Useo.ry (Brn (To(1)) U Brp (T (1)) x {1}
e, 0 in (R*x[0, T]\ im(¥7.)) \ Usejor) (Brp (Tp(t)) U Brp (T (1)) x {2}
(4.209)

Near the triple junction, i.e., on By, (7,(t)) for all t € [0,T], we aim to modify the definition
such that 7. is supported within the set W; UW; UW; ;. To this end, we define

Ne(z,t) == (1=p(w, 1)) e, 1), t€[0,T], x € Brp(Tp(t)) N Wi (1), (4.210)

which is indeed possible in analogy to (4.202), and where the auxiliary cutoff ¢, was in-
troduced in (4.192). On the interpolation wedges W; resp. W;, we again make use of the
arguments enabling (4.203) and set

ne(w,t) == N (2, 8) (1=, 1)) Cel, ), ¢ € [0,T], 2 € By (To(1)) N Wi(h),
Ne(w,t) == A7" (2, 1) (1=Gp(, 1)) Ce(, 1), ¢ € [0,T], @ € By (Tp(1)) NW5(t),  (4.211)
ne(x,1) =0, t€[0,T], x € Brp(Tp(t) \ (Wig(£) UWi(t) UW;(2)),

where k € {1,..., P} corresponds to the third phase present at p. We refer again to Figure 4.9
for an illustration of the construction.
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In terms of the required qualitative regularity for 7., the only obstruction might be the
compatibility of (4.209) with (4.211). This is precisely the point where we rely on a suitable
choice of the scale § € (0,1]. As we have seen in the proof of Lemma 4.21, the curve trapping
condition of (4.75) in fact holds on scale rp for a wedge strictly contained in the interface
wedge W;; (e.g., a wedge obtained by angle bisection). Hence, due to the ball condition
of Definition 4.17, this improved curve trapping condition, and the definition (4.176) of the
localization scale rp we may choose the constant § € (0, 1] small enough, depending only on
the surface tensions associated with €, such that

U7 (Te(t) x{t} x[=brp, 6rp]) N OBy (Ty(t)) CC Wi(t)

uniformly over all ¢ € [0,7]. This choice in turn ensures continuity of 7., and then based
on the definitions (4.208)—(4.211) that n. € (CPC2 N CLCY)(R2x[0,T] \ Tp) since all the
constituents of 7. enjoy this regularity (cf. Step 1 for the auxiliary cutoffs and Lemma 4.28
for the interpolation parameter, respectively).

Next, we may infer the localization property (4.186) from the definitions (4.208)—(4.211)
and the property (4.195). Moreover, based on the choice (4.177) of the localization scale 7y,
the localization property (4.187) and the definitions (4.210)—(4.211), one may deduce (4.189)
and (4.190).

We move on with the proof of the estimates (4.178) and (4.183)—(4.185) in terms of n =
¢ € C. First, a straightforward application of the definitions (4.208)-(4.211), the esti-
mates (4.143)—(4.144) for the interpolation parameter, and the estimates (4.196)—(4.201)
for the auxiliary cutoffs implies (4.178). Consider then ¢ € C and distinct ¢,5 € {1,..., P}
such that 7, ¢ fi,jv i.e., either phase i or phase j is absent at 7.. Without loss of generality,
we may assume that there exists ¢ € C\ {c} and p € P such that T, C I:i,j, c~pandc ~ p;
and in this regime, it even suffices to restrict to the domain B, (7,(t)) for all t € [0,T].
Otherwise, the error estimates (4.183)—(4.185) are trivially fulfilled because of (4.186), the
estimate (4.178) and definition (4.177) of the localization scale Tpin.

To prove the error estimates in the remaining regime, we now fully exploit the fact that a
factor of 1 — ¢, always appears in the definitions (4.210) and (4.211). In particular, by means
of the estimates (4.143)—(4.144) for the interpolation parameter, the estimates (4.196)—(4.201)
for the auxiliary cutoffs, and the trivial estimate dist(-, 7.) < dist(-, 7,) throughout B, (7,(t))
for all ¢ € 0,71, it follows

ne < C (72 dist?(-, T,) A 1) in By, (T,(1)), t €[0,7], (4.212)
|Vne| < C’rmm( mlln dist (-, 7p) A ) in B,,(Tp(t)), t € [0,T7, (4.213)
0ime| < CFt (P dist (-, Tp) A 1) in By, (Tp(t)), t €[0,7T] (4.214)

These estimates upgrade to (4.183)—(4.185) thanks to the bounds (4.79) and (4.77).

Step 4: Partition of unity. Next, we validate the partition of unity property for the family
of localization functions (71,...,nn). First of all, it is clear from our definitions (4.202)-
(4.211) that n, € [0, 1] for each topological feature n € {1,..., N}. Together with the already
established localization properties (4.186)—(4.190) and the definitions (4.202)—(4.211), it also
follows that Zf:f:l nn < 1 on R? x [0,7] as well as Zﬁle N, = 1 on the evolving network of
interfaces 7 = Ui# I; ;. Hence, we may define the bulk term npyy := 1 _27]2]21 nn € [0,1] and
obtain that the extended family (9punc, 71, - - -, ) is indeed a partition of unity on R? x [0, T7.

Step 5: FEstimates for the bulk cutoff. By the localization properties (4.186)—(4.190)
as well as the choices (4.176) and (4.177) of the localization scales rp and Ty, it suf-
fices to prove (4.180)~(4.181) in U.eeimp,, (¥7:) \ Uyep Urejor) Bre (To(t))x{t} and in
Uper Ureio, 1 Brr (Tp(1)) % {t}, respectively. We in fact may argue separately for each ¢ € C
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and each p € P. Moreover, for all ¢ € C and all distinct ,j € {1,..., P} such that 7. C I; ;
it holds

dist(-, Ti ;) = dist(-, Z) in img,,, (T7)\ () | Brp(Tp(0)x{t}, (4.215)
pEP t€[0,T)

and similarly for all p € P with present phases i,j,k € {1,..., P}, it holds

dist(-, I; j) A dist(-, Ij ) A dist(-, Iy, ;) = dist(- U By, (Tp(t)) x{t}. (4.216)
t€[0,T]

First, let ¢ € C. Due to the localization properties (4.186)—(4.190), the choices (4.176)
and (4.177) of the localization scales rp and Tmin, as well as the definitions (4.208) and (4.209)
it holds

Moulk = 1= = 1—C  inimz_, (V7)) \ U U By, (Tp(t)) x{t}. (4.217)
pEP t€[0,T]

The upper bounds (4.180)—(4.182) are therefore an immediate consequence of the bounds (4.199)—
(4.201), respectively, together with (4.215) and (4.216). The coercivity estimate (4.179) in
turn follows from the choice (4.191) of the quadratic cutoff profile.

Second, consider p € P and assume that the pairwise distinct phases 4, j,k € {1,..., P}
are present at 7,. Modulo a permutation of the indices, it suffices to consider the two unique
two-phase interfaces 7T, ; C fi’j and T, , C j’m‘ so that ¢; ; ~ p and ¢;; ~ p, and then to
prove the desired estimates on the interface wedge W; ; and the interpolation wedge W;. In
this regime, due to the localization properties (4.186)—(4.190), the choices (4.176) and (4.177)
of the localization scales rp and Ty, as well as the definitions (4.202)—(4.203) resp. (4.210)—
(4.211), it holds

Nbulk = 1=, ;—Np = 1=Ce; ; in By, (Tp(t)) N W; ;(t), (4.218)
Tlbulk = ]-77701"3' 777%,1'*77;0 (4219)
= AP (1=Ge ) + (1NN (1-Go) in By, (T5(t)) N Wi(t)

forallt € [0,7]. The upper bounds (4.180)—(4.182) therefore follow from the estimates (4.199)-
(4.201), the bound (4.143) for the interpolation parameter, the estimates (4.77) and (4.78),

as well as the estimates (4.215) and (4.216). The coercivity estimate (4.179) in turn is again
implied by (4.191). O

4.6.2 Global construction of the calibration

In this section, we glue together the local constructions to define the global extensions &; ;
and B of the normal vector fields and velocity field, respectively.

The idea for the construction of the vector fields &; ; for 7,5 € {1,..., P} with ¢ # j is
as follows. First, we provide the definition of local vector fields &', for ne{l,...,N}in
the support of the associated localization function 7, for each topologlcal feature ’T . If both
phases i and j are present at T, we define &;; by means of the local constructions provided
in Section 4.4 for the model problem of a smooth manifold and Section 4.5 for the model
problem of a triple junction. This, however, leaves open the question of the definition of
the vector fields &'; for phases absent at Tn. It turns out that this issue is related to the
conditions of global stability between the phases. In particular, we would like to ensure that
at a given topological feature 7T,, our relative entropy functional provides a length control
for those interfaces which are not present at 7,. For this purpose, we rely on the stability
condition for an admissible matrix of surface tensions in the sense of Definition 4.8 7).
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Figure 4.9: The different functions 7, for n € C U P in the partition of unity at a single
triple junction 7, for p € P: The function 7. for a single two-phase interface ¢ € C ending
at the triple junction (top left), the function 7, for the triple junction itself (top right), the
sum of all two-phase localization functions at a triple junction (bottom left), and the sum
of all localization functions ), 7, (bottom right). Observe that the sum of all localization
functions equals 1 on the interfaces in the strong solution, but decays quadratically away
from them.

Lemma 4.31. Let d = 2 and P € N, P > 2. Let Q = (Q1,...,Qp) be a strong solution
to multiphase mean curvature flow in the sense of Definition 4.14. Let (NpulcsM1s---,7N)
be a partition of unity as constructed in Lemma 4.30. In particular, let Fyin € (0,1] be the
localization scale defined by (4.177), and Tp := UpEP%' Let 1,5 € {1,...,P} be distinct

phases and let n € {1,...,N} correspond to a topological feature. Given
Up = | {z € R? i nu(a,t) > 0} x {t} (4.220)
te[0,T]

there exist continuous vector fields
&t Un — R?,
£ U, — R,
satisfying the following properties:

i) It holds &';, &1 € (CPC2N CLCY) (U \ Tp), and there exists C > 0, which may depend

on Q but not on Fmin, such that throughout U, \ Tp

Jnax 7 [VEEL | + 7007 < C. (4.221)
i) On Uy, we have &' = =&, €] < 1 as well as
0i iy =& — & (4.222)

ii1) If the phases i and j are both present at the topological feature Ty, then & coincides on Uy,
with the explicit two-phase construction from Lemma 4.18 in case of n € C, respectively
the triple junction construction from Proposition 4.22 in case of n € P.
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iv) There exists a constant b = b(c) € (0,1), depending only on the surface tension matriz
associated with the strong solution 0, with the property that if either phase i or j is absent
at the topological feature Ty, then throughout U, we have

enl <b< 1. (4.223)

Proof. The proof consists of two parts distinguishing between the topological features present
in the network of interfaces of the strong solution.

Step 1: Consider the casen = ¢ € C. We first assume that both phases i and j are present
at the two-phase interface Tg, i.e., T. C I; j- We then define the vector field &, on U as in
Lemma 4.18. Note that by the locahzatlon property (4. 186) and the deﬁnltlon (4.177), wi
are indeed in the setting of Section 4.4. In particular, & ; and 5 ; coincides with n; ;
on supp 7. N I; j- Furthermore, let us define the vector ﬁelds §C and & as & = ” i resp.
as &j = 7 52 ;- This ensures that the desired formula (4.222) is 1ndeed satisfied. Moreover,
the regularlty estimate (4.221) follows from (4.57) and (4.58).

Now, let us assume that at least one of the phases ¢ or j is absent at the two-phase
interface 7.. To be specific, we fix m,l € {1,..., P} with m # [ such that 7. C I,,;. The
idea now is to first define vector fields & and fc and then define £; by means of (4.222)
such that (4.223) holds true. To this end, we rely on the strict trlangle inequality (4.8)
for the given matrix of surface tensions, a direct consequence of our stability assumption
Definition 4.8 7). Let us define

1
& = 5001 + Omikim),

and analogously for £j. Note that this is indeed well-defined since we have already provided

a definition of the vector fields £ ;, = —¢/, on the right-hand side as they are assumed to
be associated to phases present at 7.. This definition is also consistent with the previous one
because of the convention 0;; = 0y, = 0. We may then compute plugging in the definitions

— Om,j

c . m,J ¢c

61'7 ;= — m l + 5[,777) .
J 04,5 2 04,5 O‘i,j

& — & }(fm Olj se
1

Hence, (4.223) holds true because we have |%| < 1 and |w| < 1 due to the strict

C

triangle inequality (4.8), whereas (4.221) follows because &, | = =&, is already subject to
the same bound.

Step 2: Consider the case n = p € P. Again, we first assume that both phases i and j
are present at the triple junction 7, i.e., a connected component of the interface fi,j has an
endpoint at 7,. Note that by the localization property (4.187) and the definition (4.176), we
may apply Proposition 4.22. Therein, we constructed a vector field in the support of 1, we
now call fp In particular, fp = —fp and &¥ i coincides with 1; ; on supp 7, N I; i

Assume now that k£ € {1,. P} is the third phase being present at the triple junction
Tp. By construction, we have 0”5” + o, kffj T Ok ng i=0on the support of 7,. Defining
then the vector field & as &7 := 1(0; ;&7 i+ oikE] '+)» and analogously for &7 and &, we indeed
obtain (4.222). The remaining clalmed propertles follow from Prop051t10n 4.22.

In order to define fp if at least one of the phases 7 or j is absent at the triple junction, we
define the vector fields §p and ff as time-independent affine combinations of the previously
defined vector fields using the stability condition Definition 4.8 iiz).

To be specific, we assume that the distinct phases k,l,m € {1,..., P} are present
at T,. We then employ the stability condition Definition 4.8 i), that is, there exists a
non-degenerate (P — 1)-simplex (qi,...,qp) in RP~! such that oy = |gv — g;| for all
i',7/ € {1,...,P}. In particular, the triangle (g, q,¢mn) is non-degenerate and spans a
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4.6. Gradient flow calibrations for a regular network

q Olm dm

Figure 4.10: Sketch of the [?>-embedding of ¢ in the case that i and j correspond to absent
phases, projected into the plane E containing g, q; and gpy,.

plane E in RP~! which we may isometrically identify with R? via an affine map ¢: E — R2.
We furthermore denote the orthogonal projection onto E by 7. See Figure 4.10 for a sketch.
In order to prepare the proof of the coercivity condition (4.223) we claim

\mq; — 75| < boy; (4.224)

for some b € (0, 1), which we prove by considering two cases:

If exactly one of the two indices, say, j corresponds to a phase being present at 7,, then
7q; = gj. Note that due to the simplex (q1, ..., gp) being non-degenerate, also the 3-simplex
(qk, q1, @m, ¢;) is non-degenerate, so that ¢; cannot lie in the plane E. Therefore, we have
mq; # qi, so that

imqi — wq51” < lgi — 7> + |7q; — qj1* = lai — ¢;* = C’ij,
the latter by Definition 4.8 #4). This implies the strict inequality in this subcase.

If both 7 and j correspond to phases being absent at 7,, we consider the orthogonal
projection on the three dimensional affine space E spanned by (g5, 9K, @1, gm), as well as the
orthogonal projection 7 onto E. As the 4-simplex (gi, 45, Qx> 9, gm) is non-degenerate, we
have 7rq; # ¢; and wq; = 7 o wqg;. Therefore, we have

mqi — 7 < |ai — 7l < lai — 75> + 175 — @l = |a — 41> = 07,
allowing us to conclude as in the previous case.

We now proceed with the definition of &) for all ¢/ € {1,..., P}. As (qx,q,¢m) is non-
degenerate and ¢ is 1sometrlc also the trlangle (qﬁqk, oqi, (qu) is non-degenerate. Therefore,

there exist unique )\ A} ,)\’ € R such that )\’ + )\Z + )\Z =1 and

¢ o mqi = No dqi + Ni dqi+ Ay dgim.

We may then on U, define

Ao el AT EP N eP (4.225)

as well as §JZ ; and §£ ;, via (4.222). By uniqueness of the coefficient, these definitions are
consistent with the previous ones.

The claimed properties i) and i) immediately follow from Proposition 4.22. The iden-
tity & ; = —&7;, (4.222), and (4.221) are straightforward consequences of the definition and
again Proposition 4.22. Therefore, we only have to prove (4.223) in order to get [&f ;| < 1.
To this end, we argue as follows:

Again by non-degeneracy of (¢qx, ¢qi, pqm) for all (z,t) € U, there exist a unique matrix
A(z,t) € R?*? and y(x,t) € R? such that

& (x,t) = Az, t)¢ o mqy + y(x, t). (4.226)
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4. WEAK-STRONG UNIQUENESS FOR PLANAR MULTIPHASE MEAN CURVATURE FLOW

Figure 4.11: Plot of the length of the vector field §; ;. Observe that the length is 1 on
the interface I; ; of the strong solution, but decays quadratically away from it to a value
strictly smaller than 1, even on the other interfaces I;, and I;,. As a consequence, the

integral || 51— i & ]d7-l1 provides an upper bound for the interface error functional
ch mm{dlst (z,; j), 1} dH .

for all i’ = k,1,m. As (4.225) constitutes an affine combination, this equality even holds for
all i € {1,..., P}. Furthermore, we have that the matrix A is orthogonal, i.e., A(z,t) € O
for all (x,t) € U,, since by Proposition 4.22 i) we have

|A(pomqy — pomgy)| = | — &5 = 0w

and the triangle (¢qx, ¢qi, ¢qm) is non-degenerate. As A is orthogonal and ¢ is isometric, we
have by (4.224) that

|&5 il = 0w g = |pomay — pomgyl

& — &1 =[A(¢omqi — ¢ o mg;)| = |mq; — wq;| < blgi — g;] = boij, (4.227)
which together with (4.222) gives ). O
Now we may define the global extensions &;; = —&;; of the unit normal vector fields

between the phases 7 and j in the strong solution by gluing the local definitions by means of
the partition of unity (7w, 71,---,nn) from Lemma 4.30.

Construction 4.32. Letd =2and P € N, P > 2. Let Q = (Q1,...,Qp) be a strong solution

to multiphase mean curvature flow in the sense of Definition 4.14. Let (9bu, 71, - -.,7n) be
a partition of unity as constructed in Lemma 4.30. Let 4,5 € {1,..., P} with i # j, and let
for all n € {1,..., N} the local vector fields &; = —&;; be given as in Lemma 4.31. We then
define

& jx,t) Znn x, )& (2, t) (4.228)

for all z € R? and all ¢ € [0,7].

We proceed with the derivation of the coercivity condition provided by the length of the
vector fields &; ; as defined by Construction 4.32. For an illustration we refer to Figure 4.11.

Lemma 4.33. Letd =2 and P € N, P > 2. Let Q = (Q1,...,Qp) be a strong solution
to multiphase mean curvature flow in the sense of Definition 4.14. Let (Moulk, M-« NN)
be a partition of unity as constructed in Lemma 4.30. In particular, let Fynin € (0,1] be the
localization scale defined by (4.177). Let & ; fori,5 € {1,..., P} with i # j be the family of
vector fields provided by Construction 4.32. Then there exists a constant C > 1, depending
only on Q but not on Fmin, such that for alli,j € {1,..., P} with i # j it holds

& i dist? (5 L) A1) < 1= &5, (4.229)
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4.6. Gradient flow calibrations for a regular network

Proof. Let (z,t) € R?x[0,T] and i,j € {1,..., P} with i # j. The asserted estimate (4.229)
is trivially fulfilled for (z,t) ¢ supp&; ;. By the definition (4.228) we may therefore assume
that there exists a topological feature n € {1,..., N} such that (z,t) € suppmn, and that
Nn(x,t) = max{n,y(z,t) : 1 < n’ < N}. Because of the localization properties (4.188)—
(4.190), we may additionally assume n,,(z,t) > 1. Otherwise, |¢ ;| < 3 on account of the
local vector fields having at most unit length.

If either phase i or phase j is absent at the topological feature 7,, we argue as follows.
Using b € (0,1) from (4.223) we compute

|| = &l + > €5 < b + > o
Well, N}\{n} el N}\{n}
<1l- nn(l - b)

Due to n,(z,t) > 1 we deduce 1—|¢; j(z,t)| > 1(1—b) € (0,1). Therefore the estimate (4.229)
holds in this case.

Next, we assume that both phases i and j are present at 7,. In the regime n = ¢ € C,
it follows from (x,t) € suppe, the localization properties (4.186) and (4.189), the defini-
tions (4.177) and (4.176) of the localization scales rp and Fin, as well as the estimates (4.77)
and (4.78) that dist(x, I; j(t)) < Cdist(z,Z(t)). Hence, (4.229) is implied by the coercivity
estimate (4.179) for the bulk cutoff and the definition (4.228).

If n = p € P, denote by k € {1,...,P} the third phase present at 7, next to the
phases i and j. If © € By, (T,(t)) \ (W k(t) U Wy ;(t) U Wy(t)), then by (4.77) and (4.78) it
again holds dist(z, [; j(t)) < Cdist(z,Z(t)) so that (4.229) follows as before. Thus, assume
that © € Bpp(Tp(t)) N (Wjk(t) U Wi, (t) U Wi(t)). Figure 4.11 serves as an illustration
for the subsequent argument, for which we in fact assume that x € Wy(¢) (the argument
in case of interface wedges is similar). Based on the definition (4.228), the localization
properties (4.188)—(4.190), the coercivity estimate (4.223), and the definitions (4.203), (4.211)
as well as (4.192), we estimate at (x,t)

1— &4 > 1= (np+bne,, +bne, )
= )‘ﬁc’j (1 - (bCCk,i + (1_b)<PCCk,i)> + (1_>‘2j) <1 - (bCCj,k + (1_b)CPCCj,k)>
> (1=b)(1—¢p) > (1= b)(r 7 dist®(z, Tp) A 1).

The trivial estimate dist(z, 7,(t)) > dist(z, I; j(t)) therefore allows to conclude. O

For a global definition of the velocity field B, we proceed analogously, i.e., we first provide
a definition for local velocity fields B™ for each topological feature 7, with n € {1,...,N}
and then glue them together by means of the partition of unity (ou,n1,...,7n) from
Lemma 4.30.

Construction 4.34. Letd =2and P € N, P > 2. Let Q = (Q1,...,Qp) be a strong solution
to multiphase mean curvature flow in the sense of Definition 4.14. Let (9bu, 71, - -.,7n) be
a partition of unity as constructed in Lemma 4.30.

Let n € {1,..., N}, and recalling the notation (4.220), we define a continuous vector field

B"™: U, — R?

as follows: in case of n € C we take B™ as the restriction to U, of the two-phase velocity
field from Lemma 4.18. More precisely, in case the curve 7T, connects two triple junctions,
the tangential component of B™ is chosen as in Proposition 4.29; otherwise, we simply let
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4. WEAK-STRONG UNIQUENESS FOR PLANAR MULTIPHASE MEAN CURVATURE FLOW

the tangential component vanish. In case of n € P we take B™ as the restriction to U, of the
triple junction velocity field from Proposition 4.22.
We finally define a global velocity field by means of

N
B(x,t) =Y nul(x,t)B"(x,1) (4.230)
n=1

for all z € R? and all t € [0, 7).

We briefly present the regularity properties of the family of local velocity fields from
Construction 4.34.

Lemma 4.35. In the setting of Construction 4.34, for alln € {1,..., N} the associated local
velocity field satisfies B™ € CYC%(U, \ Tp), Tp = Upep Tp- Moreover, there exists C' >
0, which may depend on Q but not on the localization scale T, from (4.177), such that
throughout Uy, \ Tp it holds

max 7. |[VEB"| < CF ]

k=0,1.2 min min"*

(4.231)

Proof. For n = ¢ € C the estimate (4.231) follows from (4.59) and (4.169), which in turn are
indeed applicable thanks to the localization property (4.186) and the definition (4.177). In
case of n = p € P, we may apply Proposition 4.22 due to the localization property (4.187)
and the definition (4.176), so that (4.85) implies (4.231). O

Equipped with the definition of the global velocity field B, we may now prove a suitable
estimate on the advective derivative of the bulk cutoff npyy from Lemma 4.30.

Lemma 4.36. Letd =2 and P €N, P> 2. Let Q = (Q1,...,Qp) be a strong solution to
multiphase mean curvature flow in the sense of Definition 4.14. Let nyak be the bulk cutoff
from Lemma .50, Tmin € (0,1] the localization scale defined by (4.177), and Tp := Uyep Tp-
Let B be the global velocity field from Construction 4.34. Denote by L := Ute[o 7] U#j L () x
{t} the evolving network of interfaces. Then there exists a constant C > 0, depending only
on the strong solution Q but not on Tmin, such that
|0tk + (B - V)mpuie| < OF 2 (72, dist?(, Z) A1) (4.232)
in R2x[0,T) \ Tp. Moreover, for alln € {1,...,N} and all distinct i,5 € {1,..., P} such
that either phase i or phase j is absent at T, it holds
0un + (B - V)| < O 2 (Fok dist?(+, I j) A 1) (4.233)

min \" min
in R2x[0, 7]\ Tp.

Proof. The estimate (4.233) is trivially fulfilled in case of n = p € P by (4.178), (4.187) and
the definition (4.176) of the localization scale rp. Hence, let us reserve notation for the proof
of (4.233) by fixing ¢’ € C and distinct phases i’,j’ € {1,..., P} such that at least one of
them is absent at T.».

We now split the proof into two parts, first establishing the asserted estimates along
two-phase interfaces 7. and away from triple junctions, and second in the vicinity of triple
junctions adjacent to T.. More precisely, by the localization properties (4.186)—(4.190) and
the choices (4.176)—(4.177) of the localization scales rp and 7y, it suffices to prove (4.232)
in Upce imr, (97:)\ Upep Uscioiz) Bra (Tp0)x {8} and in U,ep Uyeory Bre (To(6)) % {1}, re-
spectively. We in fact may argue separately for each ¢ € C and each p € P.
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4.6. Gradient flow calibrations for a regular network

Step 1: Estimates close to T. and away from triple junctions. In this step, we restrict
ourselves to the region img, (V7.) \ U,ep Urejo ) Bre (Tp(t))x{t}. To fix notation, let i, j €
{1,..., P} be such that c refers to a two-phase interface 7. C I; ;. Recalling (4.217), we
register that

Moulk = 1 — 7e, (4.234)
_ o S

Ne = Ce = <<5fmin)’ (4.235)

B =n.B°, (4.236)

i imy,,, (W7) \ Upep Usepo,r) Bre (Tp(2)) {1}
For (4.232), we first observe that the signed distance function is transported by B¢, cf.
(4.60). By the chain rule, this also holds for (., i.e.,

OCe+ (B V) =0 inim(¥7). (4.237)

Hence, using (4.236), (4.234), the quadratic order of 7, from (4.180), and the regularity
estimates (4.178) and (4.231) we obtain

0o+ (B V)Gl = mou (B - V)Gel < O 7 (7ah, dist® (. T) A1) (4.:238)
in the region imz, (¥7.) \ U,ep Ureo ) Bre (Tp(t))x{t}. By (4.234) and (4.235), this is
equivalent to (4.232).

For a proof of (4.233) throughout img,,., (¥7.) \ Upep Usepo,r) Bre (Tp(t)) x{t}, we may
assume without loss of generality that ¢ = ¢; otherwise, the estimate (4.233) is trivially
fulfilled by (4.186) and the definition (4.177) of the localization scale 7yin. However, if ¢/ = ¢
then the above argument already yields the claim thanks to (4.234), (4.235) and (4.238).

Step 2: Estimates close to T. and in the vicinity of triple junctions. Now, consider p € P
and assume that the pairwise distinct phases 7,7,k € {1,..., P} are present at 7,. Modulo a
permutation of the indices, it suffices to consider the two unique two-phase interfaces 7, ; C
I; j and 7},“1. C Iy so that ¢ :== ¢; ; ~ p and d = Cks ~ D, and then to prove the desired
estimate (4.232) on the interface wedge W; ; and the interpolation wedge W.

In this step, let us turn to the interface wedge W; ;. The interpolation wedge W; will
be discussed in Step 3. With respect to (4.233), it then suffices to work in the regime ¢’ ~
p and ¢’ = ¢; otherwise, the estimate (4.233) is again fulfilled for trivial reasons thanks
to (4.189) and (4.190). Based on (4.210) and (4.218) we then have

ne = (1 —¢)Ce, (4.239)
Thbulk = 1—- TNe —Tlp = 1-— Cc, (4240)
B = n.B¢ + n,B?, (4.241)

throughout B, (7,(t)) N W; ;(t) for all t € [0, T.

For the estimate on the advective derivative of the bulk cutoff, using (4.240) and the trans-
port equation for the interface cutoff (4.237) (which is applicable throughout B, (7,(t)) N
W;,j(t) for all t € [0,T] due to (4.75)) we obtain

ath = _(Bc : V)Cc = _(B : V)Cc - nbulk(Bc : V)CC - np((Bp_Bc) : V)CC

in By, (T,(t)) N W; ;(t) for all t € [0,T]. In particular, because of (4.180), (4.231), (4.200),
(4.75), (4.178), (4.172), (4.78), and finally (4.216) this entails

min \' min

0+ (B V) (| < Crpt (Fod, dist? (1, T) A1) (4.242)
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in By, (Ty(t)) N W; ;(t) for all t € [0,T]. By the representation (4.240), this is equivalent
to (4.232).

To obtain the asserted bound on the advective derivative of the interface cut-off 7,
we use that since ¢, is only a smooth function of the distance to the triple point 7,(t) =
{p(t)} (performing an excusable abuse of notation), it satisfies the transport equation 9;(, +
(&p(t) - V)¢ = 0 throughout R?x[0,T] \ Tp. By Proposition 4.22 i), the partition of unity
property of the family (11,...,nn), and the regularity estimates (4.231) resp. (4.178), it
follows that |B — B(p(t),t)| < C7..2 dist(-, Tp) in By, (Tp(t)) N (Wi ;(t) UWi(t) U W;(t)) for
all t € [0,7]. This in turn implies by means of (4.192)

0:Gp + (B - V)Gl < CFp2 i dist® (-, Tp(1) < Crpi (1= G) (4.243)
in By, (Tp(t)) N (W;;(t) UW;(t) U Wj(t)) for all t € [0,T]. Hence, when restricting to the
interface wedge we obtain from the combination of (4.239), the product rule, (4.242), (4.243)
and finally (4.183) that the desired estimate (4.233) indeed holds true in B, (7,(t)) " W; ;(t)
for all ¢ € [0, 7.

Step 3: FEstimates in interpolation wedges at triple junctions. We turn to the proof
of (4.232) and (4.233) on the interpolation wedge W;. Recall to this end the notation fixed
at the beginning of Step 2. With respect to proving (4.233), it suffices to consider ¢’ ~ p
and ¢ € {c,c'}, and thus up to a relabeling ¢’ = ¢; otherwise, the estimate (4.233) follows
trivially because of (4.189) and (4.190).

Because of (4.211) and (4.219), it then holds (abbreviating A := )\fk)

Ne = A1 = Gp)Ces (4.244)
Moulk = 1 =1 = N — mp = A(1=Ce) + (1=A)(1=C), (4.245)
B = n.B° + 1y B¢ +n,B", (4.246)

throughout B, (7,(t)) N W;(t) for all t € [0, 7.
Based on the second identity of (4.245) and (4.246), we may split the task of estimating
the advective derivative of the bulk cutoff as follows:

OMpuk + (B - V)npue =: I + 11,
where we defined

I:= (1=C)(0+B - V)A+ (1—=(o)(8+B - V) (1=)),
I1:=\0+B-V)(1-¢.) + (1-A) (4B - V) (1-¢v)

We estimate term by term. For an estimate of 11, we argue in a similar fashion to Step 2.
More precisely, applying (4.245) and the transport equation for the interface cutoff (4.237)
(which is applicable throughout B,.,,(7,(t)) N W;(t) for all t € [0,T] due to (4.76)) we have

0 = _(B : V)Cc - nbulk(Bc : V)CC — Ne ((BCI_BC) : V)CC - np((Bp_BC) ) V)CC

in By, (Ty(t)) N W;(t) for all t € [0,T]. Replacing the use of (4.75) by (4.76) and the use
of (4.78) by (4.77), we may rely on the otherwise same argument entailing (4.242) to deduce
that (adding also zero in form of B¢ —B¢ = (B —BP) 4 (BP—B®))

0+ (B V) (| < Crp2 (Fod dist? (-, T) A1) (4.247)

min \" min

in By, (Tp(t))NW;(t) for all t € [0,T]. Of course, the same estimate holds true in terms of (.
Hence, |I1| < 7,2 (7,2, dist?(-,Z) A1) in By, (T,(t)) N Wy (t) for all t € [0,T] as desired.

min \' min
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We turn to the estimate of I. Adding zero and relying on (4.245) as well as (4.246), we
observe that it holds

(0i+B - V)A = (9+BP - V)A + (1e(B°—BP) 40 (B — BP)=npui BP) - V.

By familiar arguments in combination with the controlled blowup (4.143) of the derivative of
the interpolation parameter, one checks that the second right hand side term of the previous
display is of the order O(7_2). The first right hand side term is of the same order thanks
to (4.77) and the bound (4.147) on the advective derivative of the interpolation parameter (for
which we may freely pass from B? to BP(p(t),t), abusing again notation in form of 7,(t) =
{p(t)}, cf. Proposition 4.22 i) and the estimate (4.85)). Hence,

A + (B - V)A| < CF2. (4.248)

By (4.199) and (4.77), we thus obtain |(1—C.)(9,+B - V)A| < Cr 2 (r2 dist?(-,Z) A 1).
Arguing analogously one also bounds the term (1—(~)(0:+B - V)(1—\) to the same order,
so that in summary (4.232) follows in the region B, (7,(t)) N W;(t) for all ¢t € [0, T7.

We finally provide the proof of (4.233) in the given interpolation wedge. When computing
the advective derivative of 7., it follows from (4.244), the product rule, (4.247), (4.243)
and (4.183) that we only need to additionally control the term when the derivative falls
onto the interpolation parameter. However, since we already have (4.248) at our disposal, it

follows from (4.196) that

(0:4+B - V)AL — §p)Ce < OF 2 (P2 dist? (-, Tp) A1),

min ( H’lln

which by (4.77) (or a trivial argument if either ¢ or j' is absent at 7,) entails a bound of
required order. This in turn concludes the proof. ]

4.6.3 Global compatibility estimates

We next lift the local compatibility estimates from Proposition 4.29 to compatibility estimates
between the global and local constructions. These technical estimates will be needed in order
to derive the estimates (4.1c)—(4.1e) for the global constructions from the corresponding ones
for the local constructions in Lemma 4.18 and Proposition 4.22.

Lemma 4.37. Let d = 2 and P € N, P > 2. Let Q = (Q1,...,Qp) be a strong solution
to multiphase mean curvature flow in the sense of Definition 4.14. Let (Moulk, M-« NIN)
be a partition of unity as constructed in Lemma 4.30. In particular, let Fymin € (0,1] be the
localization scale defined by (4.177) and Tp = Upe’P Tp. Let (f”)ne{l N} be the local vector
fields from Lemma /.31 as well as (B"),eq1,.. Ny be the local velocity fields from Construc-
tion 4.34. Let & ; be the global vector fields from Construction 4.52, and let B be the global
velocity field from Construction 4.34.

Then, the local and global constructions are compatible in the sense that for all topological
features n € {1,..., N}, and all distinct phases i,j € {1,..., P} such that both i and j are
present at T, the following estimates are satisfied

Lsuppns, ‘gi,j - ZL]} < C( mlln dist(, [; ;) A 1) (4.249)
Lsuppn, |(Gij — &) - €| < C (i dist? (-, T )/\ 1), (4.250)
]lSUPPWn ’B Bn} < C rmn( m12n dlSt ( ) A 1) (4251)
Suppnn IVB VBH} < CTmln( m11n dlSt( ) A 1) (4252)

throughout R?x[0,T] \ Tp. The constant C > 0 may depend on the strong solution Q, but is
independent of Fmin.
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For the proof of Lemma 4.37, recall that we decomposed {1,..., N} =: C U P with the
convention that C enumerates the connected components in space-time of the smooth two-
phase interfaces and P enumerates the triple junctions. If p € P, we defined 7, to be the
trajectory in space-time described by the triple junction. If ¢ € C, we defined 7. C I:Z-J for
some i,j € {1,..., P} with i # j to be the corresponding space-time connected component
of a two-phase interface I; ;. We further write ¢ ~ p for ¢ € C and p € P if and only if 7. has
an endpoint at 7,. Note finally that two distinct phases 4,j € {1,..., P} are simultaneously
present at a topological feature T, n € {1,..., N}, if and only if 7,, C I ;.

Proof. We aim to reduce the situation to the local compatibility estimates from Proposi-
tion 4.29. Such a reduction argument turns out to be possible due to the localization prop-
erties (4.188)—(4.190), the estimates (4.180)—(4.184), and our assumption that both phases i
and j are present at the selected topological feature. For all what follows, let n € {1,..., N}
and 4,7 € {1,..., P} such that i # j as well as 7, C I; ;. For notational convenience, we
abbreviate for the purpose of the proof 7 := 7y and d; j := dist(:, 1:”)

Step 1: Proof of (4.249). We insert the definition (4.228) which in combination with the
estimates (4.180), (4.183) and (4.221) yields

N
]lsuppﬂn (&i,j_fz‘rfj) = _]lsuppnnnbulkggj + Z ]lsuppnnnn’ (52]_6?,])
n'=1,n'#n
N
= > Tauppnan (§5-E7) + O 2d7; A1), (4.253)
n'=1,n'#n
%/CIZ‘J

Next, the localization properties (4.188)—(4.190) allow to represent the remaining right hand
side terms in form of

N
n’ no\ __ D c
E  Lsuppna i (68—E7) = E Z Ln—cLsuppnep(&; ;=6 j)
n'=1,n'#n peP,TpCl; j c€C.c~p
T Cli 5

+ Z Z 1n:p18uppnpnc(€ic,j_ :Zj)

c€C,TeCl; j PEP,c~p

+ Z Z Z ]1n=c’]lsuppnc/nc(gic,j_gic:j)'

CEC,'TCCL',]' pEP,c~p CIEC,C,7£C
c'~p

The assumption T, C fi,j furthermore enables us to post-process the previous identity as
follows

N
> Lappnw €56 = Y. nmclauppn (€ =€)

77/211”_’#” pEP,ﬁ,CL,j CGC,%CLJ
TCl, ep

+ Z Z 1 —pLsupp npnc(éf,j_ ZJJ)

ceC,TeCl;,; pEP,TpCl; 5
c~p

We are now in a position to apply Proposition 4.29. More precisely, thanks to the localization
property (4.189) and the definition (4.177) we have the estimate (4.170) at our disposal,
implying that

N

Y Louppnathwr (€75-E€1) = O(F'dij A1),

n'=1,n'#n
T Clij
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4.6. Gradient flow calibrations for a regular network

at least under our assumption of 7,, C I; ;. This concludes the argument for (4.249).

Step 2: Proof of (4.250). Multiplying (4.253) by §'; and afterwards running through the
same argument as in Step 1 entails

N

/
Z Lsupp 1,7 (52]‘ *égj) 'ggj
n'=1,n'#n
T Clij

= 2 2 Lacluppam(§=805) &

pEP,%CfiJ CEC,%CL’J‘
c~p

2 2
+ Z Z LnmpLsuppn, 1e(&5—=E7y) - €05 + O 7di; A1),
c€C,TeCl;,; pEP, TpCl; ;
c~p

Adding zero in the second right hand side term of the previous display in form of (&f j—fg i)

ri= —\ﬁf’j—fgjﬁ—i—( ¢ ;=& ;)& ;» and then applying the local compatibility estimates (4.171)
and (4.170), we deduce (4.250).

Step 3: Proof of (4.251). Using the definition (4.230), the regularity estimates (4.231) and
the local compatibility estimate (4.172) instead of (4.228), (4.221) and (4.170), respectively,
and substituting (B, B") for (& ;,&;;) in the argument of Step I directly implies (4.251).

Step 4: Proof of (4.252). We give some details here, as in comparison to Step 1 or
Step 8 the argument in favor of (4.252) involves an additional (though simple) reduction
step. Starting with the definition (4.230), the estimates (4.180), (4.183) and (4.231), and in

addition the product rule we obtain

Lsuppn, (VB-VB")
N N
= _]lsuppnnnbulkVBn + Z ]lsuppnnnn’(VBn/_VBn) + Z ]lsupp nanl ® Vﬁn’
n'=1,n"#n n'=1
N N
= Y Lappn i (VB"=VB") + Y Tauppy, B” ® Vi

n'=1,n'#n n'=1
T Cli 5

+O(r?(F2d;j A 1)),

The first right hand side term is estimated to desired order O(F*Q(Ffldi,j A 1)) based on
the local compatibility estimate (4.173) and the above familiar reduction arguments. Adding
zero in the second right hand side term moreover entails

N
Z Lsuppn, B" © Vi
n'/=1
N
- Z ]lsuppnn(Bn,_Bn) ® Vit = Lsupp g, B" @ Vijpuik.

n'/=1,n'#n

The previous reduction arguments in combination with the local compatibility estimate (4.172),
the upper bound (4.181) for the gradient of the bulk cutoff, as well as the regularity esti-
mates (4.178) and (4.231) thus show that 25:1 Tsuppn, B" @V, is of order O(r2(Fdi A
1)). This concludes the proof. O
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4.6.4 Approximate transport and mean curvature flow equations

We derive the global (or network) version of our previous bounds from Lemma 4.18 and
Proposition 4.22, which are valid for the model problem of a smooth manifold and a triple
junction, respectively.

Lemma 4.38. Letd =2 and P € N, P > 2. Let Q = (Q1,...,Qp) be a strong solution
to multiphase mean curvature flow in the sense of Definition 4.14. Let next Tyin € (0,1]
be the localization scale defined by (4.177) and Tp = UpePlE?' Let (§;)neqn,...ny be the
local vector fields from Lemma 4.31 as well as (B")neq1,.. Ny be the local velocity fields from
Construction 4.34. Let & ; be the global vector fields from Construction 4.32, and let B be
the global velocity field from Construction 4.34.

Then there exists a constant C' > 0, depending only on the strong solution € but not

ON Tmin, S0 that we have the estimates

0:&ij + (B - V)& j + (VB)T& 5| < Cr2 (Fok, dist(+, I ;) A1), (4.254)
(V- &)+ B-& | < Ot (Fod dist(, L ;) A1), (4.255)
‘gi,j . 8t§i,j + f@j . (B . V)fz,]‘ < C’Fr:liQn (fr:l?n diStQ(', ji,j) A 1) (4.256)
in R2x[0,T)\ Tp, for all i,j € {1,..., P} with i # j.
Proof. Let i,j € {1,..., P} such that i # j. For notational convenience, we again abbreviate

for the purpose of the proof 7 := 7y, and d;; = dist(-,ﬁj). Recall that the distinct
phases i and j are both present at a given topological feature T,, n € {1,..., N}, if and only
if 7, C fi,j-

Step 1: Proof of (4.254). By the product rule, the definition (4.228), the regularity
estimates (4.221) and (4.231), as well as the error estimates (4.183)—(4.185) we compute

N N
O&ij+(B-V)&i= Y. m@+B-V);+ > &(0+B- V),
n:l,nCL‘,]’ n:l,TnCL'J

+ O(f_Q(f_ldiJ AN 1))

Next, it follows from adding zero, the compatibility estimate (4.249), the regularity bound (4.178),
and again (4.231), (4.184) and (4.185) that

N N
> 04B- V= > &y0FB- Vi + O (F iy A1)
Tb:lﬂ;zcji,j n:177;LCji,j

=~ (0B - V)nou + O (72 (F dij A 1)).
Thanks to the compatibility estimate (4.251) and the regularity estimate (4.221), we also
have

N N
ST omB-VE = Y (BT V)E + O i A 1)),

n:l,TnCLJ n:l,TaniJ

Together with the upper bounds (4.181) resp. (4.182) for the bulk cutoff and the regularity
estimate (4.231), the previous three displays combine to

N
& j+(B- V)&, = Z Mn(0+B" - V)& + O(F 2 (F i j A 1)). (4.257)
'rL=177—nCL’j
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In a next step, we compute based on the product rule, the definitions (4.228) and (4.230),
the error estimate (4.183), the regularity estimates (4.231) and (4.178), as well as the com-
patibility estimate (4.252)

N

> na(VB)TE + O(F (7 iy A L))
n=1,T,Cl; ;

N
= Y m(VBY)TE +O(F 2 (r iy A L)), (4.258)

n=1,T,Cl; ;

(VB)"¢&;

Hence, in view of (4.257) and (4.258) we reduced the task to the local evolution equations at
topological features for which both phases ¢ and j are present:

N
0ilij+(B-V)&;4H(VB) &= Y nu(0+(B"- V)& +(VB)TEY)
n:1,7;1CjZ‘,j

+ O(F_Q(f_ldi’j A 1))

To conclude that (4.254) holds, it thus only remains to observe that the bounds on the local
evolution equations (4.61) and (4.81), respectively, are applicable due to the localization
properties (4.186)—(4.187) and the definitions (4.176)—(4.177).

Step 2: Proof of (4.255). We proceed in the same style as for the proof of (4.254). On
one side, it is immediate from the definitions (4.228) and (4.230), the error estimate (4.183),
the regularity estimates (4.221) and (4.231), as well as the compatibility estimate (4.251)

N
B-&ij= Y, mB-&+0F (7 ;A1)
77/:1777,1CI_1"]'
N
= Z npB™ - SEJ + O(fﬁl(fildihj A\ 1))

n:l,TnCI_iJ
On the other side, we have by the definition (4.228), the product rule, the error esti-

mates (4.183)—(4.184), the regularity estimates (4.221) and (4.178), the compatibility es-
timate (4.249), and finally the upper bound (4.181) for the bulk cutoff

N N
VeGii= > m(V-&)+ D (& Vi +0@F (i Al)
n=1,TnCl; ; n=1,TnCl;
N N
= > m(V-gp+ D (G Ve +oF i Al))
n=1,T,CI; ; n=1,TnCl; ;
N
= > (V&) = G Vo + O(F (7 i A 1))
n=1,T,CI, ;
N
= > (Vg +OoF (T iy A1),
n=1,T,CI; ;

The previous two displays in total imply

N
V-&ji+B-&j= Z nn(v & +B" - Z”]) + O(F_l(f_ldi,j A 1)),
n=1,T,CI; ;
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so that (4.255) follows due to its local counterparts (4.63) and (4.82), respectively.
Step 3: Proof of (4.256). We first claim that

‘Ei,j : (6t+B . V)f@j
N
= > &y (OB V)G + O(F 2 (F 2 A L)), (4.259)

n,n'=1

Tn: T Cl

For a proof of (4.259) one may argue as follows. First, plugging in the definition (4.228), ap-
plying the product rule, and making use of the error estimate (4.183) as well as the regularity
estimates (4.221) and (4.178) entails

N
&ij Oy = Z Ml - Oi&iy + O(F2(F2d;; A 1))
TLZLECjid'
N

- Z nnnn/fg‘?j ' atf;’f; + Z Z M (& zg ,] at"?n

nn'=1 n=1,T,CI; j n'=1
T, T Cli

+O(r?(F2d;j A 1)),

Substituting the differential operator (B - V) for 0, and recalling in addition to the above
ingredients the regularity estimate (4.231) as well as the compatibility estimate (4.251) (which
allows to switch from B to B”/) then also yields

N

G- (B-V)&ij= >, numwly-(BY - V)&

N N
D D & B Ve + O(F (] A L))

Observe that the combination of the previous two displays already generates the first right
hand side term of (4.259).

We proceed by first splitting the sum over topological features n’ € {1,..., N}, adding
zero several times in the resulting first term, then applying the compatibility estimates (4.249),
(4.250) and (4.170), and finally recalling the regularity estimate (4.178) which results in the
estimate (of course, only terms with suppn, N suppn, # () are relevant in the subsequent
sums

)

Z Znn &5+ €8 O

n= 17;1CI”’717

N N
= D> ml& D+ Y mal€l - €50
n,n’'=1 n,n’'=1
7'n,7'n/CI},j 7—ncji,j,7fnl¢fi,j
N
= D (P = + (&= - €0 + € (€05—6)) O
n,n’:l
%,T/C
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N N
!
+ Z Tn ( ’Z’Lj_ 7?]) (fﬁj—gi,j)atﬁn’ + Z n ( 0,7 " 1])8t77n
n,n'=1 nn'=1
T, Tyt Cli TnCli 5, T Z1; 5
N N
/ R ——
= Z nnlgi,j|28t77n’ + Z nﬂ(girfj 'fﬁj)atnn’ + O(T 2(T dez,j A 1))
n,n/=1 nn'=1
T, T ClLi TnCli T 1 5

Based on the regularity estimates (4.178) and (4.231), we may again substitute the differential
operator (B-V) for 9; in the previous computation, which in turn by two applications of the
crucial estimate (4.233) and finally an application of the bulk cutoff estimates (4.232) resp.
(4.180) allows to deduce

N

N
ST nnl€y OB -V

n=1 %CI_-L i n'=1

Z Zﬂn\&,ﬂ 8t+B V)

n,TnCl;; n'=
N
+ Y &GO B V) + O(F (72 A 1))
n,n'=1

TnCli g T L1 5
—(L=npun) €6, > (OB - V)noui + O (F2(F2d7 j A1) = O(F2(F2d7; A 1)).
In particular, we obtain the asserted estimate (4.259).
It remains to post-process the right hand side term of (4.259). In view of (4.62) and (4.83),
it suffices to get rid of the “off-diagonal” terms n # n’ € {1,..., N} with 75, C L; j, T C I;
and supp 7, Nsupp 7,y # (). For each such pair of topological features we may add zero several
times to rewrite (recall again the local identities (4.62) and (4.83))

n (0B - Ve
=&y - (AE+(B" - VIEH(VB™)Ter) — €5(VB) Tl
= (€0-€5) - (D€l5+(B™ - V)EGH(VB™)TEN) + (65-€)(VB) €
+ (€5 -€) (VBT =V B)TEY,.
Hence, summing the previous identity over the relevant topological features, then matching
terms which correspond to the previous computation but with the roles of n and n’ being

reversed, and finally using the compatibility estimates (4.252) resp. (4.170) as well as the
local evolution equations (4.61) and (4.81) we infer that

N
N €l (0B - V)EY = O(F (22, A1),
n,n'=1
%,E/Cf@j
This in turn constitutes the required upgrade of (4.259). O

4.6.5 Existence of gradient flow calibrations: Proof of Proposition 4.6

Let us summarize our results from the previous sections to conclude with a proof of the main
result.
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Proof of Proposition 4.6. Let (& ;)ix; be the family of global vector fields from Construc-
tion 4.32. Let 4,5 € {1,..., P} with ¢ # j. The coercivity condition (4.1b) immediately
follows from Lemma 4.33. The formula (4.1a) follows from the corresponding local version
(4.222) and the definition (4.228). Moreover, that & ;(x,t) = 1, ;(x,t) holds true for all
t € [0,7] and = € I; j(t) is a consequence of Lemma 4.31 4i) and that (n1,...,7n) is a
partition of unity on the network of interfaces of the strong solution (see Lemma 4.30 i)).
Finally, let B be the global velocity field from Construction 4.34. The validity of the
equations (4.1c), (4.1d) and (4.1e) is then the content of Lemma 4.38. O

4.7 Existence of transported weights

The aim of this section is to establish the existence of a family of transported weights in the
case of d = 2 and an underlying strong solution of multiphase mean curvature flow.

Proof of Lemma 4.7. We again make use of the description of the network of interfaces of the
strong solution in terms of its underlying topological features, namely two-phase interfaces
and triple junctions. Assume that there is a total of N € N such topological features present.
Recall then that we decomposed {1,..., N} =: CJP with the convention that C enumerates
the connected components in space-time of the smooth two-phase interfaces and P enumerates
the triple junctions. If p € P, we defined 7, to be the trajectory in space-time described by
the triple junction. If ¢ € C, we defined T, C I; ; for some i,j € {1,..., P} with i # j to be
the corresponding space-time connected component of a two-phase interface fi,j. We further
write ¢ ~ p for ¢ € C and p € P if and only if 7. has an endpoint at 7,,.

Let now rp and ryin be the localization scales from (4.176) and (4.177). We then choose
a large-scale cutoff R > 0 such that for all ¢ € [0, 7] a suitable neighborhood of the network
of interfaces at time ¢ is compactly supported in the ball Br(0):

U B (50 U (U i (W) U Brn (T5(8))) €€ Br(0), (4.260)

peEP ceC peEP

where we abbreviated imz_, (U7 )(t) := W7 (To(t)x{t} X [~Tmin, Tmin]) for ¢t € [0,T], and
where U7, refers to the restriction of the diffeomorphism (4.45) to 7. (assuming 7. C I; ;).

The idea for the proof is to construct in the first part a family of weight functions
(191)2-6{17“_7 py which satisfies all the requirements of Definition 4.4 but violates the integrabil-
ity condition J; € L} ;(R? x [0,T]). To overcome the integrability issue at the end of the
proof, we introduce a smooth and concave function x: [0,00) — [0, 1] such that x(r) =1 for
r>1, &'(r) € (0,2) for r € (0,1) and x(0) = 0. Note that x represents an upper concave
approximation of r — 7 A 1 on the interval [0,00). We next define an integrable weight
nr € Wa™(R?) N Wa'(R?) by means of

nr(z) = k(exp(R — |z|)), z€R?, (4.261)
whose spatial gradient is now subject to the following convenient estimate
|Vnr| < Clngr| in R (4.262)

We will then define ¥; := nRﬁ‘i, and verify in a second part that all the requirements of
Definition 4.4 are indeed satisfied for this choice of weight functions.

Step 1: Construction of (ﬁi)ie{l’m’p}. Let ¥: R — R be a truncation of the identity with
I(r) =rfor |r| < 1, 9(r) = —1forr < —1,9(r) = Lforr > 1,0 < < 2 as well as
|| < C. Fix i € {1,..., P}. For purely technical reasons (similar to the one described in
Step 3, Proof of Lemma 4.30), we need to introduce another constant § € (0, 1] which will
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4.7. Existence of transported weights

be determined in the course of the proof (depending only on the surface tensions associated
with the strong solution).

We start with the definition of J; away from the (relevant part of the) network of inter-
faces. To this end, we define subsets P; C P and C; C C which collect those triple junctions
and two-phase interfaces for which the phase i is present, respectively. We then define for
all t € [0,T]

Di(-t) == —1 (4.263)
in %(0)\ |J Brp(Tp() U ( U imr (T7) O\ | Bip (T, )
pEP; ceC; peEP;
ﬁi(-,t) = 1 (4.264)
(R2\Q )\ U By, (Tp ( U ims_. (U7 (1) \ U B, (T, )
pEP; ceC; pEP;

By the definitions (4.176) and (4.177) of the scales rp and 7in, we may provide the further
construction of 9; separately within ims_ (W1 )(t) \ Upep, Brp(Tp(t)) for each ¢ € C; and
within B, (7,(t)) for each p € P;, respectively.

For each ¢ € C;, and assuming for notational concreteness that 7. C f” for some j €
{1...,P}\ {i}, we simply define for all ¢ € [0,7]

8ii (5 1)
677min

), in iy, (97)(0\ | Brp(T; (4.265)
pEP;

Di(-,1) :219(

where the signed distance s; ; was introduced in (4.47).

Now, consider a triple junction p € P;. We assume that the pairwise distinct phases
present at 7, are given by 7,75,k € {1,...,P}. Recall from Definition 4.20 that B, (7))
decomposes into six wedges. Three of them, namely the interface wedges W ;, W resp.
Wi, contain the interfaces 7T, ;, Tc,, resp. T, ;. The other three are interpolation wedges
denoted by W;, W; resp. Wy. For the definition of J; on the latter wedges, we rely on the
interpolation parameter built in Lemma 4.28. To clarify the direction of interpolation, i.e., on
which boundary of the interpolation wedge the corresponding interpolation function is equal
to one or zero, we make use of the following notational convention. For the interpolation
wedge W;, say, we denote by )\j’k the interpolation function as built in Lemma 4.28 and
which interpolates from j to k in the sense that it is equal to one on (6VVZ 4 NOW;)\ T, and
which vanishes on (8Wj,; N W) \ Tp. We also define AP/ := 1 — M* which interpolates
on W; in the opposite direction from k to j. Analogously, one mtroduces the interpolation
functions on the other interpolation wedges.

We now define the weight function ; for all ¢ € [0,7] on the ball B, (7,(t)) as follows:

$ij (5 t)
5fmin

Di(-t) = 19( ) in Wi (t) N Bep (Ty(1)), (4.266)

and analogously on the interface wedge W;j, whereas we interpolate on the interpolation
wedge W; by means of

Si,k‘('v t)
5fmin

Di(-,t) == /\Jf’k(-,t)q9<w> + )\f’j(~,t)19<

6rmin

), in Wi(t) N B,y (To(t).  (4.267)

Furthermore, we define

dist(-, Tp(%))

Bi(et) 1= (TR i Wit) 0 B (Ty (1), (4.268)

215



4. WEAK-STRONG UNIQUENESS FOR PLANAR MULTIPHASE MEAN CURVATURE FLOW

whereas we again interpolate on the interpolation wedge W; via

dist(-, 7,(t))

5fmin

)+ A (20D) i w0 B (1), (4260)

3 kyi
ﬂi(,t):::Aj’(yt)ﬁ( L
and analogously for the interpolation wedge Wi.

Step 2: Regularity of (191‘)2‘6{17_._7]3}. First of all, it is immediate from the above defini-
tions (4.263)-(4.269) that the coercivity properties of Definition 4.4 hold true as required.
Choosing d € (0,1] as in Step 3, Proof of Lemma 4.30, ensures that the definitions (4.266)—
(4.269) close to triple junctions are compatible with the bulk definitions (4.263)—(4.264). In
particular, the asserted regularity 9; € Wm}fo (R? x [0,T1]) for the auxiliary weight functions
is now a consequence of the regularity (4.50) of the signed distance functions as well as the
controlled blowup (4.143) of the first-order derivatives of the interpolation parameter. In
terms of estimates, it holds

k.9 2
I]grn%%rmm|v Dy +72,.18:0;] < C in R®x[0,T] \ L% o (4.270)
pe

for a constant C' > 0 which may depend on the strong solution €, but which is independent
of Tmin-
Step 3: Estimate for the advective derivatives of (9;);c(1,.... py- For a proof of the bound (4.4)

on the advective derivative with respect to the auxiliary weight ¥;, it suffices to work in the
regions Uce(,’i img,,, (U7,) \UpE'Pi Ute[o,T} By, (Tp(t)) x{t} and UpE'Pi Ute[o,T] By (Tp(t)) x{t},
respectively. We in fact may argue separately for each ¢ € C; and each p € P;. The argument
turns out to be almost analogous to the one for the proof of (4.232); a connection which we
will make precise in the subsequent steps to avoid unnecessary repetition.

Substep 1: FEstimate near 0S); but away from triple junctions. Let ¢ € C;, and as-
sume for concreteness that 7, C fi,j. It follows from the definition (4.265) that 5‘1 is a
smooth function of the signed distance s; ; throughout the space-time domain imgz_, (¥7.) \
Uper, Ureo.r) Brr (Tp(t)) x{t}. Hence, due to (4.270) the otherwise exact same argument
guaranteeing (4.238) entails

10:0; + (B - V)0;| < C7-2 (7L dist(-, I; j) A1) < CF2

mln( min

1] (4.271)

min

in imz,;, (U7:) \ Upep, Urep,r) Brr (Tp(t)) x{t}. The last inequality follows due to ¥ being a
truncation of unity.

Substep 2: Estimate at triple junction in interface wedges containing 0€);. Consider p €
P;, and let ¢ € C such that ¢ ~ p and 7, C I_,J We provide the required estimate in the
interface wedge Wj ;(t) N By, (T,(t)) for all t € [0,7]. In this case, definition (4.266) applies
so that U is again a smooth function of the signed distance sij. Recalling (4.270), we may
thus apply the argument in favor of (4.242) to deduce again

0:0; + (B - V);| < OF 2 (7L dist(-, I j) A1) <

m1n ( rmn

By, (4.272)

m1n |

this time throughout W; ;(t) N B, (T,(t)) for all t € [0, T].

Substep 3: Estimate at triple junction in interface wedge not containing 09;. Let p € P;,
and let j,k € {1,..., P} denote the other two distinct phases which are present at 7, next to i.
We aim to estimate the advective derivative of ¥; in the interface wedge Wk (t) N By (Tp(1))
for all t € [0,T]. Note that thanks to (4.268), the auxiliary weight ¥, is a smooth function
of the distance to the triple junction. Hence, we may simply follow the argument resulting
in (4.243) and obtain together with (4.270) that

‘at@l + (B ’ V)lg ‘ <Cr mln( mlln dISt( T) A ) mln‘ﬁ ’ (4273>
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in the region W 1 (t) N B, (Tp(t)) for all t € [0,T].

Substep 4: Estimate at triple junction in interpolation wedges. Let the notation of Sub-
step 3 in place. On the interpolation wedge W;, the auxiliary weight is defined by means
of (4.267), i.e., one interpolates between two smooth functions of the signed distances s; ;
and sy, ;, respectively. Hence, we may estimate based on the product rule, the estimate (4.248),

the bound (4.270), the fact that )\fk = 1—)\f’j, the argument establishing (4.247), and fi-
nally (4.77)

10,0 + (B - V)d;| < CF=2 19(3]_(’5))_19(%_(’5))‘

i 67"m1n 67"min
+ O AP (Prady dist (-, Tig) A 1)
+ CF2 A (L Qist(-, Tg) A1)

< CF 2 (7t dist(+, Tp) A1) 4+ CF 2

min min ’19 ‘ < CT ’7‘9 ‘ (4‘274)

min min

throughout W;(t) N B,,(7,(t)) for all t € [0,T]. In view of the definition (4.269) and the
argument for (4.243) (carefully noting that the latter is established also on interpolation
wedges), the otherwise same ingredients and computations employed for the proof of (4.274)
also imply

[000; + (B - V)dil < Crf |94 (4.275)
in W;(t) N By, (T,(t)) for all t € [0,T].

Substep 5: Conclusion. In summary, the estimates (4.271)—(4.275) imply the asserted
bound (4.4) for the advective derivative in terms of the auxiliary weights J;. In particular, the
family of auxiliary weights (1@1)26{1 py satisfies all the required properties of Definition 4.4
with the only exception being J; € L. ,(R?x[0,T7).

Step 4: Construction and properties of ¥;. As already mentioned at the beginning of
the proof, we may now define ¥; := 773191- for all ¢ € {1,...,P}. The regularity and the
required coercivity properties for ¥; are then immediate consequences of its definition and
the previous step. The estimate (4.4) on the advective derivative also carries over since ng
is time-independent and by (4.262)

19;]|(B - V)nr| < CJ9;| in R? x [0,T],

so that the product rule together with the previous step implies (4.4) on the level of the
weight ;. This in turn concludes the proof of Lemma 4.7. O

Glossary of notation

d>?2 ambient dimension
open set
OV distributional partial derivative w.r.t. time

of v:D x[0,T) — R4

Vo distributional partial derivative w.r.t. space, (Vv); ; = 0;v;
ngt(D) space of compactly supported and infinitely

differentiable functions on D

clck) space of functions on U C R¥x[0, T] with continuous
and bounded partial derivatives 85(‘9];/, 0<I'<I,0<K <kE.
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uRv

tensor product of u,v € R, (u®v); ; = uv;

Zz}j A;;Bij, scalar product of tensors

d-dimensional Lebesgue measure

k-dimensional Hausdorff measure on RY for k € [0, d]

Lebesgue space w.r.t. to a measure u on  C R? for p € 1, 00
Lebesgue space w.r.t. Lebesgue measure

Lebesgue space for vector valued functions

Bochner—Lebesgue space for a Banach space X and T' € (0, 00)
Sobolev spaces with p € [1,00) and k € N

Functions of bounded variation [12] on Lipschitz domain D c R?
reduced boundary of a set of finite perimeter 2 C D

outward pointing unit normal vector field along 0*(2

signed distance function to ji,j with Vs; ; = 10, ;

distance function R¥x[0,T] 3 (x,t) — dist(x, A(t)) for a domain
A = Usepor A)x{t}, A(t) C Re t € [0,T).

number of phases

region occupied by phase i = 1,..., P in weak solutions
characteristic function of €2;

interface between phases €); and ;

unit normal vectors along I; ; pointing from phase 7 to phase j
normal velocity of I; ; with V; > 0 for expanding 2;, see (4.12b)
corresponding quantities of the strong solution

mean curvature vector of fi,j

scalar mean curvature of I; ; given by
oofs s = \Jtan 5. .
Hij-nij ==V n;j = —Asi,

signed distance function to 1:” with Vs; ; =10, ;
counter-clockwise rotation by 90°
tangent vector along LJ given by J _lﬁm-

Landau symbol, implicit constant only depends on strong solution
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CHAPTER

Weak-strong uniqueness for the mean
curvature flow of double bubbles

Abstract. We derive a weak-strong uniqueness principle for BV solutions to
multiphase mean curvature flow of triple line clusters in three dimensions. Our
proof is based on the explicit construction of a gradient-flow calibration in the
sense of our recent work [Fischer et al., arXiv:2003.05478| for any such cluster.
This extends our two-dimensional construction to the three-dimensional case of
surfaces meeting along triple junctions.

5.1 Main results & definitions

We developed in Chapter 4 a general approach to the question of weak-strong uniqueness of
BV solutions to multiphase mean curvature flow in arbitrary ambient dimension d > 2. This
approach splits into a two-step procedure.

In a first step, we introduced a novel concept of calibrated flows with respect to the
gradient flow of the interface energy functional given by the (weighted) sum of the surface
areas of the interfaces, cf. (5.8) below. This concept can be interpreted as the evolutionary
analogue of the well-known notion of paired calibrations due to Lawlor and Morgan [102] from
their study of the minimization problem of interfacial surface area of networks. Indeed, the
main merit of a calibrated flow is that its existence (essentially) implies qualitative uniqueness
and quantitative stability of BV solutions to multiphase mean curvature flow in arbitrary
ambient dimension d > 2.

In a second step, we then put our theory to use by showing that any sufficiently regular
network of interfaces in the plane R?, which in addition is subject to the correct angle
condition at triple junctions, is in fact calibrated in the precise sense of Definition 4.2. The
purpose of the present work is to extend this second step of our approach to the three-
dimensional setting of mean curvature flow of sufficiently regular double bubbles (again with
the correct angle condition along the triple line). The main contributions are summarized in
the following result.

Theorem 5.1. Let T € (0,00) be a time horizon, and let (Q1,Q9,Q3) be a reqular double
bubble smoothly evolving by MCF on [0,T)] in the sense of Definition 5.10. The evolution of
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(Q1,92,9Q3) on [0,T)] is then calibrated in the sense that there exists an associated gradient-
flow calibration ((&)%@273}, B_) on [0,T], cf. Definition 5.2. Moreover, the smoothly evolving
regular double bubble (1,822, Q3) admits a family of transported weights (9;);c(1,2,3y on [0, 7]
in the sense of Definition 5.5.

As a corollary, we obtain a weak-strong uniqueness and stability of evolutions principle
for BV solutions (21, Q2,Q3) to multiphase MCF on [0,T] (cf. Definition 4.11) with respect
to the class of regular double bubbles smoothly evolving by MCF on [0,T] in the sense of
Definition 5.10. We refer to Theorem 5.6 for a more detailed statement of this corollary, and
to the discussion right below it for an account on the general regime of P > 3 phases on the
level of the BV solution.

Proof. The existence of a gradient-flow calibration ((&;)ief1,2,3}, B) on [0,T7] is the content of
Theorem 5.3. Its proof occupies almost the whole paper and is carried out from Section 5.2
to Section 5.4. We emphasize in this context that the local construction at a triple line
performed in Section 5.3 represents the core contribution of the present work. The existence
of transported weights (¢;);c(1,2,33 on [0, 7] is proven in Section 5.5 in form of Proposition 5.5.

These two existence results in turn realize the assumptions of our general conditional
weak-strong uniqueness and stability of evolutions principle Proposition 4.5 for BV solutions
to multiphase mean curvature flow (with respect to the setting of P = 3 phases and d = 3
dimensions), which therefore establishes the claim of the corollary. O

The results of Chapter 4 together with Theorem 5.1 admittedly only cover two thirds of
the story concerning weak-strong uniqueness for general clusters in R3 evolving by multiphase
mean curvature flow. Indeed, one also has to allow for quadruple junctions at which four
distinct phases meet (cf. the structure result on minimizer of interfacial surface energy by
Taylor [148]). We expect that a suitable generalization of our ideas for the construction at a
triple point (d = 2) or a triple line (d = 3) should also lead to the correct construction in the
case of a quadruple junction, and thus to a full-fledged weak-strong uniqueness result in R3.

5.1.1 Existence of gradient-flow calibrations

For the sake of completeness, let us first restate the precise definition of the concept of a
gradient-flow calibration.

Definition 5.2 (Gradient-flow calibration). Let T' € (0,00) be a time horizon, and let
o € RP*P be an admissible matriz of surface tensions, cf. Remark 5.7, for P > 2 phases.
Moreover, let (1,...,Qp) be an evolving partition of finite interface energy on R4x[0,T] in
the sense of Definition 5.8 in dimension d > 2, and denote by U#j I_Z-,j the associated network
of evolving interfaces.

A tuple of vector fields

(&)icq,...py: RI%[0,T] — (RT)”,
B: R¥x[0,T] — R?
is called a calibration for the L?-gradient flow of the interface energy (5.8) on [0,T] with

respect to the evolving partition (Q1,...,Qp)—or in short a gradient-flow calibration—if it
1s subject to the following requirements:

i) It holds &, B € CU([0,T]; CO (RERY)) for all i € {1,...,P}. Moreover, for each time
t € [0,T), there exists an HY™! null set Ty C R? such that for T := Usepo,r Pex{t} it holds
& e (CPCENClCO)(RIx[0, T)\T) for alli € {1,...,P} and B € CPCLRIx[0,T]\T).
Finally, there exists C > 0 such that
sup sup |VB(z,t)|+ |V&(x,t)| + |0z, t)| < C.
t€[0,T] zeRINT
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it) Fori,j € {1,..., P} with i # j, define the vector field

Giim ——(G— &) inRIx[0,T]. (5.1a)

Z?]

Denoting by 1i; ; the unit normal vector field along the interface I_i,j (pointing from the
ith into the jth phase), it is then required that

f@j =1 along fi,j' (5.1b)

Moreover, there exists ¢ € (0,1) such that a coercivity estimate in terms of the length of
the vector field & ; holds true:

& (2, 1)) <1 —cmin{dist?(z, [; ;(1)), 1}, (z,t) € R¥x[0,T]. (5.1c)

iii) The vector field B represents a velocity field for the partition (Q,...,Qp) in the sense
that the following two approximate evolution equations hold true for the vector fields & ;,
i,j€{l,...,P} withi# j,

‘atgi,j_‘_(B : v)gi,j_‘_(vB)Tfi,j ‘ (377 t) <C min{diSt(xa fi,j (t))’ 1}a (51d)
|0uéig” + (B - V)| |(2,t) < Cmin{dist®(x, [; (1)), 1}, (5.1e)

for some C > 0 and all (z,t) € RIx[0,T].

iv) The velocity B represents motion by multiphase mean curvature (i.e., the L*-gradient
flow with respect to the interface energy (5.8)) in the sense that there exists a constant

C > 0 such that
& B+ V- & | < Cmin{dist(z, [; ;()), 1}, (z,t) € R*x[0,T]. (5.1f)

If a gradient-flow calibration exists, we say that the evolving partition (Q,...,Qp) is
calibrated on [0, 7.

Note that the required regularity from the first item of the above definition is on one side
slightly less than what is actually stated in Definition 4.2 from the previous chapter, but on
the other side still sufficient to ensure the validity of Proposition 4.3.

The main result of the present work is now that any sufficiently regular and smoothly
evolving double bubble admits an associated gradient-flow calibration.

Theorem 5.3 (Existence of gradient-flow calibrations). Let T' € (0,00), let o € R3*3 be an
admissible matriz of surface tensions, and let (Q1, Q2,Q3) be a regular double bubble smoothly
evolving by MCF on [0,T)] in the sense of Definition 5.10. Then (Qy,$Q9,Q3) is calibrated
on [0,T] in the sense of Definition 5.2.

It turns out that the existence of a gradient-flow calibration already implies a quantita-
tive inclusion principle for the surface cluster of general BV solutions to multiphase mean
curvature flow, see Proposition 4.3. More precisely, if at the initial time each interface of
a BV solution is contained in the corresponding interface of a calibrated flow, then this in-
clusion property remains to be satisfied as long as the calibrated flow exists. Furthermore,
this qualitative property is in fact a consequence of a quantitative stability estimate for the
interface error between a general BV solution and a calibrated flow (formulated in terms of
an error functional of the form (5.3) below).

The inclusion principle, however, is of course consistent with the vanishing of a phase in
the BV solution, so that weak-strong uniqueness cannot be derived by means of a gradient-
flow calibration alone. In order to get a control on the bulk deviations of the phases, one
relies on an additional input which can be formalized as follows.
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Definition 5.4 (Family of transported weights). Let T' € (0,00) be a time horizon, and let
o € RPXP be an admissible matriz of surface tensions satisfying the strict triangle inequality
for P > 2 phases. Let d > 2, and let (1,...,Qp) be an evolving partition of finite interface
energy on R¥x[0,T] in the sense of Definition 5.8, and denote by (X1,...,Xp) the associated
family of indicator functions. We then in addition assume that the measure Oyx; is absolutely
continuous with respect to the measure |Vx;|, and that 0Q;(-,t) is Lipschitz reqular for all t €
[0,T]. Consider finally a velocity vector field B € C°([0,T]; C& (R% RY)).

A map 9 = (V)ieq1,...,P}: RY x [0,T] — [~1,1]7 is called a family of transported weights
for ((Q,...,Qp), B) if it satisfies the following list of properties:

i) In terms of regularity, we require ¥; € (WhHl N WH=)(RIx[0,T);[~1,1]) for all i €
{1,...,P}.

i) We require that ¥;(-,t) = 0 on 0(t), and V;(-,t) > 0 in the essential exterior resp.
Vi(-,t) < 0 in the essential interior of Q;(-,t) for all i € {1,..., P} and all t € [0,T).

i11) Fach weight is approximately advected by the velocity B in form of
10:9; + (B - V)| < Cl[9;] on RIx[0,T],i € {1,...,P}. (5.2)

The existence of a family of transported weights is precisely what is needed to derive
a quantitative stability estimate for the bulk error between a general BV solution and a
calibrated flow (formulated in terms of an error functional of the form (5.4) below), which to-
gether with the already mentioned quantitative inclusion principle then implies a weak-strong
uniqueness principle for BV solutions of multiphase mean curvature flow, see Proposition 4.5.

It is therefore of interest to extend our 2D existence result from Chapter 4 to the 3D setting
of any sufficiently regular and smoothly evolving double bubble.

Proposition 5.5 (Existence of a family of transported weights). Let T' € (0,00) be a time
horizon, and let (Q1,2,Q3) be a regular double bubble smoothly evolving by MCF on [0, T)] in
the sense of Definition 5.10. Let B denote the velocity field from the gradient-flow calibration
on [0,T] associated with (1, Qa, Q3), whose existence in turn is guaranteed by Theorem 5.3.
Then there exists an associated family of transported weights (9;);cq1,2,3) on [0, T'] with respect
to the data ((Q21,2,Q3), B) in the precise sense of Definition 5.4.

5.1.2 Weak-strong uniqueness and stability of evolutions

Combining Theorem 5.3 and Proposition 5.5 with the conditional stability of any calibrated
MCF in arbitrary dimensions Proposition 4.5, we obtain the following weak-strong uniqueness
principle for distributional (i.e., BV) solutions to multiphase MCF in three dimensions.

Theorem 5.6 (Weak-strong uniqueness and quantitative stability). Let T € (0,00) be a
time horizon, d = 3, P = 3, and o € R3*3 be a surface tension matriz satisfying the strict
triangle inequality. Let Q = (Q1,Q2,Q3) be a reqular double bubble smoothly evolving by MCF
on [0,T] in the sense of Definition 5.10 (with respect to o), and let Q = (Q1,Q9,Q3) be a
BV solution to multiphase MCF in the sense of Definition 4.11 (again with respect to o).

If the initial conditions of the regular double bubble and the BV solution coincide, then
the solutions also coincide for later times on [0,T]. More precisely,

£3((2:(0) \ 2;(0)) U (€(0) \ ©:(0))) =0 for all i € {1,2,3}
= L3((%u)\ Q) U (i) \ (1)) =0 for a.e. t € [0,T] and all i € {1,2,3}.

Moreover, we have quantitative stability estimates in the following sense. Denote by (§ :=
(&i)ieq1,2,3), B) the gradient-flow calibration on the time interval [0,T] from Theorem 5.3 with
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respect to (1,Q9,Q3), and denote by (Vi)ief1,2,3) the corresponding family of transported
weights on [0,T] from Proposition 5.5. Let n;;(-,t) be the measure theoretic unit normal
along the interface 0*Q;(t) N 0*Q;(t) pointing from Q;(t) into Q;(t), t € [0,T]. Then, the
error functionals defined for all t € [0,T] by

EQE) = > o /am‘(t)mam‘(t) 1=ny (- 8) - &5 (-, t) dH2, (5.3)

'7j€{1 2,3}, 175
EQIQ)(t) = Z / 19:(,1)| da (5.4)
O\ (E)U(Q: )\ (t))

satisfy the stability estimates

E[QIE)(t) < E0I](0)eC,
E[QIQ)() < (EIQI€)(0)+E[2|Q)(0)) "

for almost every t € [0,T]. The constant C > 0 in these estimates depends only on the
data of the smoothly evolving reqular double bubble (Q,Q,Q3) on [0,T] through the explicit

constructions ((fi)l-e{l’Q’g},B) and (191-)1-6{17273}.

Proof. As mentioned above, this is a straightforward application of Theorem 5.3, Proposi-
tion 5.5 and Proposition 4.5. O

Remark 5.7 (Admissible surface tensions). Let us briefly comment on the matriz of sur-
face tensions o € RP*P . We say o is admissible if it satisfies precisely the assumption in
Definition 4.8. More concretely, we require that there exists a non-degenerate (P—1)-simplex
(q1,---,qp) in RE=Y which represents the surface tensions in form of o, j = |gi—q;|-

In the framework of the present paper, i.e., the case P = 3, this is equivalent to the strict
triangle inequality

oij < oik+og; for all choices {i,j,k} = {1,2,3}. (5.7)

In the general case P > 3, the (?-embeddability is in fact stronger than (5.7), and it
constitutes the key ingredient to construct the missing calibration vector fields (gi)ie{gly__wp},
for which one may in fact argue along the same lines as in the proof of Lemma 4.31 without
requiring any additional ingredients from the constructions.

We emphasize that only for simplicity, we considered in Theorem 5.6 the case of P = 3
phases on the level of the BV solution. Let us briefly outline the additional ingredients which
are needed to establish the stability estimates (5.5) and (5.6) in terms of general BV solutions
(Q1,...,9Qp), P > 3, defined on R3x[0,7T] with respect to a given ¢?>-embeddable matrix of
surface tensions o = (O'Z"j)iﬂ‘e{l’“_’p} € RPXP and a fixed regular double bubble (2, Qs, Q23)
smoothly evolving by MCF with respect to the restriction (0; j); je{1,2,3} of the surface tension
matrix o € RP*P,

Recalling the definitions (5.3) and (5.4) of the error functionals (in which one only needs
to replace 3 by P in the case P > 3), it is clear that we have to augment the gradient-flow
calibration provided by Theorem 5.3 with additional calibrating vector fields (&;)icqa,... P},
and the family of transported weights by Proposition 5.5 with additional weights (1J;);¢ {4 P}s
such that the resulting augmented families adhere to the requirements of Definition 5.2 and
Definition 5.4, respectively, in order to allow for the desired application of Proposition 4.5.
For consistency with our definitions, let us interpret to this end the smoothly evolving regular
double bubble as a partition (Q1,...,Qp) with the convention that Q; := () for all additional
phases i € {4,..., P} in the BV solution.
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Extending the family of transported weights is trivial since we may define 1; := 1 for all
i€ {4,...,P}, thus representing consistently the fact that the additional phases on the level
of the smoothly evolving regular double bubble are empty.

Furthermore, the missing calibration vector fields can be constructed along the lines of
the proof of Lemma 4.31. It is then straightforward that the associated additional vector
fields

O'i,jgi,jzzgi*fja ’ie{4,...,P}01‘j€{4,...,P},

satisfy (5.1b)—(5.1f) (together with the desired regularity). Indeed, except for the coercivity
condition (5.1¢), all these properties are trivially satisfied in terms of the relevant additional
pairs of indices since the associated interfaces on the level of the smoothly evolving regular
double bubble are empty. With respect to (5.1c), the proof of Lemma 4.33 applies verbatim
without requiring any additional ingredients from the constructions of this work.

We decided to restrict ourselves to the case P = 3 in the formulation of Theorem 5.6
because we view the main contribution of this paper to be the first part of Theorem 5.1 (i.e.,
the combination of Theorem 5.3 and Proposition 5.5), and thus aim to shift the focus on the
required 3D generalization of those results of Chapter 4 which are concerned with the given
strong solution only (i.e., in the present work a regular double bubble smoothly evolving

by MCF).

5.1.3 Definition of a regular double bubble smoothly evolving by MCF

This part is concerned with the formulation of a “strong solution concept” for a (topologically
standard) double bubble moving by mean curvature flow, for which we are then able to show
that its flow is calibrated in the precise sense of Definition 5.2. We start with the associated
energy functional.

Definition 5.8 (Partition with finite interface energy, see Definition 4.10). Consider d > 2,
P > 2, and an admissible matriz of surface tensions ¢ € RE*F. Let (Qq,...,Qp) be a
family of measurable subsets of R? such that L4(RY \ Uil Q) =0 and LY NQ;) =0
for alli,j € {1,..., P} with i # j. We then call (Qq,...,Qp) a partition of R? with finite
interface energy if

E[(Ql, RN QP)] = Z U@j?‘[d_l(a*ﬁi N 8*@) < 00. (5.8)
i,j€{1,...,P},i#j

Let next T € (0,00) be a time horizon, and consider a family (Q1,...,Qp) of open subsets
of R [0, T in the form of Q; = Usepom Qi(t)x{t} foralli € {1,..., P}. In this evolutionary
setting, we call (Qq,...,Qp) an evolving partition on R?x [0, T'] with finite interface energy,
if for all t € [0,T] the family (Q(t),...,Qp(t)) is a partition of R with finite interface
energy in the above sense and it holds

sup E[(Q(t),...,Q2p ()] < oo. (5.9)
te[0,7

For such an evolving partition, we denote the associated evolving interfaces by —fi,j =
Ute[O,T] L j(t)x(t), where I; j(t) := 0*Q;(t) N 0*Q;(t) for all t € [0,T] and all pairs i,j €
{1,...,P}, i #j.

In a next step, we formalize the topological setup as well as the main regularity assump-
tions. We also state the main compatibility condition in form of the Herring angle condition.
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Figure 5.1: An illustration of a double bubble in three dimensions. The triple line I' along
which all three interfaces meet is marked in red.

Definition 5.9 (Regular double bubble). Let o € R3*3 be an admissible matriz of surface
tensions, and consider a partition (Q, Q,Q3) of R® with finite interface energy in the sense
of Definition 5.8. Assume in addition that Q; is an open, non-empty and simply connected
subset of R® such that 0 is the closure of 0*Qy for all i € {1,2,3}. Define then for
each i,j € {1,2,3} with i # j the associated interface I; j := 0Q; N OQ;, which is assumed to
be non-empty.

We call (Q1,€2,9Q3) a regular double bubble if the following additional regularity condi-
tions are satisfied:

i) Each interface 1:” 18 a two-dimensional, compact and simply connected manifold with
boundary of class C°. The interior of each interface is embedded.

it) The three interfaces 1:172, 1_273, and 1:3,1 intersect precisely along their respective boundary,
which in turn is a non-empty one-dimensional, compact and connected manifold I" without
boundary of class C°.

iii) Along the triple line T, the Herring angle condition has to be satisfied:
01,2012 + 023023 + 031031 = 0, (5.10)

where we denote by 1; ; the associated unit normal vector field along I_Z-jj pointing from Q;
imto Qj.

With the notion of a regular double bubble in place, we finally clarify what we mean by
a (sufficiently) smooth evolution of a regular double bubble with respect to mean curvature
flow. It turns out that the construction of an associated gradient-flow calibration in the
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vicinity of the evolving triple line requires two additional higher-order compatibility condi-
tions. For a sufficiently smooth evolution of a regular double bubble, these two compatibility
conditions are consequences of differentiating in time the assumed zeroth order compatibil-
ity condition (i.e., the triple line being the common boundary of the three interfaces) or
first order compatibility condition (i.e., the Herring angle condition), respectively. Since we
will require regularity down to time ¢ = 0, we have to include the resulting compatibility
conditions for the initial double bubble.

Definition 5.10 (Regular double bubble smoothly evolving by MCF). Let o € R3*3 be an
admissible matrixz of surface tensions. Consider an associated initial partition (Q?,Qg,ﬁg)
of R3 representing a regular double bubble in the sense of Definition 5.9. Assume in addition
that (99,09, Qg) satisfies the following two higher-order compatibility conditions:

First, we require for the scalar mean curvatures in form of ng = —Vtan. ﬁ?,j that along
the initial triple line TV it holds

ULQHSQ + 0273Hg’3 + 0371H3?,1 =0, (5.11)

which by (5.10) is equivalent to the existence of a unique vector field Vo along T°, which
takes values in the normal bundle Tan'T? such that

ﬁ?,j Vio = HY. along T° for all i, € {1,2,3} with i # j.

7j

Second, denoting by t° a unit length tangent vector field along the initial triple line T® and
defining ??,j = ﬁgjxfo along TO for all i, € {1,2,3} with i # j, we require that the quantity

— (7, @70, VER) ) (70 Vipo) + (77 - V) HY (5.12)

is independent of the choice of distinct i,j € {1,2,3} at each point on T'°.

Let now T € (0,00) be a time horizon, and consider an evolving partition (Q1, s, 3)
on R3x[0, T| with finite interface energy in the sense of Definition 5.8. We call (1, o, 3)
a regular double bubble smoothly evolving by MCF on [0, T] with initial data (Q9,99,Q9) if
it satisfies:

i) For each t € [0,T), the family (Q(t),Q2(t),Q3(t)) is a regular double bubble in the
sense of_Deﬁngtz'on 9.9. Furthermore, the initial condition is attained in the sense that
(1(0), 022(0), Q13(0)) = (2}, 25, QF).

ii) There exists a family of diffeomorphisms{': R3 — R3, ¢ € [0, T), such that it holds ¢°(x) =
z for all x € R3, and Q;(t) = () as well as I; j(t) = wt(jgj) for all t € [0,T] and
alli,j € {1,2,3}, i # j. In addition, the map

Vig: Lpx[0,T] = g, (2,t) = (¥'(2),1)
is a diffeomorphism of class (CYC2 N C’thg)(fng[O, T)).
iii) For each i,j € {1,2,3} with i # j and each (z,t) € I;j denote by Vi, ,(x,t) the normal

velocity vector of fi7j(t) atx € fi,j(t). We then require motion by MCF for each interface,
i.e.,

(fij - Vi, ) (@) = Hij(x,t), (x,t) € Lij, 0,5 € {1,2,3} with i # j. (5.13)
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5.1.4 Notation

We briefly review the standard notation employed throughout the present work. The notation
of geometric quantities will be introduced in the course of the paper.

We write £ for the d-dimensional Lebesgue measure, H* for the s-dimensional Hausdorff
measure, as well as 9* D for the reduced boundary of a set of finite perimeter. The standard
Lebesgue spaces with respect to the Lebesgue measure are denoted as always by LP(D) for
any p € [0,00] and any measurable D C R? whereas in addition for any & € N we denote
by W¥P(D) the standard Sobolev space. We further write C*(D), k > 0, for the space of
functions with bounded and continuous derivatives up to order k on D C R%. The intersection
with the space Cgpt(D) of continuous and compactly supported functions on D is denoted
by Cfpt(D). Vector-valued versions of these function spaces are denoted by LP(D;R?) and so
on. For a differentiable function f: D — R™ we write Vf € R™*4 for its Jacobian matrix,
ie., it holds (Vf);; = 0;fi. If f: M — R™ is a differentiable function along a given C!
manifold M, we denote by V' its tangential gradient.

For a space-time domain D C R?x[0,7] of the form D = Usepo,r) D) x{t} we write
ClC¥(D), 1,k > 0, for the space of continuous functions f on D with continuous and bounded
partial derivatives 858’,;/ fon D for any 0 < I’ < [ and any multi-index &’ such that 0 <
|k'| < k. With a slight abuse of notation, the distance function dist(-, D) with respect to
such a space-time domain D is understood as the distance to the corresponding time slice,
ie., (z,t) > dist(z, D(t)) for all (z,t) € Rx[0, T).

In terms of vector and tensor notation, we denote by vxw the cross product between
two vectors v,w € R3, by v Aw := v ® w — w ® v the exterior product of v,w € R3, and
by A: B := Zi,j A; ;B; j the complete contraction of two matrices A, B € R™*". Abusing
notation we will also write a A b := min{a,b} for the minimum of two numbers a,b € R;
however, it will always be perfectly clear from the context what the symbol A represents. We
also occasionally use a V b := max{a, b} for the maximum of two numbers a,b € R.

5.2 Local gradient flow calibration at a smooth interface

The aim of this section is to provide the local building block of a gradient-flow calibration
in the vicinity of an interface present in a smoothly evolving double bubble. To this end, we
introduce the following geometric setup.

Definition 5.11 (Localization radius for interface). Let (Q1,Q2,Q3) be a reqular double
bubble smoothly evolving by MCF in the sense of Definition 5.10 on a time interval [0, T].
Fizi,j € {1,2,3} with i # j. We call a scale 1, ; € (0,1] an admissible localization radius
for the interface I; ; if

\Ili,j: Ii,j X (_ri,j7ri,j) — RS X [O,T], (l’,t, 8) — (.’L‘+Sﬁi7j($,t),t) (514)

is bijective onto its image im(V; ;) := W, ;(1; ;% (—rij,75)). Moreover, it is required that the
inverse W~ is a diffeomorphism of class (CYCANCLC2)(im(V; ;)), and that it splits in form
of

‘I’f,jli (W ;) = Lij X (=rig, i), (2,t) = (Pij(x,t),t,505(2, 1),
where the map s;; represents a signed distance function (oriented by means of 1y, i.e.,

Vsij = 1i;; along the interface I; ;)

(o) = { dist(z, I; (1)) if (x,8) € Uy 5(L;%[0,7i4)), (515)

—dist(z, Li;(t)) if (2,1) € Wi j(Lij%(=7i;4,0)),
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and the map P; j being (in each time slice) the nearest-point projection onto I_i,j
P;j(z,t) = argmin |[y—z|, (z,t) € im(¥;;). (5.16)
yEL;,j(t)

In view of Definition 5.10 of a regular double bubble smoothly evolving by MCF, it follows
from the tubular neighborhood theorem that all interfaces admit an admissible localization
radius in the sense of Definition 5.11.

We introduce some further notation and consequences with respect to Definition 5.11.
First, the nearest-point projection onto the interface admits the representation

P j(x,t) = — si(x,t)Vs; j(x,t), (x,t) €im(¥;;). (5.17)
Second, it holds in terms of regularity
sij € (CPO7 NGO (Im(Vy5)),  Pij € (CPC; N C/CE)(im(Wiy)). (5.18)

The scalar mean curvature of the interface —fi,j with respect to the orientation induced by 1; ;
is denoted by H; ;. We extend these geometric quantities away from the interface, performing
a slight abuse of notation, by means of

n; ;1 im(0, ;) — S?%, (2,t) = Vsij(2,1), (5.19)
H;j:im(¥; ;) = R, (x,t) = —As; (P (x,t),t). (5.20)

Observe that these definitions immediately imply that
nij € (CPC NGO (Im(Wiy)),  Hij € (C/CN C{Cy) (im (Vi) (5.21)

Construction 5.12 (Gradient-flow calibration along smooth interfaces). Let the assump-
tions and notation of Definition 5.11 be in place, and let Y; ;: im(¥; ;) — R3 be an arbitrary
vector field of class CYCL(im(¥; ;)). We then define a pair of vector fields (&; j, B): im(¥; ;) —
S? x R? as follows:

fi,j =14, B = Hi,jﬁi,j + (Id_ﬁiJ‘ X ﬁz‘,j)yiﬂ‘. (522)
We call (& 5, B) a local gradient-flow calibration for the interface fi’j. O

We now register the properties of the pair of vector fields (&; ;, B), i.e., that it satisfies
locally the requirements of Definition 5.2 with the exception of (5.1c). The latter will only be
satisfied once we glued together the local constructions in Section 5.4 by means of a suitable
family of cutoff functions.

Lemma 5.13. Let the assumptions and notation of Construction 5.12 be in place. Then it
holds

& € (CYC; NGO (Im(Vy)), B € CPC,(im(Vy;)). (5.23)

Moreover, there exists a constant g’ >0 which depends only on the data of the smoothly
evolving reqular double bubble (21,2, Q3) on [0,T], such that we have throughout the space-
time domain im(W; ;)

V& j| + 1065 < C, (5.24)

|B| +|VB| < C, (5.25)

Oi&ij+ (B-V)éij+ (VB)T&; =0, (5.26)
V- &+ B-& ;] < Cdist(-15), (5.27)

A& il + (B-V)|&i 4> = 0. (5.28)
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Proof. The asserted regularity follows immediately from the definitions (5.22) and the regu-
larity (5.21) of the constituents. The equation (5.26) for the time evolution of ¢; ; follows from
differentiating in the spatial variable the PDE satisfied by the signed distance function s; j,
ie.,

Osij =—H;j=—(B-V)s;, (5.29)

relying in the process on the product rule and n; ; = Vs; j. The divergence constraint (5.27)
is a direct consequence of the definitions (5.19), (5.20) and (5.22) in combination with the
regularity (5.18) of the signed distance. Finally, equation (5.28) is satisfied for trivial reasons
since &; j € S2. O

5.3 Local gradient flow calibration at a triple line

This section constitutes the core of the present work. We establish the existence of a gradient-
flow calibration in the vicinity of the triple line for a double bubble smoothly evolving by MCF
in the sense of Definition 5.10. The main result of this section reads as follows.

Proposition 5.14 (Existence of gradient-flow calibration at triple line). Consider a reqular
double bubble (Q1,9,Q3) smoothly evolving by MCF on a time interval [0,T] in the sense
of Definition 5.10. Let r € (0,1] be an associated admissible localization radius for the triple
line in the sense of Definition 5.15 below. There then exists a potentially smaller radius 7 €
(0,7], only depending on the data of the smoothly evolving regular double bubble (1, s, Q3)
on [0,T], which gives rise to the following assertions:

Denote by N;(T') = Useo,r Bi(T(t))x {t} the neighborhood if the evolving triple line. For
all i,j € {1,2,3} with i # j there exists a continuous local extension

gi,j: Nﬁ(r) — Bl(O)
of the unit normal vector field ﬁi7j|fij of I ;, and a continuous local extension
B: N;(T) — R?

of the velocity vector field of the network T = Ui,j€{17273}7i¢j I, ;, such that the pair of vector
fields ((&ij)ije{1,2,3),i+j, B) satisfies the following list of requirements:

i) For all i,j € {1,2,3} with i # j it holds & ; € (ccln Cthg)(/\[r(f) \T) and B €
CPCL(NH(T)\T), with corresponding estimates throughout N3(T) \ T

(V& i +10:i 5] < C, (5.30)
B| +|VB| < C (5.31)

for some constant C > 0 which depends only on the data of the smoothly evolving reqular
double bubble (Q1,Q2,Q3) on [0,T).

ii) We have for alli,j € {1,2,3} with i # j

i,j(', t) along I_i,j (t) N Bf(f‘(t)), (532)
Vi(-,t) along T'(t) (5.33)

Il
=1

&ii(51)
B(-,t)

for all t € [0,T], where Vi denotes the normal velocity of the triple line T. Moreover,
the skew-symmetry relation & ; = —§;; holds true.
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Figure 5.2: The smooth solution close to the triple line I'. Three sheets come together at fixed
angles along ' (here 120°). In this general situation, one needs to introduce an additional
gauge rotation field Ry, ,. At each point, this matrix is a rotation in the tangent plane
spanned by 71 2 and El’g, illustrated here by a shaded (blue) rectangle.

iii) The Herring angle condition is satisfied in the whole space-time tubular neighborhood Ni(T')
of the triple line, i.e.,

012612 + 023823+ 031831 =0 in N;(T). (5.34)

iv) There exists a constant C' > 0, depending only on the data of the smoothly evolving
reqular double bubble (Q1,Q2,Q3) on [0,T], such that for alli,j € {1,2,3} withi # j the

estimates
0&ij + (B-V)&ij + (VB)T& 5| < Cdist(-, I ), (5.35)
|B- &+ V& ;| < Cdist(-, I 5), (5.36)
Q& )* + (B - V)& ;17 < Cdist®(-, I ;) (5.37)

hold true within Nx(T) \ T.

A pair ((§i5)ije(1,2,:3),i25: B) subject to these conditions is called a local gradient-flow cali-
bration at the triple line I'.

The remainder of this section is organized as follows. In Subsection 5.3.1 we introduce the
necessary notation employed in the construction of the desired vector fields. Subsection 5.3.2
implements the construction of the main building blocks for the vector fields ((&;;)i-5, B),
which will then be glued together in Subsection 5.3.3. Subsection 5.3.4 contains the proof of
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5.3. Local gradient flow calibration at a triple line

I 9

Figure 5.3: A cross-section orthorgonal to the triple line illustrating the wedge decomposition
in Definition 5.15. The “interpolation wedges” are marked with a dotted pattern, the “interface
wedges” with striped patterns.

Proposition 5.14. In the final Subsection 5.3.5, we formalize the fact that the local gradient-
flow calibration at the triple line due to Proposition 5.14 represents an admissible perturbation
of the local gradient-flow calibrations at the interfaces in a suitable sense.

5.3.1 Local geometry at a triple line

We first provide a suitable decomposition of the space-time tubular neighborhood of the triple
line of a smoothly evolving regular double bubble in the sense of Definition 5.10. The main
ingredient is given by the following notion of an admissible localization radius for the triple
line, cf. Figure 5.3.

Definition 5.15 (Localization radius for triple line). Let (Q1,Q2,Q3) be a regular double
bubble smoothly evolving by MCF in the sense of Definition 5.10 on a time interval [0,T].
For each i,j € {1,2,3} with i # j, let r; j € (0,1] be an admissible localization radius for the
interface I; ; in the sense of Definition 5.11. We callr = rp € (O, min{r; ;: 4,5 € {1,2,3}, i #
]}) an admissible localization radius for the triple line T' if the following properties are
satisfied:

i) (Regularity of triple line) Define N,.(T') := Usep,r B r(D(t))x{t}. The squared distance
to T satisfies dist?(-,T') € CYCLN;(T)) N CLCE(WN, (f‘)) and for the nearest-point pro-
jection onto T it holds Py € CYCHN,.(T)) N CLCEHN,(T)).

it) (Wedge decomposition) For each i,j € {1,2,3} with i # j, there exist sets Wy, = :=
Ureo, ) W, x4t} Wi, == Wr, . and W, := Ueo ) Wa, (1) x{t} subject to the fol-
lowing conditions:
First, for each t € [0,T] the sets (Wr, (t))ije(1,23}yi25 and (W, (t))ie{1,2,3) are non-
empty, pairwise disjoint open subsets of By(I'(t)). For each x € T'(t), the slice of each of
these sets in the normal plane x+TanT'(t) is the intersection of B.(I'(t)) and a cone with
apez x, cf. Figure 5.3. More precisely, there exist unit length vector fields ( ;‘; _)i,je{17273}7i#j
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and (X )16{1 5.3} along T, taking values for each t € [0,T)] in the normal bundle Tan'T'(t)

and bemg of class CPCHT) N CLC2(T), so that for all i,j € {1,2,3} with i # j and
all (z,t) € T it holds

Wz, @)n (:c—i—Tanif(t))

= (x—i—{aX};j (x,t) + ’BXI__” (x,t): a, B € (0, OO)}) N Br(f(t)), (5.38)

as well as

W, ()N (z+Tany T (t))

= (m+{aX§i(x,t) + ﬁXsi(x’t): a, B € (0,00)}) N B.(T(1)). (5.39)

Moreover, Xi = Xi. and (X , Xg,) € {( XJr X ) (XJr Xz )} for all i,j,k €
0,J z

.7
{1,2,3} Such that {7, j,k} = {1, 2 3} The opemng angles of these cones are constant
along T and take values in (0, 7).

Second, for each t € [0,T] these sets provide a decomposition of the tubular neighborhood
of the triple line in the sense that

B,(T(0) = W, U7, 0 Ui, 00 | Wo® (5.40)
1€{1,2,3}

Third, for all t € [0,T] and all distinct i,5 € {1,2,3} it holds

L;j(#) N Be(L(t)) € Wy, () UT(t) C {z € R: (1) € im(W;5)}, (5.41)

Wo, (1) C ﬂ {z € R®: (z,t) € im(¥; )}, (5.42)
jE{1230\ (i}

where we refer to Definition 5.11 for the diffeomorphisms W, ;.

iii) (Comparability of distances) There exists C > 0 such that for all pairwise distinct i, j, k €
{1,2,3} it holds (recall that T = J; jeq1,2,3},ij Lij)

dist(-, T) + dist(-, [; ;) + dist(-, Iy ;) < Cdist(-,Z) in We,, (5.43)
dist(-,T') < Cdist(-, I; ;) in Wr  UWp (5.44)
dist(-, [; ;) < Cdist(-,Z) in Wi, .. (5.45)

We refer from here onwards to the sets (Wjij)i7je{172,3}7#j as interface wedges, and to the
sets (Wa,)ieq1,2,3) as interpolation wedges.

Equations (5.38) and (5.39) simply mean that the domains Wg, (¢) and Wy, (1) are
“wedges” in the sense that their respective slices across the normal space x + Tanj‘f(t) of the
triple line have a cone structure close to ['(t). The comparability (5.43)—(5.45) of distance
functions in the various slices can be already guessed from Figure 5.3.

Let us first briefly discuss the existence of an admissible localization radius.

Lemma 5.16. Let the assumptions and notation of Definition 5.15 be in place. Then there
exists an admissible localization radius v = rp € (0,1] for the triple line. The radius r
and the associated data only depends on the data of the smoothly evolving reqular double

bubble (Ql, QQ, Qg) on [0, T].
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Proof. We argue how to arrange the vector fields (X;E )ije{1,2,3},i2; and (X )16{1 2,3) in
]

order to ensure the properties (5.38)—(5.40). The remaining conditions are a consequence
of exploiting the uniform space-time regularity of the interfaces present in the smoothly
evolving regular double bubble (Q1,Q,Q3) on [0,7T], cf. Definition 5.10, and choosing the
scale r € (0,712 A r23 A rs 1| sufficiently small.

Fix (x,t) € T, and up to a translation and rotation we may assume without loss of
generality that = 0 and TanlT'(t) = {0}xR? = (es, e3), where {e1,es,e3} denotes the
standard basis of R and (e2, e3) the R-linear span of {es, e3}. Denote then by 712,723,731 €
(e2,e3) the tangent vectors at © = 0 to the interfaces 12, I3 and I3, respectively, with
the orientation chosen so that along I' all of them point in the direction of the associated
interface (which is also described in more detail in Construction 5.17 below). These tangent
vectors define associated half-spaces

HLQ = {y € <€2,€3>: Y - 7’172 > 0}, (546)

where H 3 and Hj3 ; are defined analogously.

We now construct a set of pairwise disjoint open cones Cq , Cq,, Cq, C (e2, e3), which will
provide the cone structure of the interpolation wedges, by means of the following procedure:
If the cone given by Hj 2 N Hs3; has an opening angle strictly greater than 90°, we define
Cq, = Hi2NHs ;. In the other case, we define Cg, to be the middle third of the cone with
opening vectors 712 and 731. The remaining two cones Cg, and Cq, are defined in the same
way.

Note that the opening angles of the cones (Cq. )¢ (1,2,3) are always strictly smaller than 180°
since the surface tensions satisfy the strict triangle inequality. We proceed by selecting
cones Cp,, = Cp, ,Cp,, =t Cp,,,Cp, =: Cf,, C (e2,€3), which are uniquely determined
by the requlrement that together with (C’Q )ze{l 2,3} they form a family of pairwise disjoint
open cones in (eg, e3) such that

(e2,e3) =Cf,,UCE UC U | ] G, (5.47)
ie{1,2,3}
T12 € le’g, To3 € Cj2’3, T3,1 € Cj3,1' (5.48)

We finally define (XIéE Dijef1,2,3),i#; and (Xg_)ie{m,g} by means of the unit length open-
i,J i

ing vectors of the cones (C’I-Z_j)i,je{l’z,g}’i#j and (Cq, )ic{1,2,3}, respectively. The right hand

sides of properties (5.38) and (5.39) now serve as the defining objects for the interface and

interpolation wedges, respectively. ]

In a second preparatory step, we proceed with the definition of a preliminary orthonor-
mal frame along each of the three respective interfaces in the vicinity of the triple line, cf.
Figure 5.2.

Construction 5.17 (Preliminary choice of tangent frame). Let the assumptions and notation
of Definition 5.15 be in place. In particular, let r € (0,712 A 723 A 731] be an associated
admissible localization radius for the triple line I'. We then provide for all ¢ € [0, T] and all
distinct phases i, j € {1,2,3} two tangent vector fields 7; (-, t),t; j(-,t) € S? along the local
interface patch I; ;(t) N B,(I'(t)) by means of the following procedure:

First, slicing the interface I; ;(t) along the planes y—i—TanyLI_“(t) produces a family of curves
ff{j(t) =L ;(t)N (y+Taan‘( )) N B (I'(t)) for all y € I'(¢). Second, for each t € [0,7] and
each y € T'(t) denote by T,L (-, ) € S? the tangent vector field along the curve IY I/ ;(t) which
is oriented by y+47 Z]( t) e Wr ()N (y—i—TanjF( )). We then define two tangent vector
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fields on the local interface patch I; j N N, (I') by means of

Tig(@t) =7 (@0 p o €S (1) € I; N N(T),
E@j(%,f) = (ﬁ@j X ?i7j)($,t) S SZ, (a;,t) S I_i,j ﬂNr(F)

This yields an orthonormal frame (1 ;, 7 ;, tij) on fi,j NN,(T). Observe also that it holds

(5.49)

E1,2|7 =t s

By a minor abuse of notation, we finally introduce extensions of these tangential vector
fields away from the interfaces. Namely, we define

(Fig i) (@, 1) o= (Figo b)) (WO _p, (s (1) € Im(Wi5) NNG(T). (5.50)

We refer to Definition 5.11 for the diffeomorphism ¥;; and the projection P;; onto the
interface I; ;. We register in terms of regularity that

Tigstij € (C2OE N CLO2) (im(T, ;) NN(T)). (5.51)
i,j)' <>

In the sequel we will repeatedly rely on an explicit representation of the gradients for the
normal and tangential vector fields. These formulas are the content of the following result.

(=l

This concludes our construction of orthonormal frames (9 j,7; j,

Lemma 5.18. Let the assumptions and notation of Definition 5.15 and Construction 5.17
be in place. To ease notation, let I := I, 2, I = 123 and I" = 13 1 for the three interfaces
present in the smoothly evolving reqular double bubble (Q,Qs,Q3). We proceed accordingly
for the associated orthonormal frames (i, 7,t), (2/,7,t") and (2”,7",t"), respectively.

Using also the abbreviations ks> :== —T ® 7 : Vi, kg := —t @t : Vi as well as k=1 :=
—7®1t:V0, it holds ks = -t ® 7 : Vi and

Vii= -k TOT — kgt @t — kgt QT+ 73 1), (5.52)
Vi=k007— (V- )t @7+ 500t + (V- 7T)t @, (5.53)
Vit=kgl®t+c0@7+ (V- 1) 77— (V- 7)T®t (5.54)

along the local interface patch INN,. (T (_) Analogous formulas of course hold true for (@', 7,t)
along I'NON(T) in terms of (K, Ker, KL,er), and for (8,7, t") along I" N N,.(T') in terms

ERAEE
Of( ) t"t"’ﬁg”t )

Proof. The representation (5.52) is essentially just a rephrasing of the definition of the coef-
ficients k77, kir and k#;. The only additional ingredients needed for the validity of (5.52) are
(V)T = $Vi|? = 0 and the symmetry of Vil = V2s; 5, cf. (5.19).

For a proof of (5.53), we write 7 = Ji where J = 7 Al +t ® t denotes the associated
rotation matrix around the t-axis. Based on (- V)7 =0, (V)77 = JV|7|> = 0 and (5.52)
we then obtain

VI=k;0Q7T —kgt@t— kg (tQT—0®1)
+(F-V)Nier+ (- V)it
=k lQT —kt®t— k(T -0 Q1)
+(@men: (7-V))ier+ (ten: (7-V)J)ier
+@Een:(t-V)J)aet+ (ten: (t-V)J)tat
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For the two appearing (1 ® n)-components of V.J, it suffices to take the symmetric part of J
into account, which is t ® t. It then follows from t-f = 0 that
n@n: (7-V)J=n®n:(t-V)J=0.

Based on (5.52), t- (t- V)t = 4(t- V)[t|> =0, and t = @i x 7 we may further compute

ten: (t-V)J=(t®n): (t-V)(FAD) +0-(t-V)t
=(t®n):(t-V)(FADL —t®t: Vi
=(t®n): (t-V)(FADL) + ki

Based on (5.52), t-0n =0, (t®n): (7-V)(TADL) = (t®7) : V7, and t = 0 X 7 we in addition
have

The combination of the previous four displays yields

Vi=k0®@7+ ((®7): V) t@T+rg0@t+ (V-7)T®T, (5.55)
V-7=@(®n): (t-V)(TAD). (5.56)

Moreover, exploiting that t = @i x 7 yields by the product rule, (5.52) and the previous display

Vi=kgi®@t+ (V- )77+ k07— (V-7)TRH, (5.57)
Vt=—-(t®7): VT (5.58)
The previous two displays in turn directly imply (5.53) and (5.54). O

The orthonormal frames provided by Construction 5.17 together with the signed distance
functions (5.15) constitute all ingredients for the construction of a suitable building block &; ;
for the vector field &; j; at least in A,(T') Nim(¥; ;), see Construction 5.21 below. However,
we also have to provide a construction of the vector field &; ; outside of the domain A,.(T') N
im(W; ;), i.e., where this vector field a priori does not have a “natural” definition. The guiding
principle is to mimic the Herring angle condition valid on the triple line:

01,2012 + 023023 + 0310131 = 0.

This condition motivates to appropriately rotate the already defined candidate vector fields E]k
and E,m to provide the building blocks for the vector field &; ; throughout N, (I') N im (¥, k)
and N,.(I') Nim(Py;), respectively.

The rotations used in this procedure have to be chosen carefully so that our construc-
tions will satisfy the requirements of a local gradient-flow calibration at the triple line, e.g.,
sufficiently high regularity (in particular, adequate compatibility along the triple line) and
the validity of the required evolution equations (up to a desired error in the distance to the
interface).

Construction 5.19 (Gauged Herring rotation fields). Let the assumptions and notation
of Definition 5.15, Construction 5.17 and Lemma 5.18 be in place. Consistent with the
notational conventions of the latter, denote by ¥, ¥’ and ¥” the diffeomorphisms from Def-
inition 5.11 with respect to the interfaces I, I’ and I”, respectively. We proceed accordingly
for the surface tensions (o, o', ") and the projections (P, P', P").
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Figure 5.4: Local geometry at the triple line and preliminary construction of tangent frame.
For simplicity, we illustrate here the case of three flat sheets coming together at equal angles
of 120° along a straight triple line I'(¢). In this case, the “Herring” rotation R'(y,t) is a
rotation by 120° about the axis given by the tangent vector t = t1 2(y,t) of ['(¢). The dotted
lines represent the three slices I_Zy] (t) of the interfaces I; ;.

We now define a pair of Herring rotation fields

R, RY: No(T) Nim(¥) — SO(3) C R?*3 (5.59)

around the t-axis by means of
Ri(z,t) :=cos@'Id + sin 6 (7 A1) (z,t) + (1—cos§) (t @ t)(z,t), (5.60)
R{(z,t) == cos@"Id + sin 0" (7 An)(z,t) + (1—cosb”) (t @ t)(z, ) (5.61)

for all (z,t) € N(T') Nim(¥), cf. Figure 5.4. The associated angles ¢',6” € (0,7) are
independent of (z,t) € N,(T') Nim(¥) and chosen based on the triple of surface tensions
(0,0’,0") such that the relations
R
R

' (5.62)
" (5.63)

+Is
=)
I
=]

+IX
]
I
]

hold true along the triple line I'.  Hence, the Herring condition (5.10) implies that for
all (z,t) € N;.(I') Nim(¥) and all v € R3 such that v - t(x,¢) = 0 it holds

ov+ o' Ri(z,t)v + 0" R (z,t)v = 0. (5.64)
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5.3. Local gradient flow calibration at a triple line

Analogously, one defines a pair of rotations (Ry, Ry), resp. (Ryv, Ri.), throughout the re-
gion N;.(T) Nim(¥’), resp. N,.(T') Nim(¥").
Apart from the Herring rotation fields, we also introduce the gauge rotation field

Ry = RYRWY: N.(T) nim(T) — SO(3) c R¥3 (5.65)

around the n-axis, cf. Figure 5.2. The auxiliary rotation fields Rg) and Rl(f) around the
n-axis are defined via

Rg)(:zt, t) :=cosd(x,t)Id +sind(x,t) (t AT)(x,t) (5.66)
+ (1—coséd(z,t)) (A @n)(x,t),
R (2,t) := cosw(z, t) Id + sinw(z, t) (£ A 7)(z, t) (5.67)

+ (1—cosw(z,t)) (A @10)(x,t).
Here the rotation angle §(z,t) is given explicitly by
§(w,t) == s(x, t)rs(z, 1), (z,t) € No(T) Nim(T), (5.68)
and the angle w(x,t) is given by the extension
w(z,t) :==o(P(z,t),t), (z,t) € N.(T)Nim(P) (5.69)

of &@(x,t), which in turn is defined by the one-parameter family of ODEs

{ &(z,t) =0, (z,t) €T,
(7

(2,t) - V)&(z,t) = (V-0)(2,1), (z,t) € INN (). (5.70)

Analogously, one defines a gauge rotation Ry : R( )R(,), resp. Rg» := ng,) RS,) , through-
out the region N,.(T') Nim(¥’), resp. N, (I') Nim(¥”).
We finally define via conjugation a pair of gauged Herring rotation fields

R := RaRIRY: N,(T) Nim(¥) — SO(3) € R3*3, (5.71)
RY:= RyRYRY: N,(T) nim(¥) — SO(3)  R¥?, (5.72)

and analogously a pair (ﬁp RI,) resp. (ﬁ T R I,,) of gauged Herring rotation fields through-
out the region N,.(T") Nim(¥’), resp. N;(T') N im(P”). O

In a symmetric setting with either rotational or translational symmetry, cf. Figure 5.4,
the gauge rotations Rz, Ry, and Rzr are not needed and, in fact, reduce to the identity
matrix. In the general case, cf. Figure 5.2, they account for the fact that, for instance, the
normal vector field fi(-, ) evaluated along a slice I(t) N (z+Tan:T'(t)) for some z € I'(t) will
in general rotate out of the plane x+Tanjf‘(t) as one moves away from the triple line point z.

We conclude this section with the derivation of compatibility conditions along the triple
line. These represent the last missing ingredients to ensure compatibility of the main building
blocks &; ; (cf. Construction 5.21 below) for the vector field &; ; and its rotated counterparts
along the triple line (see Lemma 5.22 below).

Lemma 5.20. Let the assumptions and notation of Definition 5.15, Construction 5.17,
Lemma 5.18, and Construction 5.19 be in place. Consistently with the notational conven-
tions of the latter two, denote by H, H' and H" the extended scalar mean curvatures defined
by (5.20) with respect to the interfaces I, I' and I", respectively. Denote by Vi the normal
velocity vector field of the triple line.
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5. WEAK-STRONG UNIQUENESS FOR THE MEAN CURVATURE FLOW OF DOUBLE BUBBLES

Then, the following compatibility conditions are satisfied along the triple line T':

¥ =Ri7, 7' =R{T, (5.73)

Koo = Kgty  Kwen = Forgs (5.74)

ke = (RgD - D)k — (R - T)V - 7, (5.75)

Kinen = (R{D - ) kg — (R{L-T)V - 7, (5.76)

V-7 = (R 7T)kg + (Rn-n)V - 7, (5.77)

V-7 =(R{n-7T)kg + (R{n-n)V - 7, (5.78)

oH+o' H'+0"H" =0, (5.79)

KL (P Vp)+ (7 - VYH" = kL (7 - V) +(F - V)H' (5.80)
= hor (7 VE)H(7 - V)H

Of course, the analogues of (5.73) as well as (5.75)—(5.78) hold true for the appropriate
relabellings of the associated data.
Introduce next a gauged orthonormal frame on N,.(T') Nim(¥) by means of

(0, T, tx) := (0, Ra7, Rgt). (5.81)
Then, the following compatibility condition holds true:
(0, 74, tx) = (0,7,%) along the triple line T. (5.82)

e analogue of (5. with respect to the gauged frame (',7,,t,) := (@, Ryw7', Ryt
The anal 5.82) with h d |7 ! Ry7, Rt
on No(D)Nim (W), resp. (2”,77,t)) := (2", Ran 7", Rynt”) on N;.(T)Nim(¥"), is also satisfied.

Proof. Except for the conditions (5.73) and (5.82), the asserted compatibility conditions are
consequences of differentiating the existing zeroth and first order compatibility conditions
along the triple line.

Step 1: Proof of (5.73). By (5.49) and the choice of the orientation for the tangent
fields (7,7, 7") along the triple line, cf. Construction 5.17, it holds

r=Jn, 7=Ji, 7 =J1" onT (5.83)
in terms of a single 90° rotation field around the t-axis
J=FAD)+tet=FAd)+t et =F A0")+t" @t onT. (5.84)

Hence, it follows from (5.62) and the fact that the Herring rotation R} is a rotation around
the same axis

R%?:R%Jﬁ:JR%ﬁ:Jﬁ/:%/ on I

This proves the first asserted identity of (5.73); the second of course follows analogously
based on (5.63).

Step 2: Proof of (5.74)-(5.76). Since the Herring rotation R defined by (5.60) is a
rotation around the t-axis with constant angle, the coefficients in the representation R%ﬁ =
(Rin - )i + (R - 7)7 are constant. Hence we may compute along I' together with the
formulas (5.52) and (5.53)

t-V)n+ (Rin-7)(t- V)7
(V-7) — (Rin - D)k )t — (R{D - D)kqgT + (RED - T)kppll.
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Furthermore, by the analogue of (5.53) for the tangent field 7’ as well as the identities (5.49)
and (5.73), and again the fact that R% and J commute, we obtain along the triple line T’

(E/ . V)ﬁ/ = *KJ%/E/E/ — Kz;—_/fﬂ_'
= H%/E/t (R%'? 7_—)/'4?{7_,{/7_— — (R%']t I_l)/f;_,f/ﬁ
= H%/E/t (R%ﬁ ﬁ)ﬂ%,E/T + (R%ﬁ %)E?’Elﬁ

Hence, the defining condition (5.62) of the Herring rotation R; and matching coefficients in
the previous two displays implies the first identity of (5.74) as well as (5.75) (note that of
course, either (R{fi-n) or (R{n-7) is non-zero). The second identity of (5.74) as well as (5.76)
in turn follow from an analogous computation based on (5.63).

Step 3: Proof of (5.77)—(5.78). These two compatibility conditions are derived as in the
previous step, this time computing the tangential derivative along the triple line for both
sides of the identities from (5.73), respectively.

Step 4: Proof of (5.79)—(5.80). By (5.13), the normal velocity Vi of the triple line satisfies
along I’

Vip-on=cH, Vp-o'n'=dH, Vi o"v"=0"H". (5.85)

Summing these identities results in (5.79) thanks to the Herring angle condition (5.10) being
satisfied at each time.

To derive the compatibility condition (5.80), we differentiate the Herring angle condition
and obtain

(O +Vp-V) (on+ o't +0"0") = 0.
Now we compute using (5.19) and and (5.29) for the first term and (5.52) for the second one
on+ (Vp-V)an=—(t-VH)t — (7 - VH)T — (Vi - 7) (kT +K=tt) (5.86)

on I'. The analogous equations hold for i’ and ©”. Plugging those into (5.86), using (5.49)
and (5.74), we obtain

0= (t-V(cH+ o' H +0¢"H"))t+ (7-VH)o7 + (¥ - VH')o'7' + (7" - VH")o"7"
+ RF7 (Vf . ’7’)0'7' + Ii;/;/ (Vf‘ . 77'/)0',77'/ + Iig//f// (Vfw . ’7'//)0//7'//
+ Vi - (07+0' 7 +0"7") (k=tt)
on I'. Differentiating (5.79) along I', we see that the first term vanishes. The last term
vanishes by applying the fixed rotation J to the Herring condition (5.10). Thus, since the
three vectors 7, 7/, and 7" lie in one plane, we deduce (5.80) from the previous display.

Step 5: Proof of (5.82). The requirement (5.82) is immediate from the definitions (5.65)—
(5.70) in form of

Ry=1d (5.87)

along the triple line T. O

With all of these ingredients in place, we may eventually move on with the construction
of a local gradient-flow calibration at a triple line.
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5.3.2 Extension of vector fields close to each interface

The aim of this section is to provide auxiliary extensions of the unit normal vector fields and
an auxiliary extension of the normal velocity vector field which are defined in the neighbor-
hood N;.(T') Nim(¥; ;) for each interface I; ;, respectively. These extensions constitute the
main building blocks for the desired extensions from Proposition 5.14.

Throughout this whole subsection, let the assumptions of Proposition 5.14 and the nota-
tion of Section 5.2 and Subsection 5.3.1 be in place. In particular, let us again make use of
the following notational conventions which basically aim to drop the indices 4,5 € {1,2,3}.
We denote by I := I; 5, I' := I3, 1" := I3 the three interfaces present in the given smoothly
evolving regular double bubble (21,2, Q3) on [0, T]. We proceed accordingly for the associ-
ated orthonormal frames (n, 7,t), (2, 7,t) (2”,7”,t") due to Construction 5.17, the surface
tensions (o, 0’, ¢”), the signed distances (s, s, s”), the projections (P, P’, P"), the scalar mean
curvatures (H, H', H") and the diffeomorphisms (¥, ¥’ ¥") from Definition 5.11.

Construction 5.21 (Extension of normal vector fields close to their associated interfaces).
Define a coefficient function a: N,.(T') Nim(¥) — R by

a(z,t) == aye(x,t) + (V- 7)(2,t), (x,t) € N.(T) Nim(¥), (5.88)

where el : Ny (T) Nim(¥) — R denotes, for the time being, an arbitrary coefficient function
of class CYC2(N,.(T') Nim(¥)) such that along the triple line it holds

ayel(1,t) = 7(x,t) - Vp(a,t), (x,t) €. (5.89)

Here, Vi denotes again the normal velocity vector field of the triple line T'. Recall finally the
definition (5.81) of the gauged orthonormal frame (@, 7+, t.).

We then define an initial extension &: A, () Nim(¥) — R? for the normal vector field |7
of the interface I by means of the gauged expansion ansatz

E(x,t) := iz, 1) (5.90)
+ a(Pr(x,t),t)s(z, t)T«(x, t)

- %a2(Pf(a:,t),t) (z,t)n(x,t)

for all (z,t) € N;-(T) Nim(¥). )
Analogously, one defines initial extensions & : N (F) Nim(P') — R3 as well as £”: N,(T')N
m(¥”) — R3 of the normal vector fields |5, and 1|7 . &

The following result shows that, after applying the correct gauged Herring rotation as
provided by Construction 5.19, the initial extensions of our normal vector fields are regular
and compatible to first order along the triple line I'.

Lemma 5.22. Let (g, E’,g”) be the initial extensions from Construction 5.21 of the normal
vector fields (|7, o' |, 0" |7/). Moreover, let (E’ E") (ép,é%) and (R, RI,,) be the gauged
Herring rotations as provided by Construction 5.19.

Then it holds (€, R’ §,R”£) (C2C2 N CLOY)(N(T) Nim(W)) with corresponding esti-

mates
(V,V2,0,)(€, Ry E,RIE) < C in No(T) Nim(P), (5.91)

where the constant C > 0 only depends on the data of the smoothly evolving regular double
bubble (Q21,Q2,3) on [0, T]. Moreover, the constructions are compatible to first order in the
sense that along the triple line I’

T Te=¢", (5.92)
V(R;¢)=V¢, V(R f’ ) (5.93)
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Analogous claims are satisfied in terms of the vector fields (]pr 5’,5’, E’I—’, '{’), resp. the vector

fields (RI_// ¢ R R, &, f”), throughout the region Ny(T') Nim(¥’), resp. the region N,.(T') N
im(¥¢").

Proof. We split the proof into two steps.
Step 1: Regularity estimates. We first claim that for each R € {Rf, R, Rn}

(V,V2,0,)R| < C in N, (T)Nim(¥) (5.94)

for some constant C' > 0 which depends only on the data of the smoothly evolving regu-
lar double bubble (£21,€9,Q3) on [0,7], and that analogous estimates hold true for R €
{Ry, B!, Ry} in No.(T) Nim(¥'), or for R € {Ryr, RLy, Ry} in N (T) Nim(T").

For a Herring rotation R € {R{, R}, the claim (5.94) follows directly from the regularity
of the frame (1, 7, t), see (5.21) and (5.51), since the associated angles 6,0" are independent
of (z,t) € N-(T') Nim(¥), see Construction 5.19. In terms of the gauge rotation R = Ry, it
suffices to show that

(V,V2,0,)(6,w)] <C  in N,(T) Nim(¥) (5.95)

for the associated angles (0, w) defined in (5.68) and (5.69), respectively. For the angle d, the
regularity estimate from the previous display can be deduced from the regularity (5.21) of the
normal . The regularity estimate for the angle w in turn follows from the regularity (5.18)
of the projection onto the interface I, the regularity (5.51) of the tangent vector fields (7, %),
and from explicitly integrating (in each time slice) the ODE (5.70) along the integral lines of
the tangent vector field 7.

We next claim that there exist constants c¢1,co € (—1,1) only depending on the surface
tensions such that

avel(z,t) = (1—c}) o (H' (2, t) — 1 H (2, 1)) (5.96)

for all (x,t) € T. For a proof of (5.96), we define ¢; := 7(x,t) - 7(x,t) and cg := 0/(z,1) -
7(x,t) = —i(x,t) - 7'(z,t), and then simply observe from (5.85) and (5.89) that

Qyel(T,t) = coH' (2, 1) + c1al g (2, 1),
oo (Pr(z,t),t) = —coH(z,t) + c1oel(z,t) on T.

Inserting the second identity of the previous display into the first one then directly yields the
claim (5.96).

The upshot of (5.94) and (5.96) is now the following. First, it follows from (5.88), the
regularity of the projection onto the triple line T' (cf. Definition 5.15 7)), the regularity (5.51)
of the tangent 7, the representation (5.96) and finally the regularity (5.21) of the extended
scalar mean curvatures that ap(z,t) := a(Pp(x,t),t) satisfies

o] + |[(V, V2, 9)ap| < € in No(T) Nim(T).

The previous display in combination with (5.94) and the expansion ansatz (5.90) finally
implies the asserted regularity estimate (5.91).

Step 2: First order compatibility along triple line. The zeroth order conditions (5.92) are
immediate from the definitions (5.90) as well as the identities (5.62) and (5.63), respectively.
For a proof of the first order condition, we focus on deriving the first identity of (5.93). The
second follows along the same lines.
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Recalling the definition (5.71) of the gauged Herring rotation and the gauged expansion
ansatz (5.90) we compute on the interface I (abbreviating agp(-,t) = a(Pp(-,t),t) for t €
[0,77)

V(R}€) = (VRs)RA + RV (Ri) + ap (RaRLT) @ 1. (5.97)
Let us now first compute V(R%ﬁ) and neglect the gauge rotations for a while. Recalling the
fact that R is a rotation around the t-axis with constant angle, see (5.60), we obtain on the

interface T

V(Rin) = V((Rin - n)i + (Rgn - 7)7) = (Rgi - 1) Vi + (Rini - 7) V7.

Plugging in the identities (5.52) and (5.53), and using in a second step that Rin-n = Ri7 -7
as well as Rini -7 = —R{7 - 0, we further compute
V(Rin) = =k ((RiL-0)7® 7T — (R - 7)1 Q 7)
— (R -D)ksg 4+ (R-7)(V 1) t@ 7T
rr((REO-D) T — (R-7)I® T)
— ((Rgn - )k — (R -7)(V - 7)) t® ©
_ wRror (5.99)
— ((Rfn- D)k + (R -7)(V-0)) t@ 7
— A RIT®

— (R~ )k — (R 7)(V - 7)) T,

which holds true on the interface 1.

Recalling the choice (5.88) for o, we may infer from the formula (5.98) for V(Rn),
substituting k7= = H — ki along I, the identity (5.87), and the formula (5.97) the following
representation for the gradient of ﬁ}g along the triple line I’

V(R7€) = Ri7 @ (—HT + availl) + Ri7 ® (57 + (V- 7)) (5.99)
+ (- VRE) @
— (R - D)irg + (Ren - 7)(V D)) t@ 7
+ (VRs)Rin

A direct computation based on the ansatz (5.90), the identities (5.52), (5.53), and (5.87),
and substituting £, = H' — k{,., also yields along the triple line I

VE =7 @ (—H'7 + ) + 7 @ (K7 + (V- 7)) (5.100)
+ - Vet
— kgt o7
+ (VRy )1
We proceed by comparing the respective formulas (5.99) and (5.100). Recalling that we
denoted by Vi the normal velocity vector field of the triple line, we obtain from (5.85), the

choice of aye (5.89), the identities (5.83) and (5.84), as well as the zeroth order compatibil-
ity (5.73) along the triple line that the first terms in (5.99) and (5.100) are identical:

Ri7 @ (HT + aveil) = =7’ @ JVp = 7' @ (~H'7' + ajqfi’) along T.
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Moreover, by the compatibility conditions (5.73), (5.75) and (5.77) along the triple line, as
well as RiT -7 = Rin -0 and R7 -0 = —Rin - 7, we may infer that the second terms agree,
too:
RiT @ (kT + (V- 7)0) = 7' @ (ke + (V- 7)0')  along T

From the last two identities together with (5.99), (5.100), (5.92), and (5.49) we therefore
obtain along the triple line I’

V(R;€) — V€ = —((Ria - L)krg + (RiT-7)(V- D)) TR T+ kLot @7 (5.101)

+ (VRs)Rin — (VRy ).

In the rotationally symmetric case, the right hand side terms in the first line of (5.101)
actually vanish. However, there is no reason in general why these terms should vanish without
assuming additional symmetry. This is the motivation for the introduction of the additional
gauge rotation matrices around the normal axis. Their definition is arranged in such a way

so that their contribution in (5.101) exactly cancels the right hand side terms of the first line.
First, we obtain from the definitions (5.65)—(5.70) along the triple line

(VRy) R = ((7- V)R )R @ 7 + ((n- V)RY) Rin @ n. (5.102)

Let us next compute the two relevant directional derivatives of the gauge rotation matrices.
We first observe that due to (5.66) and (5.68)

@G- V)RWY = kstA7 (5.103)

((m- V)Rg))R%ﬁ ®0=—kg(R7T-0)t®0 along I (5.104)

Moreover, we may compute based on (5.67), (5.69), and (5.70) on the triple line T

(7 V)R = (V- D)tAT, (5.105)
from which we deduce
((7- V)Rﬁ-f))Rgﬁ ®7=(Rin-7)(V-1))t®7 alongl. (5.106)

A straightforward computation shows that along the triple line I it holds
(VRy )i = V(Rﬁ/ﬁ/) — Ry = Vi — Vi’ = 0. (5.107)

Combining (5.102), (5.104), (5.106), and (5.107) with the compatibility conditions (5.73)
and (5.74) finally yields the desired cancellation

—((Rgn - )i + (R - 7) (V- 1)) t @ T + KL, t @ 7 + (VRa)Ri — (VR ) = 0
along the triple line I'. By (5.101), this in turn concludes the proof of Lemma 5.22. O
We proceed with the construction of suitable candidate velocity fields.

Construction 5.23 (Extension of velocity fields close to their associated interfaces). Recall
that Vi denotes the normal velocity of the triple line I', and recall the definition (5.81) of
the gauged orthonormal frame (@i, 74, t«). We then define a coefficient function

ayel: No (D) Nim(P) —» R, (z,t) = aya(P(x,t),t), (5.108)
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where the coefficient a is defined by projection onto the interface I in terms of the solution
of the following family of ODEs, solved along the integral lines of the tangent vector field 7,
with initial condition posed on the triple line '

{avel(xa t) = (7_-* : Vf)(x7 t)’ (33‘, t) € f" (5.109)

(7o - V) ava(z,t) = (Hrrr)(2,1), (2,t) € INN(D).

Note that the choice of the initial value in (5.109) is consistent with (5.89). Next, we define
another coefficient function

B: No(D)Nim(¥) = R,  (2,t) = —((T« - V)H) (2, t) — (owelbir.z, ) (2, T). (5.110)

We now define a preliminary extension B: N, (T) Nim(¥) — R3 of the normal velocity
vector field (Hn)|5 for the interface I in terms of the gauged expansion ansatz

B(z,t) :== H(x,t)n(z,t) (5.111)
+ ayel(z,t) To (2, 1)
+ Bz, t)s(x,t) To(x, t)

for all (z,t) € N.(T) Nim(¥).

Analogously, one defines preliminary extensions B': N,(T) Nim(¥') — R3 as well as
B": N,(T') Nim(¥”) — R3 of the normal velocity vector fields (H'%)|; and (H"R")|z,
respectively. &

Note carefully that even away from the triple line we do not introduce a tangential
velocity in ty-direction. As the proof of the following result shows, this will entail that the
gradients of the auxiliary velocities B, B’ and B” do not fully match along the triple line.
However, the only mismatch appears in, at least for our purposes, inessential components.
More precisely, in terms of, say, VB the only non-matching terms result from its t, ® 7. resp.
t, ® il component. In view of the desired evolution equation (5.1d) and the fact that £ L t,
due to (5.90), this specific component of VB is intrinsically irrelevant for a gradient-flow
calibration (this argument turns out to be robust even with respect to the interpolation
construction from Subsection 5.3.3).

Lemma 5.24. Let (B, B, B") be the preliminary extensions from Construction 5.23 of the
normal velocity vector fields ((H)|z, (H'®)|f, (H"2")| 7).
Then it holds B € CYC2(N,(T') Nim(¥)) with corresponding estimate

|B|+ |VB| + |V2B| < C in Ny(T) Nim(¥), (5.112)

where the constant C > 0 only depends on the data of the smoothly evolving regular double
bubble (Q1,2,Q3) on [0,T]. Analogous claims hold true for B resp. B" throughout N.(T) N
im(¥’) resp. Ni-(T) Nim(¥”).

Moreover, the constructions are essentially compatible to first order in the sense that along
the triple line T it holds

B=DB =B"=V;, (5.113)
(1d—t ® t)(VB) = Id—t' @ t')(VB') = (Id—t" @ t")(VB"), (5.114)

for which one should also recall that t =t =1t" along T, cf. (5.49).

Note that here the projection Id—t ® t acts on the components of E, not V.
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Proof. Step 1: Regularity estimates. Due to the definition (5.110), the regularity esti-
mates (5.94) for the gauge rotations, the regularity of the frame (i, 7, t), see (5.21) and (5.51),
the regularity (5.21) of the extended scalar mean curvatures, and finally the expansion
ansatz (5.111) it suffices to prove that

lovel| + [(V, V) awa| £ C in No(T) Nim(P), (5.115)

where C' > 0 is a constant which depends only on the data of the smoothly evolving regular
double bubble (Q1,Q2,Q3) on [0,7].

The estimate (5.115) in turn follows directly from explicitly integrating (in each time
slice) the ODEs (5.109) along the integral lines of the tangent field 7., and exploiting as
before the regularity of the associated geometric quantities.

Step 2: Zeroth order compatibility at triple line. The condition (5.113) is immediate from
the definition (5.111), the identities (5.85), as well as the specific choices (5.108)—(5.109).

Step 3: First order compatibility at triple line. We proceed with the proof of (5.114).
Observe that we have on the interface I by direct analogy to the proofs of (5.52) and (5.53)
that

Vi = —Krz, T @ Te — Kig, tx @ by — kg, (b @ Ty + Tu @ ty), (5.116)
VT = ke, DQTe — (V) e @ Tu + Rr g, D b + (V- T4) b @ s (5.117)
+ (- V)T, ®0.

It follows directly from the definitions (5.50) resp. (5.81) of our orthonormal frames, the
definitions (5.65)—(5.70) of the gauge rotations, as well as the formula (5.103) being valid
along the interface I that

(n- V)T, = Rg) ((n- V)R(l))T = Kz Rat = ksts  along I.

Starting now from the definition (5.111), the previous display, the choices (5.108)—(5.110)
of the coefficient functions, as well as the formulas (5.116) and (5.117) directly entail along
the interface T

VB =37 @0+ ((Tx - V)H + Qyetfir,z,) A @ Ty
+ ((?* - V) lyel — H"é%ﬁ*) Te ® Ty
+ (k- V)B® T,
— (Hpiz,5, + 0vel(V - 1)) 6 @ T + higgle © 1
= B7. A+ (f. - V)B® . (5.118)
— (Hkz,z, + 0vel(V - ) T ® 7o + Rpgly @ 10

Hence, the already established zeroth order condition (5.11§) together with the compatibility
conditions (5.80) and (5.82) in form of 8 = 8’ = " along T imply (5.114). O

The following result provides the approximate evolution equations for our auxiliary con-
structions (¢, R’I— &, R’If &) in terms of the associated auxiliary velocity B, which will eventually
lead us to (5.1d)—(5.1f).

Lemma 5.25. Let (;5, E’,E”) be the initial extensions from Construction 5.21 of the normal
vector fields (0|, 0’|y, 0" |n). Moreover, let (R, RY), (Rp, RY,) and (R, RI”) be the gauged

Herring rotations as provided by Construction 5.19, respectively. Finally, let (B,B’,B”) be
the initial extensions from Construction 5.23 of the corresponding normal velocity vector fields

((HD)|7, (H'D) |77, (H"0") 1)
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Then there exists a constant C > 0, which depends only on the data of the smoothly evolv-
ing reqular double bubble (Q1,Q9,Q3) on [0,T], such that for each rotation R € {Id, R%, R7}
it holds

11— |REP| < Cdist*(-, 1), (5.119)
[VIREP| < Cdist®(-, 1), (5.120)
|| RE?| < Cdist®(-, I), (5.121)

I)
|RE+ (B - V)RE+ (VB)TRE| < C {d?St(" D yR=1d (5.122)
ist(-,I") else,
-~~~ dist(-, 1) if R =1d,
V-RE+ B-RE| < C{dist(-,f) se. (5.123)

throughout the domain N.(T') Nim(¥).
Analogous estimates hold true throughout the domain N, (T)Nim(¥’) in terms of the vector
fields (R¢', B') for each rotation R € {Rp,1d, R%,}, as well as throughout N(T) Nim(P") in

terms of (RE", B") for each R € {Rjn, E}—,,,Id}.

Proof. Fix arotation R € {Id, E’I—, I?Z’If}, and for the purposes of the proof abbreviate ag (-, t) :=
a(Pp(+,t),t), t €[0,T].

Step 1: Proof of (5.119)—(5.121). It follows immediately from the ansatz (5.90) and the
orthogonality 7, - = 0 that

|735|2 = |§~’2 = (1 - 104282)2 +ais® =1+ 1o/*s‘l
2 r I 4 re -
The previous display of course immediately implies the estimates (5.119)—(5.121).

Step 2: Proof of (5.123). By the regularity estimates (5.91) and (5.112), it suffices to
show that (5.123) is exact on the interface I if R = Id, or otherwise that (5.123) is exact on
the triple line I'. To this end, let us first assume that R¢ = Id. Then we also have R = Id and
hence we may directly infer from the definitions (5.90) and (5.111) of ¢ and B, respectively,
that V- E: H= 2 B on the interface I. In the remaining cases, we express R = RyR;RI in
terms of the associated Herring rotation R; € {R{, R{ }, and then simply read off from (5.97),
(5.98), (5.102), (5.104) and (5.106) that

VRE= —H(Rei-1) + (V- 7)(Refi- 7) — ap (Rt - 7
along the triple line I'. Moreover, the definitions (5.90) and (5.111) directly imply that
B-RE = H(Rsil - i) + ovyel (Rl - 7)

holds true on the interface I. Hence, the estimate (5.123) follows from the previous two
displays in combination with the choice (5.88).

Step 3: Proof of (5.122). It suffices again to check that (5.122) is exact on the interface I
if R = Id, or otherwise that (5.122) is exact on the triple line T'. Let us also again express
R = RsR;R] in terms of the associated Herring rotation R; € {Id, R, R}

Using that the vector field Ri = RiR;ih lies in the_(ﬁ, RiT)-plane and has constant
coefficients in this frame, we compute along the interface I relying also on (5.90)

ORE+ (B-V)RE+ (VB)TRE

= (RaRiii - 1) (90 + (B - V)i + (VB) ") (5.124)
+ (RaRii - Ra7) (87 + (B - V)7 + (VB) 7))
+ ap(Oys + (B - V)s) 7s.
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5.3. Local gradient flow calibration at a triple line

The last right hand side term of (5.124) vanishes due to (B - V)s = H and (5.29). Differen-
tiating this equation in space yields because of Vs = n

0=V(ds+ (B-V)s) =i+ (B-V)a+ (VB)

Hence, also the first right hand side term of (5.124) vanishes. Since R; = Id if and only
if R = Id, the estimate (5.122) already follows from these arguments in the case R = Id.
Hence, let us restrict to the case R # Id in the following. Recall from the claim (5.122) that
it then suffices to estimate in terms of the distance to the triple line.

It follows from |7,| = 1 that 7, - (&ﬁ* + (E . V)T‘*) = (. Furthermore, the ansatz for the
velocity field Bis arranged such that 7, ® 7, : VB = 0; cf. the identity (5.118). Hence, in the
evolution equation for the tangent vector field 7, we may neglect the 7,-component. The n-
component also vanishes as a consequence of the orthogonality 7, -n = 0, the skew-symmetry
7,®0: VB =—1Q7, : VE, cf. again (5.118), and the already established evolution equation
for the unit normal vector field n

i (7« + (B-V)7u+ (VB)'7,) = 7. (i + (B~ V)a+ (VB) @) = 0.

It therefore suffices to check that the velocity field B correctly captures the translation and
rotation of the tangent vector field 7, in t,-direction on the triple line T, i.e., ty - (&ﬁ'* +(B-

V)7, + (VB )T7.) =0, or equivalently by exploiting the orthogonality 7, - t, = 0 that
For (Ot + (B V&) =t - (VB) 7. (5.125)

along the triple line T.
In order to prove (5.125), we start by noticing that as a consequence of the defini-
tion (5.111), as well as the formulas (5.116) and (5.117) we have

- (VB) 7 =74 (tn - V)B = —Hkz 5. + (1 - V)awe on I. (5.126)

That this expression equals T, - (th* + (é . V)f*) on the triple line [is a consequence
of the following considerations. Let vp(-,t): T9x[0,7] — T(¢), t € [0,7], be a normal
parametrization of the triple line, i.e., it holds Oy¢r(z0,t) = Vi (¢p (o, t),t) for all (xo,t) €
%[0, T]. Choose moreover a C® diffeomorphic parametrization ¢g: [0,1] — T of the initial
triple line, and define for all ¢ € [0, 7] the dynamic parametrizations

: [0,1]x[0,T] = T(t), (s.t) = ¥r(po(s), ).

Observe then that due to the zeroth order compatibility condition (5.113) and the definition
of B (5.111) it holds for all (s,t) € [0,1]x[0, T

Oep(s,t) = B(p(s, 1), 1) = (H)(p(s, 1), 1) + (werT+) (0(s, 1), 1) (5.127)
Define finally the differential operator 0, := ‘Ei—fp‘. Note that d,¢(-, ) is a unit tangent vector

field along the triple line I'(¢) for all ¢ € [0, 7], and we may choose the orientation such that
Opp(,t) = tu((+,t),t) for all t € [0,T]. A straightforward computation now yields

atav‘vo = 81181%0 - (avat()@ : 81180)81190'

In particular, the commutator [0,0,,0,0¢]p vanishes in T,-direction along the triple line.
Using the chain rule and the first identity in (5.127), we thus obtain for all (s, t) € [0, 1]x[0, T,
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by the orthogonality of the frame (@i, 7., t.), the second identity in (5.127), as well as (5.116)
and (5.117)

= (7* ’ (f* : V)(Hﬁ + O5vel77->¢<)) (S@(S, t), t)
= _(Hﬁ?*f*)(w(sv t)? t) + ((E* . V)Oével) (go(s, t), t).

Hence, we may obtain (5.125) by (5.126), which concludes the proof. O

5.3.3 Global construction by interpolation

Throughout this whole subsection, let the assumptions of Proposition 5.14 and the notation
of Section 5.2, Subsection 5.3.1 and Subsection 5.3.2 be in place. The next results provide the
last missing ingredient for the construction of a local gradient-flow calibration at the triple
line. We refer to Definition 5.15 and Figure 5.3 to recall the geometric setup.

Lemma 5.26. Let i,j,k € {1,2,3} such that {i,j,k} = {1,2,3}. For each interpolation
wedge Wg,. there exists a pair of associated interpolation functions

BIALS | (W, 0\ D) < {1} > 0,1

7
t€[0,T]

N

D~

A

of class (CPCNCLCY)( Usepo, (Wa, ()\L(t)) x{t}) such that )\g” = 1—)\gﬁj, and where Ag’_j
is subject to the following additional requirements:

i) On the boundary of the interpolation wedge We, , the values of )\gﬁj and its derivatives
are given by

Agj (1) =0, on (0Wq, (t) N oWy, () \T(t),
/\g;j(.’ t) =1, on (8WQI, (t)n 8Wj2.’j (t)) \(¢),
wéj(-, t) =0, atAgj(-, t)=0, on (Br(C(t)) NOWg, (1) \ T(t),

for all t € [0,T].

ii) There exists a constant C > 0, which depends only on the data of the smoothly evolving
regular double bubble (Q1,9,3) on [0,T], such that the estimate
\Bt/\g’_j\ - yw\gﬁjy < Cdist™(-,T) (5.128)

holds true on Uyeio 1y (Wa, (1) \T(t)) x{t}.
i4i) Denoting again by Vi the normal velocity vector field of the triple line T, we have an
improved estimated on the advective derivative
0ire? (1) + (VE(Pp(,0),) - V)Ag (1) < C (5.129)

on Wa, (t) \T(t) for all t € [0,T]. The constant C > 0 depends only on the data of the
smoothly evolving reqular double bubble (Q1, Q2,Q3) on [0,T).
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5.3. Local gradient flow calibration at a triple line

Proof. Let 4,7,k € {1,2,3} such that {7,j,k} = {1,2,3}. For the construction of the in-

terpolation function )\Qi’_ :1- )\Ik . we first choose a smooth function MR — [0, 1] such
that A = 0 on [2,00) and A= 1 on (—oo,3]. Denote next by #; € (0,7) the constant

opening angle of the interpolation Wedge Wi, cf. the representation (5.39). We then define
Ait [=1,1] = [0,1] by Ai(u) == X( - Cos(e )), and based on this auxiliary map an interpolation
function

oy . ' x—Pp(x,t) —
M (2, t) =N <X5i (Pp(z,1),t) 7\1;—%(:3 t)\)’ te[0,T], z € Wg,(t) \T(t).

The interpolation function )\ " is then either defined by )\+ or by 1— )\ , depending on
the right choice of orlentatlon” to satisfy the first item of (5.26), which in turn is then an
immediate consequence of the definitions. For the proof of (5.128) and (5.129), it anyhow
suffices to work on the level of the interpolation function /\j'.

The qualitative regularity of A\j and the correbponding regularity estimate (5.128) fol-
low directly from the chain rule, the definition of )\ , and the regularity requirements of
Definition 5.15. For the improved estimate (5.129) on the advective derivative, we need an
appropriate representation of 9, Py in N (T'). Abbreviating g(z,t) := dist*(2,I'(t)) as well
as gp(z,t) := g(Pp(x,t),t) for all (z,t) € N,(T'), we obtain by the chain rule

d
0=% (Vgp(az t)) )
= (Vo) W, )]y p oy T (V2D W),y oy 0P (1), (2,8) € N(D).

However, it is a well-known fact that —V ;g evaluated along I precisely represents the normal
velocity of T' (cf. [11, Theorem 7 ii), p. 18]). Hence, the previous display updates to

Vi (Pf‘(x> t)v t) = VQQ(% t) ‘y:pf(zi)atpf‘(xv t)

for all (z,t) € N,.(I'). Moreover, V2g(-,t) evaluated along the triple line I'(t) represents
for all ¢t € [0, 7] the projection onto the normal bundle Tan'T(¢) for all ¢ € [0,T] (cf. [11,
Theorem 2 1), p. 12]). In other words,

Vi (Pr(z,t),t) = Id-t @) (y, t) |y: Py O Pr () (5.130)

for all (z,t) € N,.(T).
Abbreviating u; = u (z,t) = Xg_ (Pf(x,t),t) . %&3' we may now compute by an
application of the chain rule

N (2, 1)
X (P gt Fr(@t)
= Xi(ul) X (Pr(z,t),t) a% Pl D)
N (ut QS—PF(.%,t) T X % O Pr
N TR ) (X)W, poy (C@ Dly=rr (@) - PR (2, 1))
x—Pr(x,t)
MR ey LG RICR PN

for all (z,t) € Uyeo,ry (WQ (t) \T'(t)) x{t}. Observe that the last two right hand side terms
in the previous display are bounded by the regularity of the projection P and the regularity
of the vector field X7 , cf. Definition 5.15. Next, for all (z,t) € N;-(T) \ T

atPf(:E7 t)v

x—Pp(z,1) 1 (Idi T—y x—y>
y:Pf‘(m’t)

t ==
[z—Fp(z, )] |o—y| =yl |z—yl
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so that together with (5.130), 5( t), Vir(y,t) € Tanlf( t) for all (y,t) € T, as well as
VPr(@,t) = (8, ) ly=rp@t - V) Pr(@,t) @ 8y, 1) |y=pp (o) Tor all (z,t) € N (T)
c'“)t)\j(x,t)
1 T—Y ]
=\ Id— ® X (y,t -0y Pr(z,t) + O(1
() gy (9= o] © oy X800, -0l +0()
1 T—y -y
= —N(u] Id— ® XT (y,t) - Ve(y, +0(1
) g (9 oy @ o) K& 00 Vetwt)| 0
—(Ve(Pr(@,1),1) - V)AS (2,8) + O(1)
for all (z,t) € Uyepo,r (WQ (t) \T'(t)) x{t} as asserted. O

We may now provide the desired extensions (gi,j)me{lw}#j for the unit normal vector
fields as well as the desired extension B of the velocity vector field within a space-time tubular
neighborhood N;(T') of the evolving triple line I', where the radius # > 0 has to be chosen
suitably and is potentially smaller than the admissible localization radius r.

Construction 5.27 (Gradient-flow calibration at triple line). Let (&, &,€") be the pre-
liminary extensions from Construction 5.21 of the normal vector fields (n|z, 0|7, 0" |5).
Let (]5;'1—, fi'[—’), (ﬁp,ﬁ’lf,) and (Ej//,RI,,) be the gauged Herring rotations as provided by
Construction 5.19, and let (E,E’ ,B”) be the preliminary extensions of the normal veloc-
ity vector fields from Construction 5.23. We also introduce the abbreviations Q :=
Q0 :=Qy and Q" := Q3.

With these ingredients in place, we first define a scale 7 := r A (20)_%, where C' > 0
denotes the (maximum of the) constant(s) from the estimate(s) (5.119). This choice of 7 €
(0,7] then entails due to (5.119) that

€2 e [, 8] in N3(T) Nim(¥), (5.131)
€2 e [4,8] in N3(T) Nim(9'), (5.132)
€2 e [, 8] in N3(T) Nim(P"). (5.133)

Based on these non-degeneracy conditions and the properties (5.40)—(5.42) from the wedge
decomposition of N,.(T"), we construct a well-defined set of vector fields

§,¢,¢": Ni(l) = B1(0), (5.134)
B: N;(T) — R? (5.135)
by the following procedure: On the closure of the interface wedges we define
(€.¢,¢") = |€| 7 (€, RLE, RYE) on W7, (5.136)
(€,€.¢) =g (Rp €. €, R;f, ¢) on Wy, (5.137)
€.€.¢") =g (B €, Ry, €', €") on Wi, (5.138)
as well as
B:=BonW;, B:=B onWj;, B:=B"onWj,. (5.139)
On the interpolation wedges, say Wg, we define
5 = AL|E| Tl E+ AL \6”|‘1fip/ & (5.140)
=M€ T REEF NS € TR ],, e’ (5.141)
5” = AET R E+ NG |EE (5.142)
B:=\.B+)\'B". (5.143)
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5.3. Local gradient flow calibration at a triple line

On the remaining two interpolation wedges Wg, and Wy, one proceeds analogously for the
definition of these vector fields. &

5.3.4 Proof of Proposition 5.14

Let (£,¢',¢”, B) be the vector fields from Construction 5.27. We aim to show that this tuple
of vector fields gives rise to a local gradient flow calibration at the triple line I' in the sense
of Proposition 5.14 after defining

Gi2:=¢ &z=¢, &i1:=¢& inN:(D), (5.144)

as well as &;; := —&; ; for the remaining set of distinct phases i,j € {1,2,3}. The proof is
now split into several steps.

In Step 1 of the proof, we will derive the following useful compatibility estimates valid
throughout interpolation wedges and which are needed in all subsequent steps:
BE &

é _ Ej//g/ ﬁl[_ g_ EI_//g/ S

&l 1e”] €l 1€ €l 1€”]
in WqNN;(T), with analogous estimates being satisfied in the other two interpolation wedges.
Moreover, the constant C' > 0 only depends on the data of the smoothly evolving regular
double bubble (Q1,Q2,Q3) on [0, 7].

In Step 2, we will verify that (£,¢',£", B) are continuous vector fields throughout N;(T),
that the extensions of the unit normals (£, &', £") are of class (CPCINCLCY) (N3 (D)\I') whereas
the extended velocity B is of class CPCL(N3(T) \ T'), and that there exists a constant C' > 0

depending only on the data of the smoothly evolving regular double bubble (1, Qs,Q3)
on [0, 7] such that the estimate

< Cdist?(-,T) (5.145)

(0, V)(&,8, €M)+ B+ |VB| < C (5.146)

holds true throughout N;(T) \ T. Moreover, we will show that

=17 along I N NG(T), (5.147)
B=V; along T, (5.148)
ol +o't +0"¢" =0 in NV3(T), (5.149)

where property (5.147) is also satisfied in terms of (¢/,7'|5) along I' N N;3(T), or in terms
of (&”,2"|7,) along I" N N;3(T).

Step 8 of the proof is then devoted to the verification of the approximate evolution
equation

0,6 + (B-V)E+ (VB)T¢| < Cdist(-, 1) in Np(D)\ T, (5.150)

whereas in Step 4 we will prove the estimate

V- &+ B¢ < Cdist(-,I) in Nx(T)\T. (5.151)
We finally conclude in Step 5 by deducing the estimate
(0 + B-V)|E]? < Cdist?(, 1) in N;(D). (5.152)

We record for completeness that analogous estimates with respect to (5.150)—(5.152) are
satisfied for (¢, B), resp. (¢, B), in terms of dist(-,I’), resp. dist(-, I"), and that the con-
stant C' > 0 again only depends on the data of the smoothly evolving regular double bubble
(Ql, QQ, Qg) on [0, T]
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Step 1: Proof of (5.145). Adding zero, making use of the reverse triangle inequality and
recalling the non-degeneracy condition (5.131)—(5.133), we may estimate

~ D_ N
§ _Rpd|_1

- — 7TE—§7/E7/ + —_ T == EV!EH
@ e St g e
1 ~ ~ ~ ~ ~ ~ - o~ o~
S @}6 - Rfug,/‘ + ’f]:v‘“f‘ - ‘Rfug,/‘ S 2\/5‘6 - Ri!lé”‘.

Due to the compatibility conditions (5.92) and (5.93) as well as the regularity estimates (5.91),
the previous estimate then easily upgrades to

& Rp”
i 1

< Cdist?(-,T) in Wg NNHT)

by inserting a second-order Taylor expansion with base point located at the unique nearest
point on the triple line T'. The other two terms on the left hand side of (5.145) are treated
analogously.

Step 2: Proof of (5.146)—(5.149). In terms of the asserted qualitative regularity, we
observe that the first item of Lemma 5.26 together with the definitions from Construc-
tion 5.27 ensure that the vector fields (&,&’,&”, B) and their required derivatives are continu-
ous across the boundaries of the interpolation wedges (away from the triple line). Continuity
of B throughout the whole space-time neighborhood A.(I') with the asserted representa-
tion (5.148) along the triple line T' follows from the compatibility condition (5.113). The
unit normal extensions (&,&',¢") are continuous throughout N, (T') due to the compatibil-
ity estimates (5.145). The representation (5.147) along the associated interface in turn is a
consequence of the expansion ansatz (5.90) and the inclusion (5.41).

Next, on interface wedges the regularity estimate (5.146) follows directly from the esti-
mates (5.91) and (5.112). For the derivation of (5.146) throughout an interpolation wedge,
say Wgq N N;(T), we simply compute by plugging in the definitions from Construction 5.27
and recalling from Lemma 5.26 that /\g/ = 1—)\{—2

(0, V)€ = Ay (00, V)5 + A (0, 9) B2 ( § Rpé

) €] AN
VB =\,VB + A, VB" + (B-B") @ VAL

) ® (9, V)AL,

We thus infer (5.146) from the chain rule in form of V\Tll = —%, the regularity esti-

mates (5.91), (5.112) and (5.128), and the compatibility conditions (5.145) and (5.113).
We turn to the proof of (5.149). Recalling the expansion ansatz (5.90) and the defini-
tions (5.71) resp. (5.72) of the gauged Herring rotations, we deduce from (5.64)

of + U'E’I—g%— a”ﬁ}’f: 0 throughout AV,.(T') Nim(¥), (5.153)

N;(T) Nim(¥”) in terms of (RI—NE”,E},,?’,E’/). Due to the inclusion (5.41) and the defi-
nitions from Construction 5.27, we thus obtain from (5.153)

o+ o'+ = \§|—1(a§~+ J'é'jg—k U"é%g) =0 in WynNx(T).
An analogous argument works in the case of the other two interface wedges.
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On interpolation wedges, say Wg, the extended Herring angle condition (5.149) follows

from a linear combination of the previous ingredients.
5.27 and the cancellations (5.153) directly imply

Construction

U£+O',£/+O'/,£//

More precisely, the definitions from

= AL |§] ! (Uf + U’R}f + U"R}’{) + )\ Ve (O’f{p/g” + GIE'I—,,EH + U"g") =0
throughout W N N;(T) as desired. This concludes the proof of (5.149), and thus Step 2 of

the proof, as on the other interpolation wedges (5.149) follows analogously.
Step 3: Proof of (5.150). We first claim that for each rotation R € {Id, R%, R7} it holds

throughout N;(T') Nim(¥)

- RE dist(-,I) if R = 1Id,
’(6t+(B V)+(VB) )IRfl C{diw’ ) else, (5.154)
’E RE RE —c d%st(,) if R =1d, (5,155
|7?,§| |7?,§| dist(-,T') else,

for some constant C' > 0 which depends only on the smoothly evolving regular double

bubble (91,92,93) on [0 T]
main N;(I)Nim(¥’) in terms of the vector fields (RE', B

as well as throughout A;(T') N im(¥”) in terms of (RE”, B") for each R € {Rj, R

Moreover, analogous ei‘mmates hold true throughout the do-
") for each rotation R € {RI/ Id, R, },

o 1d}.

The estimate (5.154) follows from the straightforward computation

RE

d+(B
(D +( RE

V)+H(VB)T) =

1

O|REP+(B - V)|REJ?

RE

[ — ) . ) T ~_
= g O+ (B-V)+H(VE))RE

together with the condition (5.131) and the estimates (5.120), (5.121) and (5.122).

2IRE3
The

estimate (5.155) in turn can be deduced from the same ingredients as well as

CRE
[RE]

v. R L
REl - [Re]

(B-RE+V-

(RE- V)IREP

R~ 2[RE[3

On interface wedges, facilitated by the inclusion (5.41) the claim (5.150) now follows
from an application of the estimate (5.154) and, if needed, a simple post-processing by

means of (5.44).

Hence, let us directly move on with the verification of (5.150) through-

out interpolation wedges, say W N N#(T). Plugging in the definitions (5.140)—(5.143) from

Construction 5
from Lemma 5.26 that )\I” =1- )\I

.27 we may compute based on the product rule, adding zero, and recalling

(0B - V)+(VB))E = AL(9,+(B - V)+(VB) )Z
+ (1=AL) (8+(B" - V)+(VB")T )Ré/’f‘ (5.156)
¢ _Bpd O V)AL
(55 >(f( ) B
+ 2 ((B=B)- V)é £ (1-AL) ((B=B") - V) Ré@'f
+ AL (VB—VE)Té + (1-AD) (VB—VE”)Tﬁglfl.
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5. WEAK-STRONG UNIQUENESS FOR THE MEAN CURVATURE FLOW OF DOUBLE BUBBLES

The first two right hand side terms of the previous display are at least of order O(dist(-,T'))
due to the estimates (5.154), which in turn are available this time due to the inclusion (5.42).
The third, fourth and fifth right hand side terms are of the same order thanks to the com-
patibility conditions (5.145) and (5.113), the regularity estimates (5.91), (5.112) and (5.146),
the estimate (5.129) on the advective derivative of an interpolation function, as well as the
non-degeneracy conditions (5.131)—(5.133).

Regarding the two right hand side terms from the last line of the previous display, we may
argue as follows. Plugging in the definition of B from Construction 5.27, we compute by the
product rule, the identity )\g—z—i—)\g = 1 and by carefully noting that & L t, throughout A,.(T)N
im(¥) due to the expansion ansatz (5.90)

(VB=VB)TE = (1-AL)(VB"-VB)"(Id—t. ® t.)€
+ ((B-B") - (1d—1.  T.)€) VAL

Abbreviating tp(x,t) = t(Pp(z,t),t) for all (x,t) € N(T) Nim(¥) and recalling the com-
patibility conditions (5.81) resp. (5.113) as well as the regularity estimate (5.128) for the
interpolation function, we may switch from t. to tp in the previous display at the cost of an
admissible error:

(VB-VB)T¢ = (1-AL)(VB"—VB)T (Id—Tp ® Tp)¢
+ ((B=B") - (Id—tp © T1)€ ) VAL + O(dist (-, T)).

It then follows from the compatibility conditions (5.49), (5.113) and (5.114), and again the
regularity estimate (5.128) for the interpolation function that

(VB=VB)T¢ = O(dist(-,T)).

One may argue similarly for the second term after replacing |§”|—1}~zp,§” by |§|—1§ using the
compatibility estimate (5.145).

In summary, the asserted estimate (5.150) in terms of £ now follows from the previously
derived estimates for the right hand side terms of (5.156) and a subsequent post-processing
of them by means of (5.43). We finally remark that the argument proceeds analogously for
the other two vector fields £ and £”, respectively.

Step 4: Proof of (5.151). Thanks to the inclusion (5.41), the estimate (5.155), and, if
needed, the estimate (5.44), it again suffices to provide additional details only for the argu-
ment for (5.151) on interpolation wedges, say WoNN;(T'). Plugging in the definitions (5.140)—
(5.143) from Construction 5.27, applying the product rule, recalling from Lemma 5.26 that
/\g/ = 1—)\6, and adding zero yields

B.£+V.§:)\g<§_§+v,§> +(1_)\SI_2)<§H'RI’I§/I+V,RI//§//>

G i &
+AL(B-B)- é + (1=AL)(B-B"). Réf‘

& D ¢n _
+ <§—RL”5 ) - VAL
&l 1€
The right hand side terms of the previous display are all at least of order O(dist(-,T"))—
and thus of required order due to (5.43)—by an application of the inclusion (5.42), the

estimates (5.155), the compatibility conditions (5.113) and (5.145), as well as the regularity
estimate (5.128) for the interpolation function.
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5.3. Local gradient flow calibration at a triple line

This proves (5.151) in terms of €. The argument proceeds again analogously for the other
two vector fields & and £”.

Step 5: Proof of (5.152). There is nothing to prove throughout interface wedges since
the unit normal extensions (£, &', £"”) are unit length vectors, cf. the definitions from Con-
struction 5.27. On interpolation wedges, say Wq NA;(T), we may compute by the definition
(5.140) from Construction 5.27

~ ~ ~ 2
T \T" R’u "
€17 =1 — AEAS £ _Ent (5.157)
SIS
The estimate (5.152) ist thus a consequence of (5.145), (5.128), (5.146) and (5.43). One may
argue analogously for the other two vector fields £ and £”, respectively. O

5.3.5 Compatibility of local gradient-flow calibrations

A regular double bubble is built out of two distinct topological features: the three two-phase
interfaces and the triple line. For each of these topological features, we so far constructed a
tuple of vector fields living in a space-time neighborhood of the feature and locally mimicking
the requirements of a gradient-flow calibration. The remaining step in the construction
consists of pasting together these local vector fields into globally defined ones. This task will
be carried out in Section 5.4. The key issue is to transfer properties from the local to the global
level, which turns out to be possible because, among other things, the local constructions
for the two distinct topological features can be arranged to be sufficiently compatible. We
formalize this as follows.

Proposition 5.28. Let (Q1,Q2,Q3) be a regular double bubble smoothly evolving by MCF in
the sense of Definition 5.10 on a time interval [0,T]. Let # € (0,1] be the localization scale

of Proposition 5.1/, and for each pair of distinct phases i,j € {1,2,3}, denote by (fllfj”, BL’»J')
the local gradient-flow calibration for the interface I; ; from Construction 5.12.

For all i,j € {1,2,3} with i # j, there exists a choice of the tangential component Y;
of Blii and a local gradient-flow calibration ((ﬁzj)i,je{m,g},i#,BF) at the triple line in the
sense of Proposition 5.14 such that in addition the following compatibility estimates hold true

Ly T LT, T BT T T
‘fi,jj - gil_,‘j‘ + ‘(sz‘,j])sz’F,j| + ‘(v€£j)T£i,j] < Cdist(-, 1 ), (5.158)
Lij o oy . -
(65 —&iy) - €' < Cdist®(, L), (5.159)
|B'» — BY| < Cdist(-, I; ), (5.160)
I: - T jl i . T
(VBT =V BY)T¢% | < Cdist(-, I ) (5.161)

throughout Nz (T) N (Wi, UWq, UWg, ), where C > 0 is a constant which depends only on
2 2, k2 _ _ _
the smoothly evolving reqular double bubble (21,9, 23) on [0,T].

Proof. Let ((§Zj)i,j€{1,2,3},i7ﬁj7 Bf) be the local gradient-flow calibration at the triple line T
as constructed in the proof of Proposition 5.14, and let i, j € {1,2,3} be distinct phases.

Step 1: Proof of (5.158). The estimate ]fzjljj — fzijj‘ < Cdist(-, [; ;) is an immediate
consequence of the regularity estimates (5.24) and (5.30), the inclusions (5.41)-(5.42), as
well as the extension property §ZI’]’ =1, = 553» along I; ; N N;(D).

The estimate |(V§i] 7 )sz ;| < Cdist(-, I j) follows from adding zero, the already estab-

lished estimate for the first left hand side term of (5.158), and {Z ljﬂ being a unit length vector
field due to (5.22).
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5. WEAK-STRONG UNIQUENESS FOR THE MEAN CURVATURE FLOW OF DOUBLE BUBBLES

For the remaining part of (5.158), it suffices to estimate %V|§£j\2 due to (5.30) and the al-
ready established estimate for the first left hand side term of (5.158). Throughout the interpo-

lation wedge W7, _ NN;(T), we have |§er] = 1 in view of the definitions (5.136)—(5.138), so that
the desired estimate is satisfied for trivial reasons. Within the relevant interpolation wedges,
one may employ the representation (5.157) and then deduce ‘%V!fgjﬂ < Cdist(-, [; )
from (5.145), (5.128) and (5.43). .

Step 2: Proof of (5.159). Denote by E fij the auxiliary extension of the unit normal fi; ;| I
from Construction 5.21. Due to (5.136)—(5.138), (5.140)—(5.142), and the compatibility esti-

mates (5.145) it holds

le_jj _ ’gfi’j lflgl_i,j + O(diStQ(', I_z’,j)) in ./\/’f(f) N (Wj U Wﬁi U WQj).

2%

Making use of the non-degeneracy conditions (5.131)—(5.133) and the estimate (5.119) we
also obtain

ot o LW O(dist®(+ I;)) in Ni(T) M im(¥, ).
€ 5 | (1€ o] 7 ’

Recalling the precise representations (5.22) and (5.90), we thus infer from the previous two

displays that

L

\(éi’»j—ﬁzj) L& | < 1= 1€ |7+ O(dist® (-, Ii5)) = O(dist?(-, I )

throughout N;(T') N (Wr,, UWq, UWq,) as asserted.

Step 3: Construction of the tangential component Y ; of Blii. Let 6 be a smooth and
even cutoff function with 6(r) =1 for |r| < § and (r) = 0 for |r| > 1. Denote by Blij the
auxiliary local velocity field from Construction 5.23 with respect to the interface I; ;. The
tangential component ); ; of Blij is then simply defined by means of

dist(-,T ~7
Vij = 9(18;’)) (Id—fi; ; ® ;) B in im(T; ;). (5.162)

Note that Y; ; € CPCL(im(¥; ;)) as required by Construction 5.12 due to the regularity (5.21)
of the normal 0, ; and the regularity estimate (5.112) for Blij.

Step 4: Proof of (5.160)—(5.161). It follows from the expansion ansatz (5.111), the
definitions (5.139) and (5.22), the choice of the tangential component (5.162), as well as
the choice of the cutoff 8 from the previous step that

Bl = BT throughout Wy, m/\/g (). (5.163)

More precisely, denoting by Blii the auxiliary local velocity field from Construction 5.23
with respect to the interface I; ;, we in fact have

Blii = Blii throughout (Wr,, UWg, UWg,) NNz (D). (5.164)
2

2%

Now (5.160) follows directly from a Taylor-expansion argument exploiting the regularity
estimates (5.25) resp. (5.31) as well as the inclusions (5.41)—(5.42).

In view of (5.163), the estimate (5.161) is satisfied for trivial reasons throughout the
interface wedge N, z ()N Wy, .. Within the relevant interpolation wedges, say for con-

creteness Nz () N Wg., we make use of (5.164). Let k € {1,2,3} \ {i,j} denote the
2 T
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5.4. Gradient flow calibrations for double bubbles

third phase. It then follows from (5.164) and expressing the definition (5.143) in form of
B — )\g,‘jgl_@j + (1_>\gij)§fk,i

VBvL—VB._@—&iMVBJ—VBh)—(BJ—Bh)®V&i.
Since EZIZJ’ =1, ; due to (5.22), the estimate (5.161) now follows throughout the interpolation
wedge N7 (T') N W, by the same argument which deals with estimating the last two right
2 ?

hand side terms of (5.156). We recall for convenience that the essential input for the latter is
given by the compatibility conditions (5.113) and (5.114) for the auxiliary velocity fields Blii
and BTe, O

5.4 Gradient flow calibrations for double bubbles

5.4.1 Localization of topological features

We start by introducing a family of suitable cutoff functions localizing around the interfaces
and the triple line in a smoothly evolving regular double bubble. This family will be used to
provide the construction of a gradient-flow calibration by means of gluing together the local
constructions from the previous two sections.

Lemma 5.29. Let (1,Q2,9Q3) be a regular double bubble smoothly evolving by MCF in
the sense of Definition 5.10 on a time interval [0,T]. Let the notation of Definition 5.11
resp. Definition 5.15 be in place, and let 7 € (0,1] be the radius of Proposition 5.14. In
particular, let (1;5); je{1,2,3},i2; be admissible localization radii for the interfaces in the sense
of Definition 5.11 such that 7 < ri9 Ara3 Arsyi. We next define for each pairi,j € {1,2,3}
with i # j a scale

l; i = mi i dist (I; () \ Bp(T'(t)), I (¢ ,
3ij:= min o omin ist (Zi,;(t) \ Br(T'(t)), Iy (t)) > 0
(k)& {(0.9), ()}

and based on these a localization scale 7 € (0,712 Arg g A 7’3,1] by means of

% =1 A i i 5.165
TR eiasying ( )

There then exists a collection of continuous cutoff functions
s N s M s ME. 2 R3 % [0,T] — [0, 1]
Ui 77[1,27 77[2’3> 77]3,1 : ’ )
satisfying the following properties:

i) The cutoff functions are of class (CYCL N CLCY)(R3x[0,T] \ T) with corresponding reg-
ularity estimates

’(at7v)(77f‘77717172777172’3777173,1” S C Zn Rgx[()? T] \ f‘ (5166>

for some constant C > 0 depending only on the data of the smoothly evolving reqular
double bubble (Q1,Q2,3) on [0,T].

ii) The family (np, (njij)i7je{1y273}7i7gj) is a partition of unity for the evolving surface cluster
in the sense that np + ng, , +ng,, + 05, = 1 holds true on the surface cluster T :=

Ui,j€{1,2,3},i;ﬁj Ii,j-
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WEAK-STRONG UNIQUENESS FOR THE MEAN CURVATURE FLOW OF DOUBLE BUBBLES

Moreover, for all pairwise distinct i, 7,k € {1,2,3} it holds

g, , < C(dist®(+, I ;) A1) in R3x [0, T7, (5.167)
Vg, | < C(dist(-, Ij) A 1) in R®x[0, T]\ T, (5.168)
|0z, | < C(dist(-, L) A1) in R®x[0, T\ T. (5.169)

Defining moux == 1 — np — Mo = My — N, WE have My € [0,1] on R3 x [0,T], and
the bulk cutoff is subject to the estimates

%(distg(-,l) A1) < ok < C(dist?(-, ) A1) in R®x [0, T, (5.170)
V| < C(dist(-,Z) A 1) in R3x[0, T\ T, (5.171)
|Okmbune| < C(dist(-,Z) A1) in R3x[0,T]\ T. (5.172)

The constant C' > 1 in the estimates (5.167)—(5.172) depends only on the data of the
smoothly evolving reqular double bubble (Q1,Q2,Q3) on [0,T).

iii) For all pairwise distinct i,j,k € {1,2,3} and all t € [0,T] it holds

supp 1y, | (4 t) C (L () x {t} < [—7, 7)), (5.173)

B(D(t)) Nsuppy, (1) € Ba(T (1)) N (W, () UWa, () UWg (1), (5.174)
suppny, . () Nsuppy, k( ,t) C Bi(D(t)) N W, (t) (5.175)
supp (-, t) C By a(T(t)). (5.176)

Proof. The proof is split into several steps.

Step 1: Definition of building blocks. Let 6 be a smooth and even cutoff function with
0(r) =1 for |r| < % and 6(r) = 0 for |r| > 1. Then define a smooth quadratic profile (: R —
[0, 1] by means of

C(r)y =00 —-r>0(?), reR. (5.177)

Let § € (0,1] be a constant whose value will be determined in subsequent steps of the proof.
For all distinct 4, j € {1, 2,3} we define auxiliary cutoff functions

G, = C(isrj) in im(9; ;), (5.178)
G=¢ (dls% )) in B3 [0, 7. (5.179)

Note that as a consequence of the regularity (5.18) of the signed distance, expressing dist(z, ['(t)) =
|z—Pp(z,t)| for all z € B;(T'(t)) and all t € [0,T], the regularity of the projection Pp onto
the triple line T from Definition 5.15, and (5.177) it holds

(06, V)¢z,,| < Cdist(-, 1y ) in im(¥; ;), (5.180)
(0, V)| < Cdist(-, T) in R*x[0, 7. (5.181)

Step 2: Definition of interface cutoffs. Fix distinct 4,j € {1,2,3}. We define the cut-
off nr, - R3x[0,7] — [0,1] for the two-phase interface I; ; by means of

g, (1) =g, (1) in im(W; () \ Be(T(t)), (5.182)
nr,,; (1) = (A=Cp (- 0))¢r, (1) in By(L(t)) N W7, (1), (5.183)
nr,,; (1) = Aéj(-, (A= 1)Cr, , (1) in Bx(L(t)) N Wo, (1), (5.184)
M, (0 = X -G 0)G, () i BA(D() N W, (1), (5.185)
ng, (1) =0 else (5.186)
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5.4. Gradient flow calibrations for double bubbles

for all t € [0, T]. Here, the maps )\ "I resp. )\ Lii are the interpolation functions of Lemma 5.26

on the interpolation wedges Wq, resp WQ Observe that (5.183) is well-defined because
of (5.41), and that (5.184) resp. (5.185) are "well-defined as a consequence of (5.42). In par-
ticular, the properties (5.173)—(5.175) are immediate consequences of the definitions (5.182)—
(5.186) and the choice (5.165) of the localization scale 7. Finally, in order to ensure continuity
of 7y, ; throughout R3x[0,T] (i.e., compatibility of the definition (5.182) resp. the definition
(5. 186) with the definitions (5.183)-(5.185)) we choose the constant § € (0, 1] small enough
such that for all ¢ € [0,T] and all distinct 4, j € {1,2,3} it holds

OB;(T()) N Wiy (T, (0) x {1} x[67, 67]) C Wy, (8). (5.187)

Step 3: Definition of triple line cutoff. We construct a cutoff for the triple line np: R3x[0, T —
[0, 1] as follows: for all distinct 4, j,k € {1,2,3} and all ¢ € [0,T] we define

mr( 1) = G, )G (1) in B;(T(£)) N Wy, (1), (5.188)

1R(1 1) = A7 (G ()G, (1) (5.189)
F AR OG0, (1) in By (T(t)) N W, (1),

nR(-,1) =0 in R®\ B+(D(1)). (5.190)

Because of (5.40), the definitions (5.188)—(5.190) provide a definition of np on the whole
space-time domain R?x[0,T]. Property (5.176) is obviously satisfied in view of (5.190).

Since Ag’ L _ 9 Ao "7 on interpolation wedges Wq,, we indeed have np(z,t) € [0,1] for
all (z, t) € R3x [0, T]

Step 4: Partition of unity property along the surface cluster. Define the bulk cutoff
Mbulk ‘= 1-— nr — 771*172 - 771*2’3 — 771*371. We claim that

Mmuk =0 alongZ= ) I (5.191)
1,j€{1,2,3}, i#j

Fix t € [0,7] and a point x € Z(t) \ Bi(['(t)). There exists a unique pair of distinct
phases 4,5 € {1,2,3} such that z € I, j(t) and, because of the localization properties (5.175)
and (5.176), mou (2, t) = 1—=ny, (2, t). It then follows from the definitions (5.182) and (5.178)
that Npuk(x,t) = 0.

Now fix ¢t € [0,7] and consider a point x € Z(t) N B;(T'(t)). Let i,j € {1,2,3} be
the unique pair of distinct phases such that € I; j(t). As a consequence of (5.41), the
localization properties (5.174)—(5.176), and the definitions (5.183) resp. (5.188), we obtain
that mpuk(@,t) = 1 —np(x,t) — g, (2,¢) = 1 — ¢ (2,1). Hence, npuk(z,t) = 0 due to the
definition (5.178). This concludes the proof of (5. 191)

Step 5: Regularity of cutoff functions. Fix i,j € {1,2,3} such that i # j. The required
derivatives of iy,  exist in R3\ B#(T'(t)) resp. in Bx(T'(t)) \T'(¢) in a pointwise sense for all ¢ €
[0, T] due to the definition of 1y, , from Step 2 of this proof, the definitions (5.178) and (5.179),
the properties of the 1nterpolat10n functions from Lemma 5.26, and the regularity (5.180)
and (5.181) of the auxiliary cutoff functions. By the choice (5.187) of the scale 6 € (0, 1],
these derivatives do not jump across the boundary of B;(I'(t)). Hence, 9y, , and Vi, - exist
in a pointwise sense in R3x[0, 7]\ T.

In terms of the required bounds (5.166) for these derivatives, the only possibly critical
cases are those for which at least one derivative hits an interpolation function present in
the definitions (5.184) resp. (5.185). The blow-up of these derivatives (see Lemma 5.26),
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5. WEAK-STRONG UNIQUENESS FOR THE MEAN CURVATURE FLOW OF DOUBLE BUBBLES

however, is always cured by the presence of the term 1—(z. In summary, nr,,; € (cPcln
CLON(R3x[0,T)\ T) and (5.166) holds true.

Along similar lines, one checks that d;np and Vnp exist in a pointwise sense in R3x [0, T\
I'. The required cancellations to counteract the blow-up of derivatives of the interpolation pa-
rameter in interpolation wedges this time comes from recalling )\ i g Ag Lig , which in turn
ensures that potentially critical terms always involve the term C T, — (5 Toi As the latter van-
ishes to first order at the triple line and has a bounded second- order spatlal derivative within
interpolation wedges, it follows that np € (CPCL N CLCY)(R3x[0,T] \ T'), and that (5.166)
holds true.

Step 6: Estimates for the bulk cutoff. By construction it holds nbulk(-,t) = 1 outside of
the space-time domain B:(T'(t)) U Ui jeq1,2:3}.i%) W, (L () x{t} x[—7,7]) for all t € [0,T).
Hence, for a proof of nyux € [0,1] and the estimates (5 170)—(5. 172) we may restrict our
attention to Ui7j€{172’3}7i# W, (L () x{t} x[—7,7]) \ B#(T'(t)) and B;(T'(¢)) for all t € [0, T).

In view of the choice (5.165) of the localization scale 7, one may argue separately on
W, (L. (#)x{t}x[—7,7]) \ Bz(['(t)) for each pair of distinct phases 4,7 € {1,2,3} and all ¢ €
[0,T]. Because of the localization properties (5.175) and (5.176) it holds

Moulk (1) =1 —ny, (1)
=1, (1) in W( L) < {thx[=7,7]) \ Bx(T'(t)) (5.192)

for all t € [0,T]. Hence, npux € [0,1] and the estimates (5.170)—(5.172) follow from the
definitions (5.182) and (5.178) in combination with the quadratic behaviour around the origin
of the profile (5.177). Note in this context that (5.165) precisely ensures that the error can
be expressed in terms of dist(-,Z) as required.

We move on to the argument in the ball B;(I'(¢)) for all ¢ € [0,T]. On interface wedges,
we infer from the localization properties (5.174) and (5.175) as well as the definitions (5.183)
and (5.188) that

Moulk (1) =1 =np(- 1) —ng, (1)
—1- (I-m,(-,t) in B (D(t)) N Wy (1) (5.193)

for all t € [0,T7], so that the asserted bounds follow as in the previous case together with the
bound (5.45) to express the error in terms of dist(-,Z).
On interpolation wedges, we may compute based on (5.174) and (5.175) as well as (5.184)

and (5.189) that (recall the relation )\g” = 1—)\g{j)

nbulk('vt) =1- nf‘(‘vt) - 7711-,]-('775) - Ufk,i(wt)
=g (=G )0 + (A=2g ) (1=, (1) in Be(T(H) N W, (1) (5.194)

for all t € [0,7]. It follows immediately that npuk(-,t) € [0,1]. Moreover, the defini-
tion (5.178), the quadratic behavior around the origin of the profile (5.177), and the es-
timate (5.43) directly imply (5.170). Finally, since

Vitoutk( 1) = =Ag” ()7, (1) — (1=Ag ") (5 DV, (1) (5.195)

— (G, =G ) OV (1) in Ba(T(8)) N W (1)
for all t € [0, 7], we obtain (5.171) and (5.172) because the blow-up of V)\ "I see Lemma 5.26,
is cancelled to required order by the term (7 I, —(5 T . Indeed, the latter Vanlshes to first order

at the triple line and has a bounded second order spatial derivative within interpolation
wedges.
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Step 7: Error estimates for interface cutoffs. The bounds (5.167)-(5.169) are trivially
fulfilled outside of B;(I'(t)) for all ¢t € [0,T] by construction and the choice (5.165) of the
localization scale 7. In view of the definitions (5.183)—(5.185) and the definition (5.179),
we also have 7 (1) < 1 —(p(t) < Cdist?(-,I'(t)) in BT (t)) N (ij,i(t) U W, (t) U
Wq, (t)) for all t € [0, T]. Recalling the bounds (5.43) and (5.44), this in turn implies (5.167)
throughout B:(T(t)) for all ¢ € [0, T].

For a proof of (5.168) and (5.169), note that

[0, Vg, ()] < C(A=Cp (1)) + C|(0r, V) dist (-, T (1)) dist (-, T(£))

in B (T(t)) N (Wy, () UWq, (t) UWq, () for all t € [0,T]. The first right hand side term is
estimated as before, while the second one is of required order dlie to the bounds (5.43) resp.
(5.44) and the regularity of the projection onto the triple line I', see Definition 5.15, which

in turn one may employ throughout B;(T'(t)) based on the representation |v—Pp(x,t)| =
dist(z, T'(t)). O

5.4.2 Construction of a gradient-flow calibration

We have everything in place to provide the construction of a gradient-flow calibration for a
regular double bubble smoothly evolving by MCF. We first introduce a global definition for
the vector fields & ; extending the unit normal vector fields 1i; ;| I, of the interfaces I; ;.

Construction 5.30 (Global extensions of the unit normal vector fields 1; 5|7, ). Consider a
regular double bubble (€21, Q2, Q3) smoothly evolving by MCF in the sense of Definition 5.10
on a time interval [0, T]. Let (05, (07, )i je{1,.2:3}.i%j) be the partition of unity from the proof
of Lemma 5.29. Fix 7,5 € {1,2,3} with ¢ # j. We then define a family of vector fields

gkt | suppmy, (1) x {8} = Bi(0), k€ {1,2,3}, k£, (5.196)
te[0,T]

& U swpnr( 1) x {t} = Bi(0) (5.197)
t€[0,T]

by means of the following procedure: )

For k,l € {1,2,3} with (k,1) € {(i,7), (J,7)} we let fi’;‘l be the corresponding vector field
from Construction 5.12 for the interface Iy;. For k,l € {1,2,3} with (k,l) ¢ {(4,7),(J,?)}
and k # [ we define f = (% ;:;n - 51“ + 2k gak oL §Ik "), which is well-defined reversing the

roles of ¢, j and k,[ in the previous step. Finally, we denote by § the corresponding vector
field from the proof of Proposition 5.28.

With this family of local vector fields in place, we now define a global vector field &; ;: R3 x
0,T] — R? by means of
[0, y

T I I I
£i7j = nf££] + njl,ggl‘l72 + 77]2 35@?3 + 77[3 15131 (5198)

for all distinct pairs of phases i, j € {1,2,3}. O

We proceed by showing that the vector fields from the previous construction satisfy the
structural assumption (5.1a) and the coercivity estimate (5.1¢) of a gradient-flow calibration.

Lemma 5.31. Let the assumptions and notation of Construction 5.30 be in place. Fixi,j €
{1,2,3} such that i # j. The vector field &; j is then subject to the following list of properties:
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i) It holds & j € (CPCEINCLCY)(R3x[0, T)\T), and there exists a constant C > 0 which de-
pends only on the data of the smoothly evolving regular double bubble (1, Qa,Q3) on [0, 7]
such that

(0, V)i j| <C in R3x[0,T]\ T. (5.199)
Moreover, it holds &; j = 1; j along flj

ii) For each phase i € {1,2,3}, there exists a vector field &: R3x[0,T] — R? of class
(CPCENCLCY)(R3%[0, T)\ T) such that o, ;& j = & — &; holds true on R®*x[0,T.

ii1) There ezists a constant ¢ € (0, 1), which depends only on the data of the smoothly evolving
regular double bubble (1,Q9,Q3) on [0,T], such that

o(dist?(-, I ;) A1) < 1— & ;] in R®x[0,T). (5.200)

Proof. The proof is performed in three steps.

Step 1: Regularity and structural properties. The asserted qualitative regularity of the
vector fields &; ; together with the estimate (5.199) follows from the definition (5.198), the
regularity (5.166) of the cutoff functions, as well as the regularity of the local building
blocks (5.196) and (5.197) in form of

(8%, )(5,1’}35”)! in R%x[0, 77, (5.201)

which in turn is a consequence of the definitions from Construction 5.30 and the regular-
ity estimates (5.24) and (5.30). The property & ;|7 = Dj; is immediate from the defi-
nition (5.198), the fact that (np, (nji,j)i7je{17273}7i¢j> constitutes a partition of unity along
the network Z, and the corresponding property in terms of the local constructions from
Lemma 5.13 and Proposition 5.14.

The existence of vector fields (&);eq1,23 of class (CPCL N CLCY)(R*x[0,T] \ T) such
that 0; ;& ; = & — &; holds true on R3x[0, T follows from the following considerations. Let
i,5,k € {1,2 3} be pairwise distinct. We define 51“ = (Uwfz] + o kfr ). Since 01725{72 +
02,35273 + o3 153 1 = 0 holds true in the support of 7y, see Proposition 5.14, we indeed obtain

o156 = €F - gF Next, fix k,1 € {1,2,3} with k # I, and let i € {1,2,3}. We may then
Iy

define ™' = ( lzgkl + o Zﬁl * ). Again, plugging in the definitions immediately shows
Jflkl = gl’” —f Tkl for all 4 ,7 €4{1,2,3} such that i # j. Defining &; := nfflf + m—l’zgf” +
i, 3{12 S+ i, 15 therefore entails the desired conclusion.

Step 2: A coercivity condition. As a preparation for the proof of (5.200), we claim that
there exists a constant € = ¢(o) € (0, 1) such that for all 4, j € {1,2,3} with i # j, as well as
all k,1 € {1,2,3} with (k,1) ¢ {(¢,7),(j,i)} and k # [ it holds

g <e <1, (5.202)
Indeed, the estimate (5.202) is an immediate consequence of the definition of the vector
field 51’” =1(% j;j”ﬁlkl + Tk, :;j’”.fl "), see Construction 5.30, and the fact that \M| <

1 resp. \M| < 1, which in turn is true since the matrix of surface tensions satisfies the
strict trlanglé inequality by assumption.

Step 3: Proof of the estimate (5.200). Fix i,j € {1,2,3} such that i # j. By the local-
ization properties (5.173)—(5.176) and the choice (5.165) of the localization scale 7, it suffices
to establish the desired estimate throughout suppny, (-,t) \ By (C(t)), B#(T(t)) N Wi, @)
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or B;(['(t)) N Wa,(t) for all distinct phases k,I € {1,2,3} and all ¢ € [0,7]. Hence, fix
such k,l € {1,2,3} with & # [ and ¢ € [0,7], and then observe that due to the defini-
tion (5.198) and the localization properties (5.173)—(5.176) it holds

I —
0.6l on supp 7y, ,(-,t) \ B (L(t)),

I, _
§ij = npé,] +nr,,605 on Bx(T'(t)) N Wy, ,(t), (5.203)
I . -
nREly g &l &5 on BR(D(6) N W, (), m € {1,2,3}\ {k, 1}

Based on (5.203), we now distinguish between two cases.

Substep 3.1: Assume that (k,l) € {(4,7),(j,7)}. In other words, both the phases k
and [ are present at the interface fi,j. In this case, observe first that throughout the three
domains represented in (5.203) it holds due to (5.43), (5.45) and (5.165) that the distance
to Z is comparable to the distance to I; ;: & dist(-, [; ;) < dist(-,Z) < Cdist(-, I; ;) for some
constant C' > 1. Furthermore, it follows from (5.203) and the triangle inequality that |&; ;| <
1—npuk throughout the three domains represented in (5.203). Hence, the bound (5.200)
follows from the lower bound in (5.170).

Substep 3.2: Assume that (k,1) ¢ {(¢,7),(j,7)}. In the first case of (5.203), the esti-
mate (5.200) follows immediately from the coercivity condition (5.202). In the third case
of (5.203), we may additionally assume that (I,m) ¢ {(4,7), (j,?)}; otherwise, we are again
in the setting of the argument from Substep 3.1 above. Plugging in the definitions (5.184),
(5.185) and (5.189), as well as exploiting the coercivity condition (5.202) for both the vector
fields fi{ ’;’l and fl{ ljim (which is admissible due to our assumptions), we may estimate from
below

1—[& 3| > 1= (np +eny,, +eny,,)
>(1-e)(1—¢p) > (1—e)(dist?(, D) A1)

on B;(T'(t)) N Wg,(t) for all ¢ € [0,T], so that (5.200) follows again. Since the argument
proceeds similarly in the second case of (5.203), we may conclude the proof. ]

The next step consists of providing the global definition of a suitable velocity field along
which a smoothly evolving regular double bubble and our associated constructions are trans-
ported.

Construction 5.32 (Global extension of velocity vector field). Let (Q1, Q,Q3) be a regular
double bubble smoothly evolving by MCF in the sense of Definition 5.10 on a time inter-
val [0, 7). Let (ng, (njiyj)i,je{mﬁ},i#) be the partition of unity from the proof of Lemma 5.29.
We then introduce a family of vector fields

Bl | suppny, (1) x {t} » R foralli,j € {1,2,3}, i # . (5.204)
te[0,T7]

U suppnp(-t) x {t} = R? (5.205)
te[0,T]

as follows: the velocity field BT denotes the corresponding vector field from the proof of
Proposition 5.28, whereas B’ is the velocity field from Construction 5.12 with tangential
component chosen as in the proof of Proposition 5.28.

With this family of local vector fields in place, we now define a global velocity field by
means of

B =npB" +np, , B2 g B4 4 Bl (5.206)

throughout R?x [0, T7. &
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A crucial ingredient for the proof of the estimates (5.1d) and (5.le) are the following
bounds on the advective derivatives of the partition of unity from Lemma 5.29.

Lemma 5.33. Let the assumptions and notation of Construction 5.32 be in place. In par-
ticular, (np, (7]@]_)2'7]‘6{1,273}71'#]') denotes the partition of unity from the proof of Lemma 5.29.
Then B € CYCL(R3x[0,T)\ T) with corresponding estimate

|B|+|VB| <C inR3x[0,T]\T. (5.207)

Moreover, the velocity field B gives rise to an improved estimate on the advective derivative
of the bulk cutoff in form of

10mbutk + (B - V)mpu| < C(dist?(, Z) A1) in R® x [0, T7, (5.208)
and similarly for all pairwise distinct phases i,j,k € {1,2,3}
0y, + (B-V)ng, | < C(dist*(-, [;;) A1) in R® x [0,7]. (5.209)

The constant C' > 0 in the estimates (5.207)—(5.209) depends only on the data of the smoothly
evolving reqular double bubble (Q1, Q2,Q3) on [0,T).

Proof. The proof is decomposed into three steps.

Step 1: Regularity estimates. The asserted qualitative regularity of the velocity field B
together with the associated estimate (5.207) follow from its definition (5.206), the regular-
ity (5.166) of the cutoff functions, as well as the regularity of the local building blocks (5.204)
and (5.205) in form of

(B, BL)| + |V(BY, B9)| < € in R¥x[0,T], (5.210)

which is a consequence of (5.25) and (5.31).

Step 2: Proof of (5.208). It holds nyux(-,t) = 1 outside of the space-time domain B;(T'(¢))U
Ui jeq1,2,33.i25 i (L; ;(t) < {t}x[-7,7]) for all t € [0, T] by construction. Hence, for a proof of
the estimate (5.208), we may restrict our attention to U; jeq1 2.3y 55 Wij (i, (8) x{t} x [=7, 7])\
B;(T'(t)) and B;(I'(t)) for all t € [0,T]. By the choice (5.165) of the localization scale 7, one
may even argue separately on W, ;(I; ;(t)x{t}x[—7,7]) \ B#(T'(t)) for each pair of distinct
phases 7,7 € {1,2,3} and all ¢ € [0,T].

Substep 2.1: Proof of (5.208) on W, ;(I; ;(t)x{t}x[—7,7]) \ B#(L'(t)). It follows from the
representation (5.192) and the definition (5.206) that B = nfiijIi’J' and

Ot + (B - V) nou] < |0y, + (B9 - V)¢r | + moune| (B - V)¢, (5.211)
throughout W, ;(I; ;(t) x {t}x[—7,7]) \ Bz(L'(t)) for all t € [0, T).
Recall that the signed distance s; ; satisfies
8tsi7j + (Bii’j . V)Sz"j =0 in 1m(\IJw) (5212)

as a consequence of the choice of the local velocity BL»J’, cf. Construction 5.32, Construc-
tion 5.12 and (5.29). Hence, we infer from the definition (5.178) and an application of the
chain rule that

Ht(jm_ + (Blivj . V)CI_” =0 in 1m(\llw) (5.213)
For an estimate of the second right hand side term of (5.211), we simply make use of the
upper bound for the bulk cutoff (5.170) as well as the regularity estimates (5.210) and (5.180)
of Blii and ¢ T, respectively.
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Substep 2.2: Proof of (5.208) on Bx(L'(t)) N Wz, ,(t). In the interface wedge Wy, (¢) N

Bi(L(t)), it holds B = BT + ’l’][’ijBL"J thanks to the representation (5.193) and the defini-
tion (5.206). We may then estimate, making use again of (5.193),

|0¢buik + (B - V) nbuik| < \@Ci,,j + (B V)T,
+ 77bulk|(BIi'j V)G, T+ UF‘BF — Bl NCE,J'|

on Wy (t)NB; (C(t)) for all t € [0,T]. Thanks to (5.41), the identity (5.213) is still applicable
on an interface wedge. In particular, the first two right hand side terms of (5.214) can
be estimated along the same lines as in Substep 2.1. The third right hand side term is of
required order due to the compatibility estimate (5.160), the bound (5.45), and the regularity
estimate (5.180).

Substep 2.3: Proof of (5.208) on Bx(I'(t)) N Wg, (t). Throughout Wq (t) N Bx(T'(t)), we
may represent, as a consequence of the identity (5.194), the global velocity defined by (5.206)
in form of B = npB" + 5, Bl 4 nr, BI’C i. Plugging in (5.194) and adding zero twice then
entails

(5.214)

|0 Mbuik+(B - V)leulk|
< [0, +(B- Vg

M (SRS AN (5.215)
Oy, +(BI V)¢ |+ (A=2G)[0Cr,  +(B V)¢
)

+>\”n \Bfw—BFvaI |4 (1= nF\Bf'w BFvaI,“

+Ag

~i

2%

[Ql

7

+/\” \BI”—B['“\VCI 1+ (1= /\”)77[ — B

IV,
+ AL o M| (B9 - V)¢, |+ (1=Ag ) bu] BI’“’i'V)éfk,i\-

The last eight right hand side terms of (5.215) can be estimated by means of the same
ingredients as in the previous two substeps, relying in the process also on (5.42) and (5.43).
Hence, we focus only on the first right hand side term of (5.215). Since the difference ¢ I —( T
vanishes to first order at the triple line and has a bounded second-order spatial derivative
within interpolation wedges, we have the bound

Cr,, = Cral < C dist?(-,T) (5.216)

on Wg, (t) N B;(T'(t)) for all ¢ € [0,T]. Since the advective derivative of the interpolation
parameter is bounded within interpolation wedges in form of (5.129), we may add zero and
exploit the property (5.33) as well as the regularity estimates (5.207) and (5.128) to obtain

Iij I,
|0:Ag” +(B - V)Ag”| <

(5.217)

throughout W, (t) N By (L'(t)) for all ¢ € [0,T]. Post-processing (5.216) by means of (5.43)
thus entails (5. 208) on We () N Bx(T(t)) for all t € [0,T].

Step 3: Proof of (5. 209) Fix i, j,k € {1,2,3} such that {7,7,k} = {1,2,3}. Due to the
localization properties (5.173)—(5.175), the choice (5.165) of the localization scale 7, and the
regularity estimates (5.166) and (5.207), the estimate (5.209) is satisfied for trivial reasons
outside of By (L'(t)) N (W, (t) UWe, (t )Uij (t)) for all t € [0,T].

Substep 3.1: Proof of (5.209) on Bx(I'(t)) "Wy, (t). Based on the representation (5.193)
as well as the definition (5.183), it holds 77, . = (1—¢p)(1=nbuk) on Ba(T'(t)) N Wt (@)
for all t € [0,7]. By an application of the pfoduct rule and the already established esti-
mate (5.208) for the advective derivative of the bulk cutoff we thus infer

|0y, + (B V), | <186 + (B - V)¢p| + C(dist? (-, L) A1)
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on By(D(t)) N Wy, (t) for all ¢ € [0,T]. Expressing dist(z,T'(t)) = |z—Pr(z,t)| for all z €
Bi([(t)) and all t e [0,T], as well as recalling the relations (5.130) and (5.33), we may
compute

x—Pr(z,1t)
|z—Pr(z,1)]
—(B(Pp(,t),t) - V) dist(z, [(t)) (5.218)

O dist(x, T'(t)) = — - B(Pp(z,1),1)

for all z € B;(I'(t)) \ ['(t) and all t € [0,7]. It is now a consequence of the chain rule and
the regularity estimates (5.207) resp. (5.181) that

0:¢e + (B - V)(g| < O(dist?(-,T) A1) (5.219)

throughout B;(T'(t)) \ ['(¢) for all t € [0,T]. Post-processing the previous display by means
of (5.44) then yields (5.209) on B(I'(t)) N Wi, () for all t € [0,T7].

Substep 3.2: Proof of (5.209) on B;(L'(t)) ﬂ We, (t). Recall (5.184)—(5.185), i.e., nr . =

/\Ik Z( (5 )¢, on By (T(t)) N W, (t) for all t € [0,T). It then directly follows from the prod-
uct rule, the trivial estimate 1—(p < C'(distQ( ') A1), the estimate (5.217) on the advec-
tive derivative of the interpolation function )\Q’“ =1 )\ , the regularity estimates (5.180)
and (5.207), the estimate (5.219), and finally the bound (5 43) that (5.209) holds true on
Bi(I'(t)) N We, (t) for all ¢ € [0, T].

This concludes the proof of Lemma 5.33 since the argument on the other relevant inter-
polation wedge proceeds analogously. O

5.4.3 Approximate transport equations and motion by mean curvature

We establish the validity of the estimates (5.1d)—(5.1f) in terms of the global extensions
(fid)i’je{lg’g}}’i#j of the unit normal vector fields from Construction 5.30 and the global
extension B of the velocity field from Construction 5.32.

Lemma 5.34. Let the assumptions and notation from Construction 5.30 and Construc-
tion 5.32 be in place. There exists a constant C' > 0, which depends only on the data of the
smoothly evolving reqular double bubble (Q1,Qa,Q3) on [0,T), such that for alli,j € {1,2,3}
with i # j it holds throughout R3x [0, T

0615+ (B V)& j + (VB)'& 5] < C(dist(-, [; ;) A1), (5.220)
|B-&ij+ V- & < C(dist (-, I’, YA, (5.221)
&g+ (0 j + (B - V)& )| < O(dist?(+, I; j) A 1). (5.222)

Proof. The main point of the proof is the reduction to the corresponding assertions on the

level of the local constructions (51 1]] , B ) at two-phase interfaces (see Lemma 5.13) and the
local construction (£, BY) at a triple line (see Proposition 5.14). The reduction argument
is facilitated by an interplay of the estimates (5.167)—(5.172) resp. (5.208) and (5.209) with
sufficient compatibility of the local and global constructions. We list and prove the required
compatibility estimates in a first step before starting with the proof of the bounds (5.220)—

(5.222).
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Step 1: Compatibility estimates. We claim that for all 4, j € {1,2,3} with i # j it holds
on R3 x [0, 7]

]lsuppnf |§i7j 5@] suppnr‘fm gzg} < C dlSt( )/\ 1) (5‘223)
Lauppi, \B Blis + Lsuppny | B— BF} < O(dist(-, I; ;) A 1), (5.224)
Lauppry, |(VB—V B )Tgij]zf + Lyuppy |(VB—VBE)T¢] j| (5.225)
< C(dist(-, L; j) N 1),
I
]lsuppnfi’j | (517] i ] ) : fi,jj + ]lsuppnf | (fi,j_§i7]’) . fi,j| (5.226)
< O(dist?(-, I; ;) A 1),

]]-suppnfiyj ‘5@1’;] - ((B—sz’]) : v)é{fjj

+ ]lsuppnf |§1j : ((B BF )glj‘ (5'227>
< O(dist?(-, I; ;) A 1).

For a proof of these compatibility estimates, we only focus on the respective first left hand side
terms. The proof for the second left hand side terms follows along the same lines switching

the roles of I ; and I in the process.

Insertlng the deﬁmtlon (5.198) and exploiting the estimate (5.167) yields &; ; §ZI 7=

ne(&F _521]3) — Moulk§; ; i 4 O(dist?(-, T, i,j) A1) on suppnjy, . Hence, we obtain the asserted
bound (5.223) thanks to the estimates (5 158) and (5.170).

Next, the definition (5. 206) together with the estimates (5.160), (5.167), (5.170) and (5.210)
implies B—BTii = np(BY — Blid )= Bl +O(dist (-, I; ;)A1) = O(dist(+, I; j)A1) on Supp 1)y, |
as required.

Moreover, it holds on supp nf,, s a consequence of the definition (5.206), the product
rule, the already established compatibility estimate (5.224), as well as the estimates (5.167),
(5.168) and (5.210) that

(VB=VBhi) el =y (VBE =V Bla)Telss — g (VBT Telt

+ (B sf”>vp+<Bf~~5 )Vnr,, + O(dist(-, I ;) A 1)

= np(VBT=vBhi)T g{J

— (B~ fifjj)VT]bulk - nbulk(VBIl ])Tf 44+ O(dist(-, T ) A1).

The previous display in turn implies (5.225) in view of the bounds (5.161), (5.170), (5.171),
(5.210) and (5.207). ]

By the argument for (5.223) we also have (ﬁi,j—fz{zij) . SZIZJ = np(€F —5137) . flzjj —
77bu1k|§ 712 + O(dist?(+, I ;) A1) on supp1ny, - Hence, we deduce from (5.159) and (5.170)
that (5. 226) holds true. ’

Finally, based on the definition (5.206) and the estimates (5.167), (5.201) and (5.210), we
may bound on supp Ui

&5 - ((B-B™)- V)&

= (&5 —€5)  (BT=B") - V)& +nf§£j ((B'=B") - V)&l
- nbulk£i7j (BT Vg + O(dist? (-, T ;) A1),
so that (5.158), (5.160), (5.170), (5.201) and (5.210) entail the desired estimate (5.227).
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Step 2: Proof of (5.220). For the sake of brevity, from now on we refrain from explicitly
spelling out the application of the regularity estimates (5.199), (5.201), (5.207) or (5.210), and
thus solely concentrate on the error contributions in terms of the distance to the interface I_”

We start estimating based on the definition (5.198), the product rule, as well as the
bounds (5.167) and (5.169)

0&ij = nfatfzj + 1, atf '+ fzjatﬁr + fl ¥ omy, , + O(dist(-, [; ;) A1)

As a consequence of the compatibility estimate (5.223) and the bounds (5.169), we may add
zero twice and obtain

_ I
& 0mp + & Oy, , = &.j(Qmp+0my, ) + O(dist(-, L) A1)
= —& ;0mpuik + O(dist (-, I; ;) A 1).

The previous two displays combine to

Oiij = mrdhEL; + 117, 31:5” — & jOmpui + O(dist (-, I; ;) A 1). (5.228)
Replacing the differential operator 9, by (B - V) in the previous argument entails

— & (B - V)ﬁbulk + O(dlst( [i ;) A1)

Making use of the compatibility estimate (5.224) updates the previous display to

(B- V)&, =np(B" -V )6” 7, (Bl - V)g{y (5.229)

—&ij (B V)nbul + O(dlst( i) A1)

Inserting the definition (5.198), recalling the estimate (5.167), and adding zero based on the
compatibility estimate (5.225) moreover allows to estimate

(VB) & =np(VB)E; +np, (VB)T§ 7+ O(dist(, I )/\ 1)
= np(VBD)Tel, + n, (VBI”)Tg W O(dist(-, I j) A 1). (5.230)

The desired estimate (5.220) thus follows from (5.228)—(5.230), the estimate (5.208) of the
advective derivative of the bulk cutoff, as well as the local versions (5.26) and (5.35) of (5.220),
respectively.

Step 3: Proof of (5.221). We compute as a consequence of the definition (5.198), the
estimate (5.167), and the compatibility estimate (5.224)

By =npB -+ B + O(dist(- Io;) A1)
— BT €y, Bl gl 4 O(dist(- I) A ). (5.231)

We also directly estimate by means of the definition (5.198), the estimate (5.168), as well as
the compatibility estimate (5.223)

V-&ij=npV- éfrm AV €”+(€Zj-V)77f+(§ffj-V) +O(dlst( [;j) A1)
=nfv-§,-7j+nfiij§i,; — (&5 V)Nuie + O(dist (-, I; ;) A 1). (5.232)

Hence, the estimate (5.221) follows by combining (5.231)—(5.232), the estimate (5.171) for
the bulk cutoff, and the local versions of (5.221) given by (5.27) and (5.36), respectively.
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Step 4: Proof of (5.222). Plugging in the definition (5.198), recalling the estimate (5.167),
and denoting by k € {1,2,3} \ {7, 7} the remaining phase yields

Eij- ki =Nkl - iy + ", éL &sézg + O(dist?(+, ;) A 1)
= 2€l; - el 7 RN
ez, 8- 0 + gy, €1 -atsf,j
+ 771’“51',]' (fz O + fl /@m +§ 81677[ T fk Jamzk )
g & (O + € amy v €Ay |+ &5 Dy, )
+ O(dist?(-, I ;) A 1).

The compatibility estimates (5.223) and (5.226) in combination with the bounds (5.167),
and (5.170) provide an upgrade of the previous display in form of

&ij-0ij = n%fi 31551,] + 771 f atf (5.233)
+ gy, €6 0&-3” + nfnfi,jﬁifj] Ol
+p(€5; &) )
+nr, (f - &i,5)Oc(nptg, )
+ Uféi,j : (fj,ic Oy, + fkfilamfk,i)
+ 11, ff” : (gj’kamf-k + 55?5@77@,)
+ O(dlst2( [i ;) A1)

Substituting the differential operator (B-V) for 9; in the previous argument, making use of the
compatibility estimates (5.227), (5.223) and (5.224), and exploiting twice the estimate (5.209)
then shows that

ij - (O+B-V)&

=026l (0BT VIEL €]y -<at+Bfw-v>553f
+npng &85 (0B - V)E 4y €5 (94 BT - V)L
—p (€ 6O B - Vi — 7, (615 - €)(@+B - V) bun
+ O(dist?(+, Ii j) A 1).

Hence, employing the local versions (5.28) and (5.37) of (5.222) and making use of the
estimate (5.208) for the bulk cutoff shows that

§ij - (OB - V)&

— nrnr €8 (84 BT - W)ER s € (9,4 BT - el 5.234

=10, @,; ( t+ )fz‘,j +77F771i,j§i,j G )i (5.234)
+ O(dist*(+, Ii j) A 1).

Adding zero, making use of the local evolution equations (5.26) resp. (5.28), and exploiting
the compatibility estimates (5.223) and (5.225) further implies that

neng,, 5 - (04 ”‘1'(31” 'V)gz‘fj])
= oy, €5 (6] +(BR - V>§-’izj+(v3fi’j>?si3j) — ey, €L - (VBT Tels
= —npnr, (€5 €0 (VB)TEl + O(dist®(-, Tij) A 1).
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Switching the roles of I' and I_” in the argument leading to the previous display, relying in
the process on the local evolution equations (5.35) resp. (5.37), we then in summary obtain
together with (5.223)

e, Eny (at5”+< W V)ERT) 4 g &5 - (9l + (BT - V)ED))

=~y (E —€)(vB)T (5 T—€l) + O(dist?(, I; ;) A 1)
—O(dlstQ( I, ;) A 1). (5.235)

The combination of the estimates (5.234) and (5.235) thus entails the bound (5.222). O

5.4.4 Existence of a gradient-flow calibration: Proof of Theorem 5.3

This is only a matter of collecting already established facts. More precisely, the required
regularity for ((£;5)ijef1,2,3),i, B) s part of Lemma 5.31 and Lemma 5.33, respectively.
The calibration resp. extension property (5.1a) as well as the coercivity estimate (5.1c) for
the extensions of the unit normal vector fields follow from Lemma 5.31. The estimates (5.1d)—
(5.1f) are finally the content of Lemma 5.34. O

5.5 Existence of transported weights

Proof of Proposition 5.5. The proof proceeds in several steps.

Step 1: Construction of an auxiliary family of transported weights. We first fix a smooth
truncation of the identity. More precisely, let ¥: R — R be a smooth and non-decreasing map
such that 9(r) = r for [r| < 3, 9(r) = 1 for r > 1 and 9(r) = —1 for r < —1. Let # € (0,1]
be the localization scale of Proposmon 5.14, let 7 € (0, 1] be the localization scale defined
by (5.165), and let finally 6 € (0, 1] be the constant from Step 2 of the proof of Lemma 5.29
(cf. the defining property (5.187) for all 4, j € {1,2,3}, i # j). We then define building blocks

(S (s
R 19( 577) in im(¥; ;), (5.236)
. . 1:‘
Dot = ﬂ(dmg’)) in R x [0, 7). (5.237)

Note that by definition (5.165) of the localization scale 7, we have for all phases i € {1, 2, 3}
a covering of 9€); in form of

00 C BTt U J  imp(i)(1) \ Ba(D(1) = N (1), (5.238)

T
J€{1,2,3}, 570

for all ¢t € [0, 7], and where we abbreviated

iy (;)(t) = Wiy (g () x () x[-7,7), ¢ € [0,T]

Note that this also implies a disjoint covering of R3 by means of

R® = N22(6) U (Qalt) \ NF3 (1) U (RS (1) \ N2 (1)) (5.239)

T T

for all ¢ € [0, 7.
For each phase i € {1,2,3}, denote by j,k € {1,2,3} \ {i} the remaining two phases. We
then define, based on the building blocks (5.236) and (5.237), a weight 9;: R3x[0,T] — [-1, 1]

270



5.5. Existence of transported weights

by means of

Dy 1) 1= V;0(-,1) in imy(0; ;)(t) \ Bs(T(£)), £ # i, (5.240)

Di(-,t) := Vi 0(-, 1) in Wy, (6) N Bp(T(t)), £ # i, (5.241)

Di(-,1) = AL (0005 1) (5.242)
AR 0 1) in Wo, () N BA(T(2)),

Di(-, 1) := Dext (-, 1) in W (8) N B(T(1)), (5.243)

Di(-,1) = A_ij(-,t)m,j(-,t) (5.244)
G (et () in Wa, () N By(E(1),

Di-18) = AR ()01 1) (5.245)
+ Ag,;’“( ) Vext (- 1) in Wa, (t) N Bx(T'(t)),

Bi(-,t) == —1 in Qu(8) \ V2% (1), (5.246)

Di(-,t) =1 else (5.247)

for all ¢ € [0,T]. For the construction and properties of the interpolation functions, we refer
to Lemma 5.29. Note that 9; is well-defined in view of (5.238), (5.239) and (5.40). Moreover,
due to the defining property (5.187) of the constant § € (0, 1], we infer that Y, is continuous
throughout R?x [0, T7.

Step 2: Properties of the aumlmry family of transported weights. In this step, we verify
that the auxiliary family J = (¥ )ie{1,2,3} satisfies all the requirements of Definition 5.4
with the (obvious) exception that ¥; € LY(R3x[0,T]). The W1-regularity on R3x[0, ]
as well as the required conditions from item i) of Definition 5.4 are immediate from the
definitions (5.240)—(5.247). Hence, we focus in the following on the deduction of the advection
estimate (5.2).

Substep 2.1: Preliminary estimates. We first claim that for all 7,5 € {1,2,3} with i # j
and all ¢ € [0,77] it holds

|009;,j4+(B - V)0;4|(-, 1) < Cdist(-,0Q(t))  in imp(W;;)(t) \ Bx(T(1)), (5.248)

|0u0; -+ (B - V)0, 4(-,t) < Cdist( 00Q;(t)) (5.249)
in B(T(t)) N (Wy, ,(t) U W, (t) UWg, (1)),

|0 0ext+(B - V)ext|(-, 1) < Cdlst( L(t)) in Ba(D(t)) \ T(¢). (5.250)

We start with a proof of (5.248). It follows from the representation (5.192) and the
definition (5.206) that B = ny, Blii in imz(0; ;)(t) \ Bs(L'(t)) for all t € [0,7]. We may
then estimate by the chain rule the definition (5 236), the identity (5.212), the representa-
tion (5.192), as well as the estimate (5.170)

10:0;5+(B - V)5 5| < mpouncl (B9 - V)0 5] < C diist(-, Q)
throughout imz(¥; ;)(¢) \ By(T(t)) for all t € [0, 7).
We next prove (5.249). Throughout the interface wedge Wy, (t) N B:(T(t)), it holds

B = 77FB + 15, Blii thanks to the representation (5.193) and the definition (5.206). Em-
ploying (5.193) once more, we then estimate making also use of the chain rule, the defini-
tion (5.236) and the identity (5.212)

1040; 5+(B - V)0 4] < mounel (BT - V)0 4] + np| (B =B") - V)9
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on Wy, (t) N Bi(I'(t)) for all ¢ € [0,T]. Post-processing the previous display by means

of (5.170), (5.160) and (5.45) thus yields (5.249) on Wf, (t) N Bx(I'(?)), t € [0, T].
Throughout Wq, (t)NB:(I'(t)), we may write, as a consequence of the representation (5.194),

the global velocity defined by (5.206) in form of B = 5B + nf—iijfiJ + m—k’iBI_kvi. Hence,

based on the same ingredients as in the case of interface wedges we may estimate

10:0i,5+(B - V)Ui 41|
< Mou] (B™9 - V)03 5|+ np| (B =B9) - V)i 5| + g, , | (B =B3) - V)9, 4
on Wg, (t) N B:(I(t)) for all ¢ € [0,T]. The previous display in turn upgrades to the desired
estimate (5.249) thanks to (5.170), (5.160) and (5.43).
Finally, the estimate (5.250) is a direct consequence of the chain rule, the definition (5.237),
the identity (5.218) and the regularity estimate (5.207).
Substep 2.2: Proof of (5.2) in terms of (¥;);ief1,2,3)- We first observe that as a consequence
of the definitions (5.240)—(5.247), there exists C' > 1 such that

éw < dist(-,89) < CJJ;| in R3x[0, 7). (5.251)
Modulo this post-processing, the claim (5.2) in terms of U; is then directly implied for the
regions (5.240), (5.241) and (5.243) by the estimates (5.248)—(5.250) and (5.44). Furthermore,
the only additional ingredients needed in the interpolation regions (5.242), (5.244) and (5.245)
are given by the estimate (5.217) for the interpolation functions as well as the bound (5.43).
Since there is nothing to prove for the regions (5.246) and (5.247), this in turn concludes the
proof of (5.2) in terms of (&i)ie{l’zg}.

Step 3: Enforcing integrability of the weights. We slightly modify the construction from
the previous step to take care of the integrability issue. To this end, we first choose a smooth
and concave function : [0,00) — [0, 1] such that x(0) = 0 as well as x(r) = 1 for r > 1.
Which we think of as an upper concave approximation of the map r — 7 A 1 on the interval

[0,00). Choose a sufficiently large radius R > 0 such that

U U B:iIii(t) x {t} cC Bg(0). (5.252)

tel0,T] 4,j€{1,2,3},i#j
We then define a weight np € W1 (R?) N W11 (R?) by means of
nr(z) := klexp(R—|z])), =€ R, (5.253)
with its spatial gradient being bounded in form of
|Vnr| < Clngr| in R3. (5.254)
With all of these ingredients in place, we may finally define 9; := 77R1§i for all phases ¢ €
{1,2,3}. Note that ¥; € WHH(R3x[0, T]; [-1, 1]) as desired. Moreover, the weights ¥U; directly

inherit all the other required properties of Definition 5.4 from the auxiliary weights 1J; of the
previous step, as can be seen from the definitions. ]
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