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ABSTRACT. We prove that in the absence of topological changes, the notion
of BV solutions to planar multiphase mean curvature flow does not allow for
a mechanism for (unphysical) non-uniqueness. Our approach is based on the
local structure of the energy landscape near a classical evolution by mean
curvature. Mean curvature flow being the gradient flow of the surface energy
functional, we develop a gradient-flow analogue of the notion of calibrations.
Just like the existence of a calibration guarantees that one has reached a global
minimum in the energy landscape, the existence of a “gradient flow calibration”
ensures that the route of steepest descent in the energy landscape is unique
and stable.
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1. INTRODUCTION

In evolution problems for interfaces, the occurrence of topology changes and
the associated geometric singularities generally limits the applicability of classical
solution concepts to a finite time horizon, depending on the initial data. The evo-
lution beyond topology changes can only be described in the framework of suitably
weakened solution concepts. However, weak concepts may in general suffer from
an (unphysical) loss of uniqueness of solutions: For example, in the framework of
Brakke solutions [6] to mean curvature flow (MCF), the interface may suddenly
disappear at any time (see Figure 2 for an illustration). In particular, Brakke so-
lutions fail to be unique, even prior to the onset of geometric singularities in the
classical solution. With the exception of evolution equations subject to a compar-
ison principle such as two-phase mean curvature flow [16, 25], only few positive
results on uniqueness of weak solutions for interface evolution problems are known.

In the present work, we establish a weak-strong uniqueness principle for distri-
butional solutions (in the framework of finite perimeter sets, a solution concept also
known as “BV solutions”) to planar multiphase mean curvature flow: As long as
a strong solution to planar multiphase mean curvature flow — in the sense of an
evolution of smooth curves meeting at triple junctions at an angle of 120° — exists,
any distributional solution starting from the same initial conditions must coincide
with it. Note that for regular initial data, strong solutions are known to exist until
a topology change in the network of evolving curves occurs, see for instance [41].
In particular, our result establishes uniqueness of distributional solutions to planar
multiphase mean curvature flow in the absence of topology changes.

Our weak-strong uniqueness principles also apply to a notion of varifold solutions
introduced by Kim, Stuvard, and Tonegawa [34, 51]. We emphasize that beyond
certain topology changes even a mathematically ideal solution concept should not
be expected to prevent failure of uniqueness, as inherent instabilities may lead to
different evolutions of the system (see Figure 3). Thus, together with the works by
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FIGURE 1. A partition of a planar domain by a network of smooth
curves meeting at triple junctions at angles of 120°, corresponding
to the typical situation in multiphase mean curvature flow with
equal surface energies.

Tonegawa et al. [34, 51] on global existence of solutions, our present work shows
that this concept of varifold solutions gives rise to a mathematically sound theory
of solutions for multiphase mean curvature flow.

The key insight in our present work is the observation that in analogy to the
notion of calibrations for minimizers of the surface energy functional, one may
develop a notion of calibrations for its gradient flow. Just like classical calibrations
carry information on the global structure of the energy landscape — namely, a global
lower bound for the energy — , “gradient flow calibrations” contain information
on the local structure of the energy landscape near a partition evolving by mean
curvature: The existence of a gradient flow calibration implies that the path of
steepest descent in the energy landscape of the surface energy functional is unique
and stable with respect to perturbations of the initial condition.®

We implement this strategy in general ambient dimension d > 2 by proving that
the existence of a gradient flow calibration implies an inclusion principle for BV
solutions to multiphase mean curvature flow: The existence of a calibration for an
evolving partition ensures that the interface of any BV solution must be contained
in the corresponding interface of the calibrated partition. This reduces the proof of
the desired weak-strong uniqueness principle to the construction of a gradient flow
calibration, given a strong solution to multiphase mean curvature flow. We provide
this explicit construction in the planar case d = 2. However, we would like to
emphasize that conceptually the approach carries over to multiple dimensions. In
particular, with the techniques used in the present paper it is for example possible to
calibrate the smooth evolution of a double bubble; the adaptation of our arguments
is elaborated on in the follow-up work [30]. However, as soon as quadruple junctions
(typically occurring in three spatial dimensions) are present in the initial data, an
additional construction is needed; nevertheless, we expect the principles of our
present, construction to guide the construction also in this situation.

1.1. Multiphase mean curvature flow. Mathematically, mean curvature flow is
one of the most studied geometric evolution equations. Being the gradient flow of

WWhile in the present work “path of steepest descent” is to be understood as “BV solution to
multiphase mean curvature flow”, we will give a rigorous statement of this notion at the level of
the energy functional in a future work.
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FIGURE 2. Top: An initially circular interface evolving by mean
curvature flow. In finite time the interface shrinks to a point and
disappears, giving rise to a geometric singularity and a topology
change. Bottom: In Brakke solutions to mean curvature flow, the
interface may suddenly disappear at any time, leading to a drastic
failure of uniqueness of solutions.

the area functional with respect to the L?(S;) distance, it constitutes the perhaps
most natural area-reducing flow for submanifolds. Its multiphase variant may be
seen as the simplest case of mean curvature flow for a non-smooth surface, allowing
for “branching” of the surface (see e.g. Figure 1).

Multiphase mean curvature flow also is an important phenomenological model
for the motion of grain boundaries in polycrystals (“grains” being the domains in
a polycrystal with a single crystallographic orientation): Their evolution may be
approximated as the gradient flow of the surface energy between the different grains,
see for instance the seminal work of Mullins [44]. While in principle the motion
of grain boundaries is governed by anisotropic mean curvature flow or even more
complex evolution equations [27, 15], isotropic multiphase mean curvature flow may
be viewed as an important model case for these equations. For recent developments
in anisotropic and crystalline curvature flows, we refer to Caselles and Chambolle
[11] and Chambolle, Morini, and Ponsiglione [14].

The existence theory for solutions to multiphase mean curvature flow is quite
well-developed: Classical solutions to planar multiphase mean curvature flow are
known to exist (and to be unique) for short times, see Bronsard and Reitich [7].
For initial configurations close to an equilibrium state, classical solutions exist even
globally in time, see Kinderlehrer and Liu [35]. In the higher-dimensional case,
Depner, Garcke, and Kohsaka [21] have shown the local-in-time existence of clas-
sical solutions for the evolution of a double bubble. In principle, Brakke’s concept
of varifold solutions [6] is applicable to multiphase mean curvature flow. However,
it suffers from the well-known shortcoming of exhibiting a drastic and unphysi-
cal failure of uniqueness of solutions [6] as mentioned above; see Figure 2 for an
illustration.

The existence of classical solutions to planar multiphase mean curvature flow up
to finitely many singular times — a solution concept that we will refer to as “clas-
sical solutions with restarting” — has been established by Manteganzza, Novaga,
Pluda, and Schulze [11] under the assumption that certain types of singularities
do not accumulate, extending earlier results by Ilmanen, Neves, and Schulze [33]
and Mantegazza, Novaga, and Tortorelli [42]. However, it is not evident how to
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Solution concept Topology changes Uniqueness prior to  Fxistence
topology changes theory
classical solutions not possible ves [7] ves (local) [7]
Brakke solutions possible fails [6] yes [6]
classical solutions with possible yes [41] cond.?[41]

restarting (2D only)

Kim-Stuvard- possible yes (Theorem 19)® yes [34, 51]
Tonegawa solutions

BV solutions possible yes (Theorem 1) cond.*[36, 38]

TABLE 1. An overview of solutions concepts for multiphase mean
curvature flow.

generalize this notion of solutions to the higher-dimensional case, as it relies on the
classification of potential singularities.

In [36, 37], a conditional convergence result for an efficient numerical scheme for
multiphase mean curvature flow — the thresholding scheme of Merriman, Bence,
and Osher [43] — towards BV solutions of multiphase mean curvature flow has been
shown by Otto and the third author, thereby also establishing a conditional ex-
istence result for BV solutions. In [38], a conditional convergence result for the
Allen-Cahn approximation for multiphase mean curvature flow towards BV so-
lutions has been derived by the third and the fourth author. Both results em-
ploy an assumption of convergence of the interface area, analogous to the one
in Luckhaus-Sturzenhecker [40] for the implicit time discretization developed by
Luckhaus-Sturzenhecker and Almgren-Taylor-Wang [2].

Kim and Tonegawa [34], and Stuvard and Tonegawa [51] have recently introduced
a notion of varifold solutions that combines the concept of Brakke solutions with an
evolution equation for the different phases. They prove global existence of solutions
in arbitrary ambient dimension, only requiring the initial partition to have finite
perimeter. By imposing an evolution equation for the phases, their solution concept
prevents the sudden unphysical vanishing of the interface that is possible in the
framework of Brakke solutions. As their notion of solutions may be viewed as
the natural generalization of the concept of BV solutions to varifolds, one might
expect similar uniqueness properties as in the case of BV solutions. Indeed, we shall
also establish a weak-strong uniqueness principle for these varifold-BV solutions.
Finally, we mention that our weak-strong uniqueness principle can be extended to
another notion of varifold solutions satisfying a global energy-dissipation inequality
in the sense of De Giorgi, see [29)].

1.2. The uniqueness properties of multiphase mean curvature flow. The
uniqueness properties of weak solution concepts for multiphase mean curvature
flow have remained essentially unexplored. For two-phase mean curvature flow,
a combination of the level-set formulation by Osher and Sethian [46] and Ohta,

2Global existence under the assumption that a certain type of singularities does not accumulate.
3Provided that one starts with a multiplicity one interface.
4Global existence under an assumption as in Almgren-Taylor-Wang / Luckhaus-Sturzenhecker.
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FIGURE 3. An example of a nonunique evolution of multiphase
mean curvature flow, starting from an initial interface consisting
only of smooth curves meeting at an angle of 120°.

Jasnow, and Kawasaki [45], and the concept of viscosity solutions by Crandall
and Lions [19] facilitates an existence and uniqueness theory for a weak notion
of solutions, as shown by Chen, Giga, and Goto [16] and Evans and Spruck [25].
While these viscosity solutions to two-phase mean curvature flow are unique, a given
level set may “fatten” [5], thereby failing to describe an interface and indicating
the emergence of a non-unique evolution of the surface. Nevertheless, fattening is
known to not occur prior to the first topology change, provided that one starts
with a smooth initial surface. Unfortunately, the absence of a comparison principle
for multiphase mean curvature flow a priori prevents the applicability of these
techniques in the multiphase case.

The example in Figure 3 shows that after topology changes, the uniqueness of
BV solutions to planar multiphase mean curvature flow may fail. Note that in
contrast to the sudden vanishing of the interface in Brakke solutions, this is a case
of physical non-uniqueness: The failure of uniqueness is caused by a physically
unstable situation — the symmetric configuration of four perfect squares — , starting
from which infinitesimal perturbations may select either of the two evolutions. This
example also shows that a principle of maximal dissipation of energy may fail to
single out a unique evolution.

Our main result — a uniqueness theorem for BV solutions to planar multiphase
mean curvature flow prior to the first topology change, along with a corresponding
result for Kim-Stuvard-Tonegawa varifold-BV solutions — is therefore not only the
first positive result concerning uniqueness for a weak solution concept to multiphase
mean curvature flow, but also optimal for general initial data. Nevertheless, let us
mention that it has been suggested by Ilmanen (see e.g. [41]) that the uniqueness
properties may be better if one restricts one’s attention to generic initial data: For
initial data given by a small random perturbation of a fixed multiphase interface,
the evolution by mean curvature in the plane is expected to be unique and stable
with respect to perturbations for almost every perturbation. The argument in favor
of this proposed phenomenon is based on a numerical study classifying the “sta-
ble” and therefore “generically occurring” singularities in planar mean curvature
flow [28]. In two-phase mean curvature flow, evidence in favor of “generic” well-
posedness is abundant: For instance, an infinitesimal amount of stochastic noise
has been shown to yield selection principles for the evolution, see Dirr, Luckhaus,
and Novaga [23] and Souganidis and Yip [50]. Furthermore, in the framework of
viscosity solutions it is immediate that fattening of level sets must be absent in
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almost all levels. Finally, a classification of generic singularities has been achieved
by Colding and Minicozzi [17, 18].

1.3. Classical calibrations and gradient flow calibrations. The key idea for
our weak-strong uniqueness result is a gradient-flow analogue of the notion of cali-
brations. The classical concept of calibrations is an important tool to deduce lower
bounds on the interface energy functional for fixed boundary conditions. Recall
that a classical calibration for a candidate minimizer (1,...,xp) of the interface
energy functional (for given boundary conditions and with equal surface tensions) is
a collection of vector fields §;, 1 < i < N, subject to the following three properties:

o It holds that |§; — &;| <1 for all ¢ and j.
e The vector fields are solenoidal, i.e., V - §; = 0 for all 4.
e On the interface 0{x; = 1} N 9{x; = 1} between the phases ¢ and j, i # j,
the vector field &; ; := & — &; coincides with the outer unit normal vector
field of 0{x; = 1}.
The existence of a calibration allows to infer that the partition (X1,...,Xp) indeed
minimizes the interface energy functional among all possible Caccioppoli partitions,
see [4, Definition 4.16], of the underlying set D C R%, d > 2, with the same boundary
conditions: For any competitor partition (xi,...,Xxp), one may compute using the
first two defining conditions of a calibration (with the abbreviation for the interfaces

Lij=0"{x; =1} Nnd"{x; = 1})

P
1 Vxi
Em: Z / Lau'™t > 2 37 /(s &) o X q| vl
1] 1,i#j i,7=1,1#j] I X
A\ Vxi
- Z/sz Xd\sz—Z/fz LA

i,j=1,i#j
—Z/ Xingp - &AM
i=170D

The third defining condition for a calibration shows that in the previous computa-
tion, equality is in fact achieved for (xi,...,Xp). This proves E[x] > E[¥] for all
partitions x with the same boundary conditions x = x on dD.

We recall that a notion of calibrations is also available for free discontinuity
problems [1], having important implications for the numerical computation of min-
imizers [13]. For further applications of the concept of calibrations to anisotropic
or nonlocal perimeters or the Steiner problem, we refer to [3, 12] as well as [8, 47]
and [10].

In the present work, we introduce a gradient-flow analogue of the notion of
calibrations. As shown above, the existence of a (classical) calibration ensures
that a certain configuration is a global minimizer of the energy functional. In a
similar spirit, the existence of a gradient-flow calibration ensures that the path of
steepest descent in the energy landscape of the surface energy functional is unique,
and moreover that this path is stable with respect to perturbations in the initial
condition. In the case of equal surface tensions, a gradient flow calibration for a
given classical solution ¥ = (X1, ..., Xp) to multiphase mean curvature flow on R?
consists of the following objects:
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o A vector field &; ; for each pair of phases 1 < 4,5 < P, i # j. Denoting
by I; ; the interface between the phases i and j in the strong solution y
and by 1, ; its unit normal vector field pointing from phase i to phase j,
we require §; ; to be an extension of 1; ; subject to the coercivity condition

(1a) &5 <1— cmin{distz(-,li,j), 1}

for some ¢ € (0,1).

e The extended normal vector fields &; ; must have the structure & ; = & —§;
for some vector fields &;, 1 <4 < P. (This structure is reminiscent of the
corresponding condition for classical calibrations and in fact serves a similar
purpose, see the explanation preceding (3) below.)

e A single velocity field B, which approximately transports all extended nor-
mal vector fields ; ; in the sense

(1b) 0i&ij + (B - V)&i; + (VB)'& ;= O(dist(, I 5))-

Furthermore, the length of the extended normal vector fields is transported
to higher accuracy in the sense

(1c) Oel€iy” + (B - V)[€iyI° = O(dist? (-, Ii 7).

e Near the interfaces Ifm- of the strong solution, the normal velocity &; ; - B
is given by the mean curvature of I; ; in the sense

(1d) fi,j -B=-V- fi,j + O(diSt(-,I_iJ)).

Note that on the interface fm-, the expression —V - §; ; is exactly equal to
its mean curvature.

If a gradient flow calibration exists, we may introduce a measure for the difference
between any BV solution x = (x1,...,xp) to multiphase mean curvature flow and
the strong solution y by defining

P
) Bl =5 Y [ g mant

i.j=L,ij T

with I, ; == 0*{x; = 1} N 9*{x; = 1} denoting the interface between phases ¢
and j and with n; ; being its normal pointing from phase ¢ to phase j. Note that
the condition (la) then precisely ensures that E[x|€] is a suitable notion of error
between the BV solution x and the strong solution y: In addition to providing a
tilt-excess-like control of the error, it also provides an estimate on the distance of
the interfaces.

On the other hand, the calibration structure &; ; = &; — &; ensures that the error
functional (2) may be rewritten as an expression involving only two contributions:
First, the total interface energy of the BV solution E[x] and, second, a linear
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Calibrations Gradient flow calibrations

Existence implies global minimality Existence implies uniqueness of
of surface energy among all partitions BV solutions to gradient flow

Shortness condition Coercivity condition
1651 <1 &5 < 1— cmin{dist?(-, L), 1}
Stationary situation Advection equation
(0:&i,; =0, B=0) Oij + (B-V)&ij +(VB)TE

= O(dlSt(, Ii,j))
Vector fields solenoidal Motion by mean curvature
sz =0 gi,j -B= —V§17]+O(dlst(,11d))

TABLE 2. A comparison of the concept of calibrations for minimal
partitions with the new concept of gradient flow calibrations.

functional of the characteristic functions y; of the phases. Indeed, we may compute

(3) Elxle] = Z / Gy A

1,j=1,i#j
= — — Z / ni,jd/Hdil
i,j=L1,i#j
S RV
ij=1yij T

=E[x]+§4d5i-dei
P
—;/Rdxiv-fidx.

This enables us to estimate the time evolution of the error functional E[x|¢] us-
ing only two ingredients, namely, first, the sharp energy dissipation estimate (17d)
for the interface energy E[x]| for BV solutions, and, second, the evolution equa-
tion (17b) for the phase indicator functions x; from the BV formulation of mean
curvature flow. The equations (1b)—(1d) are crucial for deriving a Gronwall-type
estimate for E[x|¢] in subsequent rearrangements. We remark that this approach
may be regarded as an instance of the relative entropy method introduced indepen-
dently by Dafermos [20] and Di Perna [22].

Note that locally at a two-phase interface or a triple junction of the strong
solution, for any fixed time ¢ the blowups of our vector fields &;(-,t) turn out to
precisely be calibrations of the planar interface or the triple junction, respectively.
However, on a global (not blown-up) scale, the vector fields &; may be thought of as
deformed variants of classical calibrations which follow the (smooth but typically
curved) interface of the strong solution. We refer to Figure 8 and Figure 10c for the
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FIGURE 4. An illustration of the energy landscape interpreta-
tion of our construction: The gradient flow calibration provides
a smooth lower bound for the rough energy landscape of the inter-
face energy functional E[x], correctly capturing the energy and its
subgradient at the current configuration.

illustration of a vector field &; ; = & — &; at a two-phase interface and at a triple
junction, respectively.

Let us finally comment on the energy landscape interpretation of our approach,
as illustrated in Figure 4. Let ¥(¢) be a classical solution to the gradient flow of the
interface energy functional, i.e., a classical solution to multiphase mean curvature
flow. For each point in time, the “calibration for the gradient flow” gives a smooth
lower bound

P P
1 -1 3)
.Ft —5 Z A Igz"]nz’]d% —Z Rdxlvgldx
i =1t ¥ T i=1

(illustrated as the blue wireframe plot in Figure 4) for the rough landscape of
the interface energy functional E[x] (illustrated as the colored surface plot in Fig-
ure 4). This lower bound is sharp for the network described by ¥(¢) in the sense
Fi[x()] = E[x(t)], and it describes the local direction and speed of steepest descent
of the energy functional E[x] at x(¢) correctly in the sense DF;[x(t)] € DE[x(t)]
(where heuristically DE denotes the subdifferential of E). Moreover, for each x
the difference E[x] — Fi[x] = E[x|¢] provides an estimate for the error between
the smooth solution ¥(¢) and the configuration y, as measured in a tilt-excess-like
quantity.
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2. MAIN RESULTS

2.1. Weak-strong uniqueness principle. In the following, we present our weak-
strong uniqueness principle for BV solutions of multiphase mean curvature flow in
the plane. In addition, we provide a quantitative stability estimate, i.e., as long
as a strong solution exists, any solution to the BV formulation of multiphase mean
curvature flow with slightly perturbed initial data remains close to it. Our results
are valid under minimal assumptions on the surface tensions, see Definition 9; in
particular, the choice of equal surface tensions o;; = 1 for any pair ¢ # j is
admissible.

Theorem 1 (Weak-strong uniqueness and quantitative stability). Let d = 2 and
PeN,P>2. Leto;; >0,1<14,5 <P, be an admissible set of surface tensions
in the sense of Definition 9. Let x = (x1,...,Xxp) be a BV solution of multiphase
mean curvature flow in the sense of Definition 13 on some time interval [0, Ty ).
Let X = (X1,---,Xp) be a strong solution of multiphase mean curvature flow on RY
in the sense of Definition 16 on some time interval [0, Tyrong) With Tyrong < TBV-

Then, the BV solution x must coincide with the strong solution X for almost all
0 <t < Titrong, provided that it starts from the same initial data.

Furthermore, the evolution by mean curvature is stable with respect to pertur-
bations in the initial data in the following sense: Denote by &; ; the gradient flow
calibration for the classical solution X as constructed in Theorem 6 and define

P
E[x[¢](t) = Z Tij / 1—& () -y (-, t) AR
i,j=1,i#] i, 5 (t)

Then for every T € (0, Titrong) the stability estimates

E[x|€](t) < e E[x[¢](0),
Evotume[X|X](t) < e (Evorume [x|X](0) + E[x|£](0))

hold true for almost every t € [0,T], where the bulk error functional Eyolume|X|X]
is defined in (8) and where the constant C > 0 only depends on X and T through
certain higher derivatives of functions associated to x.

Proof. Given the assumptions of our theorem, Theorem 6 ensures the existence of a
gradient flow calibration, while Lemma 8 yields the existence of a family of transport
weights. Thus, the conditional weak-strong uniqueness principles of Theorem 3 and
Proposition 5 are applicable and provide our assertion. O

2.2. Calibrations and inclusion principle. The key ingredient for our unique-
ness result prior to topology changes is the following gradient flow analogue of
the notion of calibrations for minimal partitions. Our main result, Theorem 1, is
then an immediate consequence of two implications: First, the existence of a gradi-
ent flow calibration guarantees uniqueness of the BV solution (see Theorem 3 and
Proposition 5) in arbitrary ambient dimension d > 2; second, classical solutions to
planar multiphase mean curvature flow are calibrated in the sense that a gradient
flow calibration exists (see Theorem 6 and Lemma 8).

Definition 2 (Calibrations for the gradient flow and calibrated flows). Let d > 2,
P > 2 be integers and let o € RP*P be an admissible matriz of surface ten-
sions in the sense of Definition 9. Let T > 0, and for all i € {1,...,P} let
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Q; = Usego, 7 Qi (t)x{t} such that for all t € [0,T] the family (Q(t),...,Qp(t)) is
a partition of finite surface energy of R® in the sense of Definition 12. For each
i,j € {1,...,P} with i # j and all t € [0,T), let I, ;(t) :== 0*Q;(t) N *(t) be the
interface between the phases i and j at time t.
A pair (§ = (&)iequ,...,py, B) consisting of vector fields
& e CH([o,T); Cgpt

B e C°([0,T]; C2

cpt

(R%RY) N CO([0, TT; C!

LRERY), e {1,..., P},
(R RY))

is called a calibration for the gradient flow for the calibrated flow (Q,...,Qp)
on [0,T] if the following conditions are satisfied:

e For each pair of phases i,j € {1,..., P} and all t € [0,T], the vector field

(4a) €)= — (€ — &) (1)

Ti,j

coincides on I; ;(t) with the associated unit normal vector field n; ;(-,t)
(with the convention that 1i; ;(-,t) points from phase i into phase j), and it
satisfies an estimate of the form

(4b) [€i.j (2, )] < 1 — cmin{dist* (z, [1;(t)), 1}

for some c € (0,1) and all (z,t) € R? x [0,T).
o The evolution of the vector fields &; ; is approzimately transported by the
velocity field B in the sense

(40) ‘atfiyj + (B . V)fi,j + (VB)T517J|(.’E,1L) S C(dlSt(SL’,fld(t)) A\ ].)
and
(4d) |0u1&i5” + (B - V)|&i 417 |(, 1) < C(dist?(z, I j (1)) A 1)

for some C > 0 and all (x,t) € R? x [0,T).

e For each t € |0,T], the normal component of the velocity field B(-,t) near
the interface I, ;(t) is approzimately given by the mean curvature of I; ;(t)
in the sense that

(46) ’fi,j -B + AV fi,j|($,t) S C(dist(a:,fi,j(t)) A 1)
for some C >0 and all (x,t) € R x [0,T].

Note that, at least heuristically, such a calibrated flow is a solution to mean cur-
vature flow as on I; ; the normal velocity fi; j - B coincides with the mean curvature
due to (4e).

The next proposition states that for general d > 2 the existence of a gradient flow
calibration for a given time-evolving partition of R? into P domains (Q,...,Qp)
constrains the possible locations of the interfaces in weak (BV) solutions to mean
curvature flow to the corresponding interfaces of the partition (Qy,...,Qp). This
assertion may be seen as a multiphase analogue of the varifold comparison principle
by Ilmanen [32, Theorem 10.7], which for two-phase mean curvature flow provides
a corresponding inclusion given any Brakke solution and a level set solution. Note
that such an inclusion does not yet yield uniqueness of BV solutions, as it does not
exclude the sudden vanishing of all phases except one.
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Theorem 3 (Quantitative inclusion principle). Let d > 2 and P > 2 be integers
and let 0 € RP*F be an admissible matriz of surface tensions, see Definition 9. Let
T >0, and let (Q,...,Qp) be a calibrated flow on [0, T] in the sense of Definition 2.

Then the interfaces I; ;(t) == 0*{x:(t) = 1} N 0*{x;(t) = 1} of any BV solution
(X1,---,XP) to mean curvature flow on [0,T] in the sense of Definition 13 with
the same initial data as the calibrated flow must be contained in the corresponding
interfaces I; j(t) := 0*Qu(t) N 0*Q;(t) for a.e. 0 < t < T, i.e., it holds I; j(t) C
L j(t) for all i, j with i # j up to HI™1 null sets.

Furthermore, the existence of a gradient flow calibration also implies a stability
estimate: Introducing the interface error functional

(5) Elxle)t) == 00 / PRE T UREE

i,j= 11#]

there exist two constants ¢,C > 0 depending on the calibrated flow such that we
have the stability estimate

(6)
PRACITE S // Vig+V - €512

3,j=1,i#j
< e“"E[x[€](0)
for general BV solutions x = (x1,.-.xp) and almost every t € [0,T].

+|V7Jnl,J (B Ez,])gz,ﬂz Hd 1dt

As already discussed, the interface error control provided by the functional (5)
suffers from a lack of coercivity concerning the vanishing of interface length in a BV
solution. For this reason, we also have to consider a lower-order term Eyoume[X|X],
see (8) below, which controls bulk deviations from the grains of the strong solu-
tion . The main input for the bulk error functional is captured in the following
notion of transported weights.

Definition 4 (Transported weights). Let d > 2, P > 2 be integers and denote by
T € (0,00) a finite time horizon. For alli € {1,...,P} let Q; : = Usepo,ry i (®)x{t}
such that for all t € [0,T] the family (Q1(t),...,Q2p(t)) is a partztwn of finite
surface energy of R® in the sense of Definition 12 Denote by x = (X1,---,XP)
the associated family of indicator functions for Q = (Qy,...,Qp). Assume that
foralli e {1,..., P} the measure OyX; is absolutely contmuous with respect to the
measure |Vx;|, and that the boundary 0Q;(-,t) is Lipschitz at all times t € [0,T).
Let finally B € C°([0,T]; CL, (R R?)).

In this setting, a family of measurable maps

Vi RYx [0,T) — [-1,1], i€{L,...,P},

is called a family of transported weights with respect to (Q, B) on [0,T] if the
following conditions are satisfied:

e (Regularity) For all phases i € {1,..., P} it holds
9, € WHLRE x [0, T]) n WH°(R? x [0, T7).
e (Coercivity) For all phasesi € {1,..., P} and allt € [0,T], we have ¥;(,

t)
in the essential interior of Qi(t), 9i(-,t) > 0 in the essential exterior on
and V;(-,t) = 0 on 0Q;(t).

<0
(t

),
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o (Advection equation) The weights are transported by the vector field B in the
sense that

(7) 1000; + (B - V)di| < Cl0;]
holds true in R x [0,T] for all phasesi € {1,..., P}.

The merit of the previous definition is that it allows to sharpen the quantitative
inclusion principle of Theorem 3 to a conditional weak-strong uniqueness principle
(with an associated conditional stability estimate) for BV solutions of multiphase
mean curvature flow; see Proposition 5 below for the precise statement. The result
is conditional in the sense that in addition to the existence of a gradient flow
calibration (see Definition 2), the existence of a family of transported weights (see
Definition 4) is assumed. However, the crucial point is that it already holds in
arbitrary ambient dimension d > 2.

Proposition 5 (Conditional weak-strong uniqueness and quantitative stability).
Let d > 2, P > 2 be integers and o € RP*Y be an admissible matriz of surface
tensions in the sense of Definition 9. Let x = (x1,...,Xxp) be a BV solution
of multiphase mean curvature flow in the sense of Definition 13 on [0,T]. Let
moreover Q = (Qy,...,Qp) be as in Definition 4 on [0,T]. The associated family
of indicator functions is denoted by X = (X1,---,XP)-

Assume also that there exists a gradient flow calibration ((&i)iequ,...,py, B) with
respect to Q on [0,T] in the sense of Definition 2, and that there evists a family
of transported weights (9;);eq1,...,py with respect to (Q,B) on [0,T] in the sense of
Definition 4. Recall the definition (5) of the interface error functional, and define
a bulk error functional by means of

P
®)  Evonmelx|X](t) := Z/Rd X ) =X (5 DI D) de, - ¢ € [0,T].

Then it holds
x(-,0) = x(+,0) a.e. in R = x(-,t) = x(-,t) a.e. in R for a.e. t €[0,T).

Moreover, the interface error functional E[x|€] from (5) and the bulk error func-
tional Eyorume|X|X] from (8) satisfy the quantitative stability estimate

9) Eyotume[X|X] (1) < e (Evolume [x|x](0) + E[X|§](O))
for almost every t € [0,T] in addition to the stability estimate (6).

2.3. Gradient flow calibrations for regular networks. In view of Proposi-
tion 5 above, the question of weak-strong uniqueness for BV solutions of multiphase
mean curvature flow is reduced to the task of constructing a gradient flow calibra-
tion and a family of transported weights. As it turns out, in the planar case the
existence of a classical solution to mean curvature flow — in the sense of a smooth
evolution of curves meeting at triple junctions with the correct contact angle, see
Definition 16 — entails the existence of a calibration for the gradient flow:

Theorem 6. Letd =2 and P € N, P > 2. Let (Q1,...,Qp) be a strong solution to
multiphase mean curvature flow on [0, T) in the sense of Definition 16. Then there
exists an associated gradient flow calibration on [0,T] in the sense of Definition 2.

In fact, our construction of gradient flow calibrations provides several additional
properties.
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Remark 7. The gradient flow calibrations constructed in the proof of Theorem 6
satisfy the following additional properties, which may be useful in the context of
diffuse interface approximations:

i) In the case of equal surface energies 0; ; = og for all i # j and all k # 1,
we have the estimates & ; - &l(x,t) < Cdist(x, I; ;(t)) for all i # j, all
k¢ {i,j} and all (z,t) € R¥x[0,T], as well as |&| < % for all i.

ii) It holds that VB : & ; ® & j|(z,t) < Cdist(x, ; ;(t)) for all i # j and all
(x,t) € R¥x[0,T].

i11) Finally, we can achieve the estimate }VB : (fi,j®J§i7j+J§i7j®§i7j)|(ac,t) <
Cdist(x, I; j(t)) for alli # j and all (z,t) € RYx[0,T], where the matriz J
denotes the counter-clockwise rotation by 90°.

In the same setting as above, one can in addition establish the existence of a
family of transported weights.

Lemma 8. Letd =2 and P € N, P > 2. Let (Q,...,Qp) be a strong solution
to multiphase mean curvature flow on [0,T] in the sense of Definition 16. Let B
denote the velocity field from Theorem 6. Then there exists a family of transported
weights on [0, T) with respect to (Q, B) in the sense of Definition 4.

2.4. Basic definitions. In the following, we recall the precise definitions of the
solution concepts for multiphase mean curvature flow which our main results are
concerned with. We begin with the notion of admissible surface tensions.

Definition 9 (Admissible matrix of surface tensions). Let P > 2 be an integer and
o= (0;;)ij=1.. p €REXF The matriz o is called an admissible matrix of surface
tensions if the following conditions are satisfied:
i) (Symmetry) It holds that o; ; = 0, and 0;; =0 for every i,j € {1,..., P}.
it) (Positivity) We have Omin :=min{o; ;: ¢,j € {1,...,P},i# j} > 0.
iii) (Coercivity) The matriz of surface tensions o is non-degenerately £ -embeddable
into RE=1, i.e., there exists a non-degenerate (P — 1)-simplez (q1,...,qp) in
RP=Y such that o; ; = |q; — q;| for alli,j € {1,..., P}, see Figure 6b.

We briefly comment on the previous definition.

Remark 10. The above conditions on the matrix of surface tensions are natural,
which is clear for the first two items, while condition iii) already appeared in [39]
as being necessary for the existence of calibrations in the static case. It implies
another coercivity condition in the form of the strict triangle inequality

(10) i < O’i,kﬁ’a'k,j

for all choices of pairwise distinct i,j,k € {1,..., P}.

We call condition i) of Definition 9 and condition (10) coercivity properties
for the following reasons: First, the strict triangle inequality (10) will ensure that
our relative entropy functional provides control on wetting, i.e., the nucleation of a
thin layer of a third phase along the smooth part of an interface between two phases.
Second, the embeddability condition iii) will prevent the nucleation of a fourth phase
(or clusters of phases) at a triple junction.

It is well known, see [19, Section 3], that condition iii) of Definition 9 may be
equivalently phrased as follows: The symmetric (P x P)-matriz Q = (O'Z-Q’j)id':l’m,[-)
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a) b)

0. /4

FIGURE 5. Surface tension o = f(6) depending on misorientation
angle 0 according to the Read-Shockley formula for low-angle grain
boundaries with high-angle saturation, and cubic symmetry. a)
Graph of f for small, positive misorientation angle 6. b) Graph of
f for all misorientation angles 6.

18 strictly conditionally negative definite in the sense that
P

(11) 2-Qz<0 forall z€RP\ {0} with ZZi:O'
i=1

Incidentally, it seems that the crucial coercivity property i) of Definition 9 has
not yet been verified for commonly used classes of surface tensions. One can easily
generate instances of surface tensions which satisfy the triangle inequality (10) but
violate this property and indeed lead to nucleation at triple junctions [9]. In con-
trast, the following lemma shows that the coercivity condition i) of Definition 9
holds for a certain class of surface tensions arising in models for grain boundary
motion in polycrystalline materials. In this context, different phases correspond to
regions with different crystal lattice orientations. The surface tension of an interface
between two phases ¢ and j is then often approximated as a function of the misori-
entation angle 8; — 6; between the grains (i.e., the angular mismatch between the
crystal lattice orientations). The Read-Shockley low-angle grain boundary formulas
with high-angle saturation [48, 31] for the interface energies take the form

. T
(12) 04,5 ‘= f (I]?el% Qi - Qj - k2‘> 5
where the profile f is given by
91 _1log (£ 0<0<86,
(13) f(9) — J 0. ( 08 (0*))7 =7 =
1, 0, <0 <m/4

Here 0, € (0,7/4) (typically, 6. lies between 10° and 30°) and we assumed for
simplicity that the crystal lattice has cubic symmetry, as can be seen in Figure 5b.
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Lemma 11. Let 6y,...,0p € R be given angles such that 0; # 6; mod 7 for
i # j, and define the matriz of surface tensions o = (0, ;) by (12) with a function
f:10,%] = [0,1] such that the complex Fourier coefficients of the (evenly extended

function) f2: [—Z, 5] — R satisfy the negativity condition
(14) (f/?)k is a negative real number for all k € Z \ {0}.

Then o is admissible in the sense of Definition 9.

In particular, any matriz of surface tensions o given by the Read-Shockley for-
mulas (12)—(13) for any saturation angle 0, € (0,7/4) is admissible in the sense of
Definition 9.

The simple proof of this lemma is inspired by the one of [24, Theorem 5.5] where
the triangle inequality (10) and the ¢2-embaddability of the matrix (m) are
derived. Here, we prove the ¢?-embeddability of (o ;), which in particular implies
their first conclusion, but appears to be unrelated to the latter.

Definition 12 (Partitions with finite interface energy, cf. [4]). Letd > 2, let P > 2
be an integer and let o € RPXF be an admissible matriz of surface tensions in the
sense of Definition 9. Let (Q1,...,Qp) be a partition of R? in the sense that for
i,j=1,...,P with i # j we have Q; C R? and the sets Q; N Q; and R?\ U£1Qi
have L%-measure zero. Let x; := xq, denote the characteristic function of the
Lmeasurable set Q; fori=1,...,P.

We call x = (x1,--.,xp), or equivalently (Q1,...,Qp), a partition of R? with
finite interface energy if the energy

P
1
(15) Elx] = Z Oij /Rd §(d|VXi\ +d|Vx;| — dIV(xi+x;))
i,j=1,i#j ’

is finite.

Note that for a partition of R? with finite interface energy, each Q; is a set of finite
perimeter. By introducing the interfaces I; ; := 0*§); N 0"Q); as the intersection of
the respective reduced boundaries, the energy of a partition x can be rewritten in
the equivalent form

P
(16) E[X] = Z Ui,j/ 1d7‘[d_1.
i.4=1,i#j fig
We next recall the notion of BV solutions to multiphase mean curvature flow as in
36, 37].

Definition 13 (BV solutions for multiphase mean curvature flow). Let d > 2 and
P > 2 be integers. Let o € REXF be an admissible matriz of surface tensions in
the sense of Definition 9, and let Tgy > 0 be a finite time horizon. Let xo =
(X0.15- -+, Xo.p) be an initial partition of R? with finite interface energy in the sense
of Definition 12.

A measurable map

X = (x1:---,xp): RY x [0, Tgy) — {0,1}7

(respectively the corresponding tuple of sets Qi := (o 1,y (1) x{t}, Qu(t) =
{xi(t)=1} fori e {l,..., P} andt € [0,Tpy)) is called a BV solution for multiphase
mean curvature flow with initial data xq if the following conditions are satisfied:
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a) b)

Nk,

n; dr Ok, q;
FIGURE 6. a) Normals n; ;, n;x and ng ; satisfying the balance-of-
forces condition o jn; ; + 0 xnjk + okink; = 0. b) Sketch of the
points ¢;, ¢j and g of the [>-embedding of o.

i) (Partition with finite interface energy) For almost every t € [0, Tav), x(-,t) is
a partition of R® with finite interface energy in the sense of Definition 12 and
P
(17a) esssup F[x(-,t)] = esssup Z amv/ LdHY! < oo,
t€[0,Tav) tel0,Tov) ; ;211 ()
where for all t € [0,T] we denote by I; ;(t) = 0*Q;(t) N 0*Q;(t) for i # j the
interface between the phases Q;(t) and ;(t).

it) (Evolution equation) For all i € {1,..., P}, there exist normal velocities V; €
L3R x [0,Tsv), |Vxi| ® L) in the sense that each x; satisfies the evolution
equation

[t )de = [ xoiel0)da

(17b) / / Z<,0d|VXZ|dt—i-/ / X:iOpp da dt
0

for almost every T € [0,1py) and all cp € ngt(Rd [0,Tsv)). Moreover,
the (reflection) symmetry condition V holds H4™1 @ L1 -almost

everywhere on U, c(o 1y i, () X {t}, @ 7?]
i11) (BV formulation of mean curvature) The normal velocities are given by the
weak formulation of mean curvature in the sense that

i / / ‘BdH4 ! dt
ij= 11#] I ;(t) |VX1|

VXi VXi d—1
17c 0ij / / ( ® ) : VBAH " dt
( ) Z J I t) ‘VXZ‘ |VXZ‘

i,j=1,i#j

holds for almost every T € [0, Tgy) and all B € C,(R? x [0, Tgv); RY).

cpt
i) (Energy dissipation inequality) The sharp energy dissipation inequality

(17d) Z o—w// VA2 dH9 dt < Blyo]

i,j=1,i#j Lig(®)

J\VXI

holds true for almost every T € [0, Tgv).
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The same definition can be used to define a BV solution for multiphase mean
curvature flow on the closed time interval [0, Tgy| for maps x = (x1,--.,xp): R?x
[O,TB\/] — {0, 1}P.

Next, we give the definition of strong solutions to multiphase mean curvature
flow. To this end, we first define a notion of regular partitions and regular networks
of interfaces (cf. [41, Definitions 2.1, 2.7 and 4.7]).

Definition 14 (Regular partitions and networks of interfaces). Let d = 2, let
P > 2 be an integer, and let (Qy,...,Qp) be a partition with finite interface energy
of open subsets of R? such that 0*Q; = 0Q;. Moreover, let X; = Xq, denote the
characteristic function of the L4-measurable set Q;, and let I j == 00;n0Q; denote
the respective interfaces for i # j.

We call X = (X1,---,Xp), or equivalently (Q1,...,Qp), a regular partition of R?
and T := U#j I; ; a regular network of interfaces in R? if the following properties
are satisfied:

i) (Regularity) Each interface I; j is a one-dimensional manifold with boundary
of class C®. The interior of each interface is embedded. Moreover, each inter-
face Iim‘ is compact and consists of finitely many connected components.

it) (Multi-points are triple junctions) Only different interfaces may intersect, and
if this is the case then only at their boundary. Moreover, at each intersection
point exactly three interfaces meet. In other words, all multi-points of the
network of interfaces are triple junctions.

iii) (Balance-of-forces condition) Let p € R? be a triple junction present in the
network. Assume for notational concreteness that at the triple junction p, the
three phases ;, Qj and Qi meet. Then, the balance-of-forces condition.

(18a) 04,043 (P) + 061k (P) + Ok ilik,i(p) = 0
has to be satisfied, see Figure 6a. Here, ; j(x) denotes the unit normal vector
of the interface I; ; at x € I; ; pointing from phase €; towards phase ;.

w) (Second- and third-order compatibility) We additionally have the second-order
compatiblity condition

(18b) oi;jHi;j(p)+0jrHjk(p) + oriHei(p) =0

for the scalar mean curvatures H; j == —V*" -1, ;, which is equivalent to the
ezistence of a “velocity” vector B(p) € R? with Hy m(p) = uy,m(p) - B(p) for all
distinct l,m € {i,j,k}. For the choice of tangent vectors 7; ; :== J~'0; ; with
J = ([1) ’01 ), we furthermore have the third-order condition
Tij(p) - (HijB + VHi;) (p) = Tjx(p) - (HjxB + VHj) (p)

= Tk,i(p) - (HeiB + VHyi) (p).

Here, we slightly abuse notation by denoting the tangential derivative of H;
in direction T; ; by T; ;- VH; ;.

(18c¢)

Let 0 € RPXP be an admissible matriz of surface tensions in the sense of Defini-
tion 9. We call X = (X1,---,XP), or equivalently (1,...,Qp), a regular partition
of R? with finite interface energy if ¥ satisfies

P
(18d) E[x] := Z ai7j[ 1dS < o
117]

i,j=1,i%j
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FIGURE 7. Sketch of a regular partition of the plane and the cor-
responding regular network.

in addition to the previous requirements.

Interpreting the triple junction as a free boundary of the interfaces, the iden-
tities (18b) and (18c) can be viewed as parabolic compatibility conditions: They
arise from differentiating in time the zero-th order condition (that is, p being the
common endpoint of I; j, I, and I} ;) and the first-order condition (18a) (that is,
the contact angle condition), respectively. Keeping in mind parabolic scaling, the
condition (18b) is indeed second order, while (18c) is third order.

We say that a regular partition along with its associated regular network of inter-
faces evolves smoothly if no topological changes occur in the sense of the following
definition:

Definition 15 (Smoothly evolving partitions and smoothly evolving networks of
interfaces). Letd = 2, let P > 2 be an integer and let Xo = (X3, ..., X5) be a reqular
partition of R% with a reqular network of interfaces Iy = U#j fi?j in the sense of
Definition 14. Let T > 0, and consider ; := Ute[o,T] Q;(t)x{t}, i € {1,..., P},
so that for all t € [0,T] the family (Q1(t),...,Qp(t)) is a regular partition of R?
in the sense of Definition 14. For each i € {1,..., P} let x;: R?x[0,T] — R? be
the characteristic function of Q;, and for each pair i # j with i,j € {1,..., P} and
all t € [0, T] define the interfaces I; ;(t) := 0 (t) N 0Q; ().

We say that X = (X1,-..,Xp), or equivalently (Qy,...,Qp), is a smoothly evolv-
ing regular partition of R?x[0, T and Z := Ui jeti,...pyizj I; j is a smoothly evolv-
ing regular network of interfaces in R?x [0, T, where I, j := Usego L j(t)x{t} for
alli,j € {1,..., P} with i # j, if there exists a time-dependent family of diffeomor-
phisms

Y R? R tel0,T),
with the following properties:

’L) 1/}0 = Id, Xz(t) = )Z? © (q/}t)_l and ji,j(t) = Z/Jt(f:z?j) for all i,j € {]wap}
with i # j and all t € [0,T1,
it) for alli,j € {1,..., P} with i # j, the map

'l/)i,j: jz?jX[O,T] - ]Ti,j, (xat) - (’l/)t((ﬂ),t)
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is a diffeomorphism of class (CPC3 N CLC3)(I02;%[0,T7).

We have everything in place to proceed with the definition of strong solutions
for multiphase mean curvature flow.

Definition 16 (Strong solution for multiphase mean curvature flow). Let d = 2,
P > 2 be an integer, 0 € RP*PT be an admissible matriz of surface tensions in
the sense of Definition 9, and let Tyrong > 0 be a finite time horizon. Let Xo =
(xY,...,X%) be an initial regular partition of R? with finite interface energy in the
sense of Definition 14.

A measurable map

X = (le e 7>ZP): Rd X [OaTStrong) — {Oa 1}P7

(respectively, the corresponding tuple of sets Q; := Usel0, 72mons) Qi) x<{t}, Q(t) :==
{xi(t)=1} for i € {1,...,P} and t € [0,Titrong)) is called a strong solution for
multiphase mean curvature flow with initial data xo if for all T € [0, Tytrong) it is a
strong solution for multiphase mean curvature flow on [0, T] in the following sense:

1) (Smoothly evolving regular partition with finite interface energy) The map X is
a smoothly evolving regular partition of R2x[0,T) and T := Ui,je{l,‘..,P},i;‘éj I_i’j
is a smoothly evolving reqular network of interfaces in R?x[0,T] in the sense
of Definition 15. In particular, for everyt € [0,T], X(-,t) is a reqular partition
of R? and U#j I j(t) is a regular network of interfaces in R? in the sense of
Definition 14 such that

P

(19a) sup E[x(-,t)] = sup Z ai’j/ 1dS < 0.
te[0,T) te[0,T) iG=1,i4] I; ;(t)

i) (Evolution by mean curvature) Fori,j =1,...,P with i # j and (z,t) € I, ;
let V; j(z,t) denote the normal speed of the interface at the point x € I; j(t),
i.e., ‘Z’,j(xvt) = (ﬁi,j(xat)vo) : atd]i,j(yvt) at y = (wt)il(x) € ji,j(o)7 where
Vi and Y' are the maps from Definition 15. Denoting by H; ;(x,t) the mean
curvature vector of I; j(t) at x € I; ;(t), we then assume that the interfaces I, ;
evolve by mean curvature in the sense

(19b) ‘/;7j(l‘,t)ﬁi7j(l‘,t) = Hi,j(l‘,t), f07" allt € [0, T], S L‘J(L‘).

i) (Initial conditions) We have Xi(x,0) = Xo.i(z) for all points x € R? and each
phase i € {1,...,P}.

2.5. Relative entropy inequality. The key ingredient for the proof of Theorem 3
is the derivation of a Gronwall-type inequality for the tilt-excess-like error functional
(5): We aim to derive an estimate of the form

(20) EE(T) < ENE0) + C() / Elx[€)(t) dt

for almost all admissible times T' > 0 from which one may infer the desired stability
estimate (6) by an application of Gronwall’s lemma. The weak-strong uniqueness
principle then follows by means of the coercivity properties of the relative entropy
error functional (5) and a subsequent estimate for E\olume|X|X], see Proposition 5.
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The following result contains the first key step in the derivation of the Gronwall-
type inequality (20); it is valid for general vector fields &; and B with sufficient
smoothness (not just for gradient flow calibrations).

Proposition 17 (Relative entropy inequality). Let d > 2, P > 2 be integers,
and let o € RP*P be an admissible matriz of surface tensions in the sense of
Definition 9. Let x = (x1,-..,xp) be a BV solution of multiphase mean curvature
flow in the sense of Definition 13 on some time interval [0, T'] with T" > 0. For
i,j=1,..., P with i # j we denote by
_ VX5 _ VX

Ili,j = 0= — ik

|VXJ| |VXZ|
the (measure-theoretic) unit normal vector of the interface I; ; pointing from the
i-th to the j-th phase of the BV solution. Moreover, let

(22) Vij=Vi= =V}, H 1 ace. on I ;.

(21) Hi¥ 1 ae. on I; ;,

Let (& 5)izjeqt,...py and (§)i=1,...p be families of compactly supported vector
fields such that

&g, & e CY([0,T;CO

cpt
as well as 0; ;&5 =& — & for alli# j. Let

B e (o, T);C}

cpt

R4 R N ([0, T); C*

cpt (Rd; Rd))
(R R7))

be an arbitrary compactly supported vector field. Consistently with (5), define the
interface error control

0y BN = Y o / PRELTEUREUE

i,j=1,i#j

Then the interface error control is subject to the estimate

E[xlﬂ(T)

03,
+ Z J/ / |‘/zg+v §ZJ|2+|V,jnz,j (B 51,])61,]|2 Hd 1dt

i,j=1,i#j

(24) < E[x[€](0) + Ras + Rdissip

for almost every T € [0,T’]. Here, we made use of the abbreviations

Rqi = — am/ / = (04]& ;P +(B - V)|& 41?) dH dt
i,j=1,i#£j 1J(t
P
T d—1

- Z Ui,j/ / (8¢&ij+(B - V)& ;+(VB) & j) - (ni ;=& ;) dH ! dt,

i,j:l i#j 0 JIi;(t)
RdiSSiP = Z 0-27]/ / 2 v fz,])""B gljlz Hd 1dt
= 115@ g (®)

Z UIJ/ / §|B £2J| (1_|£Zj| )de_ldt
I; ()

i,j=1,i#j
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Z Uw/ / —1; &)V &) (B & ) dH dt

4,j=1,i#] L J(t)

+ Z 0”// Id—gi,je@gi,j)B)-(m,j+v-gi,j)ni7j—d%d—1dt
Iy 5(t)

i,j=1,i#j

- Z J”/ / —n,;-&5)(V-B)dH dt

i,j= 1275] Li; ()

Z Uw/ / " (ni,j—&i5) ® (n,;—& 5) : VBAH dt.

i,j=1,i#]

2.6. Weak-strong uniqueness and stability of varifold-BV solutions. A very
recent solution concept by Stuvard and Tonegawa [51] combines the concept of
Brakke’s notion of varifold solutions with ideas from the notion of BV solutions.
We shall refer to this new solution concept by the name “varifold-BV solutions”;
as we shall see in Theorem 19 below, our arguments from the case of BV solutions
can readily be extended to also prove weak-strong uniqueness and stability for
varifold-BV solutions.

Definition 18. Let V = (Vi)ic[0,00) be a measurable family of integral and rectifiable
(d—1)-varifolds; denote by (11¢)ic(0,00) the associated family of weight measures. Let
(X1,---,xp) : RYx [0,00) = {0,1}F denote a family of indicator functions of sets
with bounded perimeter subject to the properties in item i) of Definition 13.

We then call the tuple (V,x) a varifold-BV solution to multiphase mean curvature
flow if the following conditions are satisfied:

i) For a.e.t € [0,00), there exists a generalized mean curvature vector h(-,t) €
L3R, uy) of Vy in the sense that

(25&) — / h-B d,ut = / IdG(d,dfl) : VB th
R4 R X G(d,d—1)
Jor all B € C3 (R RY). Here, as usual G(d, d—1) denotes the space of all

(d—1)-dimensional linear subspaces of R%.
ii) The family of varifolds V is a Brakke solution to multiphase mean curvature
flow. In particular, the global energy dissipation estimate

(25b) (RY) / / B2 dgy < pao(RY)

holds true for a.e. T € (0,00)
iii) For a.e. t € (0,00), the vamfold Vy describes the interfaces 0*{x;(-,t) = 1}
in the sense that

(25¢) fZ\sz )] < e

iv) The indicator functions x; evolve according to the mean curvature of V in
the sense that

(25(1) 875Xi +h- VXi =0
holds distributionally for alli € {1,..., P}.
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Consider a calibrated flow with time horizon T' € (0, co) with associated gradient-
flow calibration ({ = (&;)i=1,...p, B). Let (V, x) be a varifold-BV solution to multi-
phase mean curvature flow in the sense of Stuvard and Tonegawa [51]. The natural
varifold solution analogue of our relative entropy functional (2) is then given by

@) EVE0 =) - Y [ gt

i.g=1, 5 7 Tid (@)
Note that the varifold relative entropy controls the relative entropy for BV solutions:
Denoting the Radon-Nikodym derivatives W by pi(-,t), we may write

EV.x[€)(t) = 2 / 1—72;)1, ) dus + E[xIE)0).

Note that the first term on the right-hand 81de is nonnegative by (25¢) and provides
control of the multiplicity of the varifold whenever it exceeds the multiplicity of the
BV interfaces 1 Z _11Vxa (0l

By arguments mostly analogous to the case of BV solutions, we derive the fol-
lowing weak-strong uniqueness and stability result for varifold-BV solutions.

Theorem 19. Let \ be a strong solution to planar multiphase mean curvature flow
and let (&, B) be an associated gradient flow calibration.

Let (V,x) be a varifold-BV solution to multiphase mean curvature flow in the
sense of Definition 18. The varifold relative entropy (26) then satisfies the stability
estimate

(27) EV, XIE|(T) < " E[V, x|€)(0).
Furthermore, the stability estimate (9) for the bulk error holds (with the BV relative
entropy replaced by the varifold relative entropy).

In particular, if the initial data of the varifold-BV solution coincides with the
strong solution in the sense that x(-,0) = x(-,0) and in the sense that uy =
%Zil IVx(:,0)|, we have x = x and pu = %Zfil IVX(-,t)| for all t prior to
the first topology change.

Just like in the case of BV solutions, the stability estimate (27) is valid in general
ambient dimension, assuming that a gradient flow calibration exists.

2.7. Structure of the paper. The remaining part of the paper is organized as
follows. Section 3 illustrates our strategy at the two most important examples, a
smooth interface and a triple junction.

In Section 4, we prove the stability of evolving partitions for which a gradient
flow calibration exists. To this aim, we exploit the properties of our gradient flow
calibrations and the weak solution: In Subsection 4.1 we derive the relative entropy
inequality in its full generality of Proposition 17; and in Subsection 4.2, we prove
the quantitative inclusion principle, Theorem 3. The latter is upgraded to the
conditional weak-strong uniqueness principle of Proposition 5 in Subsection 4.3.

The subsequent three sections of the manuscript are devoted to the construction
of our gradient flow calibrations given a strong solution. First, we provide explicit
constructions at a smooth interface (Section 5) and at a triple junction (Section 6).
These cases do not only serve as model examples but they also form the building
blocks for our general construction in Section 7. Therein, we glue together these
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local constructions to obtain a gradient flow calibration for regular networks, which
establishes Theorem 6.

Section 8 provides the construction of a family of transported weights given a
strong solution. Finally, we prove in the last section Lemma 11, which states that
the Read-Shockley type surface tensions given by (12) and (13) are admissible.

3. OUTLINE OF THE STRATEGY

3.1. Idea of proof for a smooth interface. Let us give a brief idea of the proof,
ignoring technical difficulties in the simplest case of two phases sharing one single
interface with ¢ = 1. In that case, it is sufficient to describe the weak solution
and the calibrated flow by a single phase Q(¢) C R?, resp. Q(t) C R¢ for ¢ € [0, T],
the first being a set of finite perimeter and the second being a simply connected,
smooth set. The relative entropy is then simply given by

B0 = [ (onegant,
9+ Q(t)

which has the interpretation of an oriented excess of the weak solution with respect
to the strong one. Here y = x(z,t) denotes the characteristic function of Q = Q(t)
and n = 7% denotes the (measure theoretic) exterior unit normal of 9*Q(t).
Furthermore, the vector field £(+, ¢) is an extension of the exterior unit normal @(-, t)
of the calibrated, smooth interface I(¢) := 99 (note that it is necessary to extend
the vector field due to the fact that we evaluate it on the weak solution).

In order to relate the extension & to the evolution, we require it to be transported
along an extension B of the velocity field of I in the sense that

(28) 9i& = —(B- V)&~ (VB)T¢ + O(dist(-, 1)),

which will help make the second term of R4 small (see Proposition 17 for the
definition). The extension for B will be done such that it is constant in the “normal”
&-direction, meaning we have (£ - V)B = 0, and such that the motion law @i - B =

V = H = -V .1 is still approximately true away from the interface in the sense
that
(29) §-B=-V-{+0(dist(-, 1)),

helping with the first term of Rgissip-

As we also want the functional E[x|¢] to ensure that x cannot be too far away
from ¥, we allow for £ to be short, i.e., we have |£| < 1, and we ask this effect to
be transported by B up to quadratic error

(30) Qe + (B - V)[€]? = O(dist* (-, 1)),

keeping the first term of Rg4; small.

In the present case of a single interface, the construction of these vector fields
is straightforward using the signed distance function s = s(x,t) to the smooth
interface I: We set

£:=((s)Vs and B :=—(As),

where ( is a suitable cut-off function such that ¢(5) = 1 — 52 close to § = 0. Note
that since |Vs| = 1, this implies

(31) s2=1-((s)<1—-((s)n-Vs=1-n-¢
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FI1Gure 8. Illustration of the vector field £ at a smooth inter-
face I(t). The vector field ¢ extends the unit normal vector field
of I(t) by projection onto I(t) and multiplication with a cutoff
function.

in the region where s is small, so that the relative entropy controls the (truncated)
L? distance of the weak solution and the calibrated flow.

In the following heuristic derivation of the relative entropy inequality (from
Proposition 17) in the case of a single interface, we will use the abbreviation
Joeq = fa*Q(t) -dH91 for the integral along a time slice 9*(t), t € [0,T], of
the weak solution. Recall that V' denotes the normal velocity of the weak solution
characterized by the distributional equation dyx = V' |Vx/, see (17b), so that the
sign convention is V' > 0 for expanding ).

The optimal energy dissipation rate (17d) and the definition (17b) of V' imply

d _dig 4 . _ 2 £ .
G = gorel- g [ gw<— [ vio [ v [ acn

Testing the distributional mean curvature flow equation (17c¢) with the extended
velocity field B gives

O:/ V(n-B)+/ (Id—n®n) : VB.
90 9*Q

Adding these terms to the right-hand side of the previous inequality yields

d
&E[)df]§7/*Q(V2+V(V'£)fV(n~B))+/8*Q(V-B)f/*ﬂn®n:VB

- 8t£ - 1.
9*Q

We now write B = (£ - B) £+ (Id —€ ® £) B, which we interpret as a decomposition
of B into “normal” and “tangential” parts. Then we complete the squares, and add
and subtract (B - V)& + (VB)T¢ to make the transport equation for ¢ appear. We
obtain

SENE < -5 | ((V+V-eP+ V- (€ B)EP)

dt 2 Joeq

1
+3 [ (V- +iePen?)+ [ va-ga—ceon

o+ Q
+/ (V~B)—/ n®n: VB
0+ Q 5*Q
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—|—/*Qn-(B~V)§+ Qf-(n-V)B

6*
(32) - [ @g+B-V)E+ BT

where the second line collects precisely the terms left after completing the squares.
By symmetry considerations, we have

O:/QV~[V~(B®575®B)] dm:/ V- (Boé—¢®B)n

“Q
[ UV-9nB= (V- B)n-g—n-(B- V).

where for the second line we used (£ - V)B = 0. Now we use || < 1 to drop the
prefactor |£]? of (¢ - B)? in the second right-hand side integral in inequality (32),
complete the square, add the above identity, and collect all terms involving VB to
deduce

GEe <=5 [ (V49024 va-(e Ber)
t3 ) Veerene [ (Vom-o-B

Jr/*QVIl'(Id*f@f)BJr/*Q(l*H'f)(V~B)

*/ m-&@m-¢§):VB+ ¢®¢: VB
*Q Q

8*
f/ (0 + (B-V)E+(VB)TE) .
0*Q)

Once more, we decompose B into “tangential” and “normal” components with re-
spect to £ and manipulate the last integral to finally arrive at the entropy dissipation
inequality

d

GENa <=5 [ (Vv +lva-ic-BeP)

+3 ) erens [ (V-9we-nE B

+/*Q(V~§+V)n'(1df§®§)B

+f 0-ng@-B-[ w-99m-0:V8
—/8*9(8t§+(B~V)5+(VB)T£)‘(n—ﬁ)

- [ @ ve-e

Now let us briefly argue term-by-term that the right-hand side can be controlled
by the relative entropy E[x|¢]. Combining the resulting estimate

< Blxle] < CEI]
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FIGURE 9. Sketch of a triple junction.

with a Gronwall argument and a subsequent bound (9) for the bulk error, this
would yield Theorem 1 for P = 2.

Indeed, thanks to (29), the first integrand in the second line is quadratic in
dist(-, I); thus, this integral is controlled by the relative entropy due to (31). The
second integral of the second line is controlled by the relative entropy since V& and
B are bounded. To handle the third line, we use Cauchy-Schwarz and Young, and
absorb [(V-£+V)? in the first integral. The remaining integral of |(Id —£®@&)n|? =
In— (£ n)é2 < In—¢2+ (1 —n-&)? is controlled by the relative entropy. Clearly,
both terms in the fourth line are controlled by the relative entropy. Finally, the
integrals in the fifth and sixth lines are of the order [,., (Jn —¢&|* + dist?(-, 1) A 1)
due to (28) and the factor n — £, and (30), respectively.

3.2. Idea of proof for a triple junction. The second model case is given by
a triple junction, say, with equal surface tensions. To illustrate the additional
difficulties, we also present the idea of our proof in this case. However, we restrict
ourselves to the case d = 2.

We denote the phases of the weak solution by 1, Q, and Q3 with characteristic
functions x1, x2, and x3. To simplify notation, we identify indices if they are
equivalent mod 3, i. e., we define x4 := x1, X5 := X2, X0 := X3, and so on. Following
the notation of Proposition 17, we denote the normal vector of the interface I; ;11 =
0*Q; N 0*Q;41 between phases ¢ and ¢ + 1 for ¢ = 1,2, 3 in the weak solution by

L deH-l _ dez 1 * *

541 1= AV xin] = AV ] H -a.e.on 0"Q; N 0" Q4.
The normal velocity of I; ;11, denoted by V;, is characterized by the distributional
identity Oy x; = V;i|Vxi|. Furthermore, we will consider its restriction V; ;41 :=
Vilr, .., to the interface I; ;41 together with the symmetry condition Vi1, :=
—Viiy1. As before, the corresponding quantities in the calibrated solution will
be indicated by an additional bar on top of the quantity, i.e., for example y; for the
indicator function of the corresponding phases, 0; ;4 for the corresponding normal,
and so on.

The first key step is to construct extensions &; ;11, 2 = 1,2, 3, of the unit normal
vector field 0; ;41 of the calibrated interfaces I_murl. As in the case of a single
interface, the extensions &; ;41 and the velocity field B are constructed to have the
following properties:
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e The time evolution of the vector fields &; ;41 is approximately described by
transport along the flow of the velocity field B. More precisely, for the vector
field B we have for i = 1,2, 3 that

(33a) O&iiv1 = —(B-V)&iiv1 — (VB) & i1 + O(dist(+, I i41))-

e On each interface I; ;11, i = 1,2, 3, of the calibrated solution, the normal part
of the velocity field B must satisfy I it1 - B==H; ;41 := —Vtan. n; 441, where

H; ;41 is the scalar mean curvature of I; ;11. We strengthen this identity to
approximately hold even away from the interface, in form of

(33b) gi,iJrl -B=-V- gi’i+1 + O(dlSt(, ji,i+1)) for i = ]., 2, 3.

o The vector fields &; ;11 have at most unit length [£; ;41| < 1.
e The length of the vector fields &; ;11 is advected with the flow of B to higher
order

(33¢)
8t|§i,i+1\2 = —(B . V)lgi,i+1|2 + O(dist2(~,fi,i+1)) for i = 1, 2, 3.

The new aspect of a triple junction as opposed to a single interface is that one
also has to extend the normal of an interface to locations where a different interface
may be closer. To this end, we turn to Herring’s angle condition (18a), which in
our case of equal surface tensions says that the three interfaces must meet at the
triple junction to form equal angles of 120° each, and require it to hold throughout
the domain in the sense that

3
(34) D &gl t)=0  forallz,t.
i=1

Furthermore, note carefully that we only define a single extension B of the
velocity field, and that B is not necessarily a normal vector field on each interface
I_murl: Indeed, we expect the triple junction p(¢) to move according to %p =
B(p(t),t), so that not allowing for tangential components would pin the triple
junction in space. It turns out that in addition to Herring’s angle condition, which
we take to be of first order, we require higher-order compatibility conditions of
the interfaces at the triple junction. For instance, in part iv) of Definition 14
we have already seen that the second-order condition Hi 2(p(t),t) + Ha 3(p(t),t) +
H;1(p(t),t) = 0 is equivalent to the existence of the vector B(p(t),t).

To construct the extensions ; ;41 of the normal vector fields 1n; 41, 2 = 1, 2, 3, we
first partition space into six wedge-shaped sets around the triple junction: Three
contain one strong interface each, while the remaining three wedges lie entirely
within a single phase, see Figure 10a. On the mixed phase wedges, we first extend
the corresponding normal by an expansion ansatz, see Figure 10b, and then define
the remaining vector fields to satisfy the identity (34) by 120° rotations of the
ansatz, see Figure 10c. On the single phase wedges, we will interpolate between the
competing definitions of the two adjacent mixed phase wedges.

All rigorous discussions of compatibility will be deferred to Section 6, and we
will only describe the initial extension procedure here. Let us fix i = 1,2,3. In
fact, it is more instructive to first extend the velocity field B in the wedge-shaped
neighborhood of the interface -fi,i+1- To this end, we recall 7; ;11 = Jflﬁl-,H_l on
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FIGURE 10. a) The gray, horizontally hatched domain is Hj s, the
region hatched in red from the bottom left to the top right is
H; ;, and Hy; is shown hatched in blue from the top left to the
bottom right. The simply hatched regions indicate the wedges
Wi i, Wik and Wy ; containing the interfaces I, j, I and Iy ;.
The interpolation wedges W;, W; and W), are shown as doubly
hatched regions. b) Sketch of the initial extensions of i, ; in blue
on the right and n; ; in red on the left, defined on Wy, ; and W, ;,
as well as the two respective neighboring interpolation wedges. ¢)
The image shows the vector field fi;; (in blue on the right) and
the rotated vector field Rii; ; (in red on the left), where R is the
clockwise rotation by 120°.

I i1 with J = (9 ') from Definition 14 and use the extension ansatz

B = H; 105401 + 0 ip1Tiir1 + Bijit156,i4170,i+1,
where 1, ;41 and 7; ;41 are extended to be constant in the 1i; ;41-direction, s; ;11 is
the signed distance function to I; ;41 with the sign convention Vs; ;41 = 0; ;41, and
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i i+1 and B; ;41 are still to be determined. As Lp(t) = B(p(t),t), it is reasonable
that o ;11(p(t), t) == Tiip1(p(t), ) - Sp(t) should be the tangential velocity of p at
the triple junction. It turns out to be convenient to extend o; ;41 along the interface
I; ;+1 by means of the ordinary differential equation (Tisi+1 - V) ip1 = Hi2,i+1'
In view of the third-order compatibility condition 18¢, the choice B y1(x,t) =
(Tii+1 - V)H; 11 + i1 Hi 40 for o € I;i+1(t) is a good candidate to make B
independent of i. To define o;;4+1 and 5; ;41 away from the interface, we once
again require them to be constant in i; ;41-direction.

To achieve the desired identitities (33), it turns out that one should construct
the extension &€ =&, ;11(x,t) of fi; ;41 by an expansion ansatz of the form

(35) =1+ asT— La’s’n

where the functions o = «;;41(x,t) are as above and we dropped the indices
i, + 1 for ease of notation. Note that in particular & ;41 = 0; ;41 on the interface
I_i,i+1 and that we allow for linear corrections of the tangential component as we
move away from the interface, but only for quadratic corrections of the normal
component of £. In particular, this expansion ansatz will allow for zeroth and
first order compatibility of the constructions of &; ;41 in the various wedges around
the triple junction, facilitating a glueing procedure near the triple junction that
preserves the identities (33).

We then measure the error between the weak solution y and the calibrated
solution Y by means of the relative entropy functional

Ex](t Z/ (1 =m0 - &) dH
t 1+1(t)

Let us use the abbreviation ), = Z?:1 for the summation over the three relevant
indices.

As in the two-phase case, we only use two ingredients to evaluate the time
evolution of the relative entropy: the energy dissipation inequality for the weak
solution in the sharp form

dtz/ 1dH! < Z/HH Vi, dHY,

1 ,i41
and the weak formulation of the evolution equation of the indicator functions y;

d

= xupdxz/ Vip dH1+/ XiOpp da
dt Rd 9*Q; Rd

for compactly supported, smooth . In order to make use of the latter equation,
we have to rewrite the contributions fI,_ ooy Wiit1 &iiv1(z,t) as a volume integral.

It turns out that the annihilation condition ), &; i+1(x,t) = 0 enables us to rewrite
fz‘,i+1 as

(36) Giiv1 =& —&Gin
by defining the vector field & as & = §(&i+1 — &—1,/). Combining (36) with the
dVxi dVxit1

symmetry n; ;41 = " and the decomposition 0*Q); = I;_1 ;UL 41,

TAqAVxi] T dlVxis



32 JULIAN FISCHER, SEBASTIAN HENSEL, TIM LAUX, AND THERESA M. SIMON

we rewrite the second term in the relative entropy as

*Z/ g1 - ivr AH! Z </ §i-dVx; +/ §it1 'dei+1)
Tt Lijiga Iiig1
= Z/ i+ dVx;
= —Z/ Xi(V - &) da
i JRY

This indeed enables us to evaluate the time evolution of the relative entropy as

X|£ Z/ zz+1 dH
11+1
*Z/ Vi(V - &) d’H,lJrZ/ at&»dvxidHl.

Arguing analogously to the previous computation in reverse order—that is, splitting
the integrals into contributions 0*Q;N9*Q; 11 = I; ;4+1, using (36) and the definitions
of ni7i+1 and V; ;11—we obtain

X|£ Z/ zz+1 dHl Z/ zz+1 v & z+1)dHl
7, i+1

L i+1

1

- E / O0¢&iit1 - Niip1 dH .
i I; i1

Now we proceed as in the two-phase case in the previous section: The BV
formulation of mean curvature flow in this three-phase setting reads

Z/ ‘/i’iJrlni’iJrl . Bd?—[l = — Z/ (Id i 41 X ni’iJ’»l) : VB dHl
7 L i it

Following precisely the same algebraic manipulations as in the two-phase case we
obtain

[xI¢]
1 1
< - 5 E | ((Vz i+1 +v£z z+1) + |‘/z i4+114 541 (fz i+1 )E'L z+1| ) dH
p il

+ Z/ (V- &iir1) i1 - Eiier — 1) (&40 - B) dH!
+ Z/ (Vi1 + Viipn) niigr - (Id =& i1 ® & ir) BAH!
"’Z/ 1_nm+1 fu+1)(v B) dn'

I;, ,i41

- Z/ (i1 — &iit1) @ (Mip1 — Eiigr) : VBAH!
i i1
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- Z/ 3t§z iv1+ (B V)& i1+ (VD) fz‘,i+1) (41 — &iit1) d'
- Z/ (0ciivr + (B V) & i) - & ivr dH.
i il

With this inequality at our disposal we can conclude as in the two-phase case.

4. STABILITY OF CALIBRATED FLOWS

This section is devoted to the proof of the stability properties of calibrated
flows. In the next three subsections, we derive the relative entropy inequality
Proposition 17 and the quantitative inclusion principle Theorem 3.

4.1. Relative entropy inequality: Proof of Proposition 17. We start with
the proof of the relative entropy inequality for a BV solution x = (x1,...,xp) of
multiphase mean curvature flow in the sense of Definition 13. Recall the definition
of the relative entropy functional E[x|{] in (23).

Proof of Proposition 17. In order to make use of the evolution equations (17b) for
the indicator functions x; of the BV solution, we start by rewriting the interface
error control of our relative entropy. Using the relation o; ;& ; = & — & from
Definition 2 of a gradient flow calibration, the symmetry relation n; ; = —n; ;, the
definition (21) of the measure theoretic normal, as well as the representation of the
energy (16), we obtain by an application of the generalized divergence theorem

ElxE(T Z UU/ =& (1) ni (- T) dn!
i,J=1,i#j i(T)
P

= E[x Z / (4 T)=& (- T)) -y (-, T) dHO

i,7=1 7.7£j I, J(T)

Vxi(,T —1
ey Y T |v)>;E~,T§de

i=1 j=1j7i " T

(37) - —22/ Xl T)(V - &(,T)) da.

This enables us to compute by the sharp energy dissipation inequality (17d), the
evolution equations (17b) for the indicator functions y; of the BV solution, and the
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definition (22) of the velocities V; ; for almost every T € [0,T"]

Elx[)(T)
.
0)}—2Z/Rd><0,i(v-gi(-, )) da — Z J”// Vi [2dHI de

1,j=1,i7] Lis®
P T
> [, f ) ;ow()"

The first two terms combine to Eipterace[X|X](0) using (37) in reverse order. We aim
to rewrite the latter two terms back to surface integrals over the interfaces as well.
To this end, we argue analogously to the computation in (37) but now in reverse
order. Using first the generalized divergence theorem, then splitting the integrals
over the reduced boundaries of the phases into contributions over the interfaces
I; ; = 0°Q; N 0*Q; by means of 0; ;& ; = & — & from Definition 2 of a gradient
flow calibration, we obtain

P

—22/ / i (V - &) d:z:dt—2Z/ / VX’ - 0,6 d| Vx| dt

=1

:Z‘Z‘/ / VXi g6 A dt

() |VX1|
P P T
Vx; d—1
+ / / I 0,8 dH dt
Z g 70 I is(0) ) 1V ~

T
Yoy ny - 0(& — &) AR dt

T
= — Z O'Z"j /0 / ni,j . thi,j de_l de.

I (t)

The term incorporating the normal velocities is treated similarly. In addition to
the above ingredients, i.e., 0;;&.; = & — &; from Definition 2 of a gradient flow
calibration and splitting the integrals over the reduced boundaries of the phases into
contributions over the interfaces I; ; = 0*Q; N 0*Q;, we also use that V; ; = —V;;
on I; ; together with definition (22) to compute

—2gATAdw<V~fi>d|in|dt B3> // Vis(V &) dni = ds

i=1 j= 1];&1 I 5(t)
P
+)° Z / / Vi (V&) dH de
j=14i=1,i#j Zj(t)
P

=— a”/ / Vii(V-& ) dHI de.
I; ;(t)

i,j=1,i#j
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Combining the last two identities, we obtain for almost every T € [0,7”]

E[x[€)(T)
< E[x[¢](0 Z crm/ / Vi dHtde

i,j=1,i#j Lis (@)

Z 04,5 / / n; ;- &ggiﬂ‘ de_l dt

i,7=1,i#7 Li ;(t)

Z am/ / Vi (V& ) dHI  dt.

i,j=1,i#j I;,;(t)

For the next step, we use the vector field B as a test function in the BV formula-
tion of mean curvature flow (17c). Adding the resulting equation to the previous

inequality, observing in the process that V; VX‘| = —V; jn;; on I; ; due to (21) and
(22), as well as decomposing B = (Id—¢&; ; ® & ;)B + (B - & ;)&i,;, we obtain
E[x[€](T)
P T
69 <ENIO- Y o / V2 dpe=" dt
i,5=1,i#j 0 JI ;(t)
P
+ Z O—'LJ/ / B §1J)€2] ‘/7.jn1] Hd 1dt
1,j=1,i#j
P
- Z Glj/ / z]V fz]) Hdildt
1,j=1,i#j
P
+ Z OM/ / (Id—&; ; @& 4)B - Vi n; jdHI  dt
ij=1,i#j
P T
+ > o—w/ / (V-B)dHtat
i,j= ,17&] 0 Ii 5 (1)
Z o-”/ / n;; ®n;; : VBAHdt
INES 1%751
Z Oi,j / / G5+ 8t£¢,j d/Hdil dt,
1,j=1,i#j

which holds for almost every T € [0,7”]. In order to obtain the dissipation term on
the left hand side of the relative entropy inequality (24), we complete the squares
yielding for almost every T € [0,T"]

Y . / / Vi [2 e dt

i,J=1,i#j Lo (8)

+ Z 0—74]/ / ( B 51])61] ‘/ljnzjde 1dt
.. IlJt
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(39)
P T
- > a”-/ / Vi (V&) dHI dt
i,7=1,1#j 0 I;,5 ()
= T 1 2, 1 2 d—1
== > 0 (§|Vi,j+v'fi,j| + 5 Vignig—(B - &i5)€i4 )dH dt
i,5=1,i#j 0 JI ()
d r 1 2 1 2 d—1
+ Y o (§|V'€m‘| +§|(B'£i,j)§i,j|>d7'[ dt.
i,j=1,i#j 0 JI;(t)

Furthermore, on the one hand, adding and subtracting (B-V)&; ;+(VB)T¢; ; yields

Z aw/ / ) dH dt

i,7=1 z;ﬁj I; 7(t)
Z Uw/ / ni; @iy VBAHIdt
i,j=1,i#] Ii (1)
- Z 0,5 / / n; ;- 8t£7;,j de_l dt
i,j= 1%#3 Us
w - Y / / ) dre g
i,j=1 z;éj I (1)
Z 7 / / (03,5 = &y) - iy - V)BAH ™ dt
i,j=1,i#j L ()
+ Z Oi,j / / B v fz j) RN de_l dt
1,j=1,i#j Li ;(¢)

Z Oi,j / / atfz,g : V)fi’j-i-(VB)Tfi’j) sy de_l dt

i,j=1,i#j Li (1)

for almost every T € [0,7’]. On the other hand, we may exploit symmetry to
obtain (relying again on the by now routine fact that one can switch back and forth
between certain volume integrals and surface integrals over the individual interfaces
by means of 0; ;&;; = & — &; from Definition 2 of a gradient flow calibration, the

symmetry relation n; j = —n;; and the definition (21))
Z Uw/ / V- (B®&,))dH* " dt
i,j=1 Z#J
Z / / n,;- (V- (B® (51—53))) dH T dt
i,j=1,i#j 0 Ti 5(

_ le . ) d—1
_ QZ/ /Rdlvxz [(B@&))dHe ! dt



WEAK-STRONG UNIQUENESS FOR MULTIPHASE MEAN CURVATURE FLOW 37

—22/ /RdXZ (B®E;)) dzdt
—22/ /Rdxz (& ® B)) da dt
Z ou/ /I V- (&,;®B))dH dt,

i,j=1,i#j 3 (1)

Because of this identity, we can now compute

0= Z Tij / /I (B ®¢&; J gi,j & B)) de_l dt

i,j= 1175] i,5(t)
(41) = Z am/ / (V-&;)B-n;; dHI 1 dt
i,j= lzséj I ()
+ Z am/ / (&, - V)BdAH T dt
i,j= 11;&] 17(t)
Z i / / (B- V)& ; MO dt
S 11;&] ZJ(*)
Z / / gl,j 1y 4 dH 1 de.
i,j=1,i#j lj(t)

Making use of the identities (39) and (40) in the inequality (38) as well as adding
(41) to the right hand side of (38), we arrive at the following bound for the time
evolution of the interface error control of our relative entropy functional

P T
1 1
+ Ui,'/ / *‘/vi,'+v'fi,'2+*v;_‘nz‘,'—B'fi,'&,'2 dH4 1 at
X ) ) G P g (B 66 )

T
Oij / / (Id—&; ® & ;)B - Vi m; ; dH dt
0 Lo

P T
py Ji’j/o /I (V- B)(1 =& ;- my ) dH dt
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P T
- Z Ui,j/ / (njj— &) ®n;;: VBAHI ™ dt
i,j:l i 0 JI; ;(t)
+ Z ou/ / n; ®&;: VBAHT dt
i,j=1,i#j 1i,5(t)

Z 04,5 / / atguj . V)fi,jHVB)TgiJ) -y d'Hdil o,

i,5=1,i#j Ii 5 (t)

which is valid for almost every T' € [0,7’]. Completing squares and adding zero
yields for the second, third and fourth term on the right hand side of (42)

Z 04,5 / / ‘V . fi,j|2 + %‘(B . §i,j)€i,j|2) de_l dt

1,j= 1175] Ii 5 (1)
+ Z U”/ / (V-&,)B-n;;dH " dt
i,j= 1Z¢J
+ Z 0.1’]/ / Id flj®£lj)B ‘/'Ljnljd%d 1dt
i,j= M#J
(43) Z 0’1,]/ / V fz,])‘i‘B §”|2 er 1dt
4,J= 11#] ’LJ(t
Z o / / S €20~ e ) amt = dr
i,j= lz;éj Ii ;(¢)

+ Z Tij / /1 (Id=&; @ & j)B - (Vij + V- & j)may dHO 7 dt

b,j=1,i7] 0,5 (t)
- E [ ] a6V )86 a
i,5=1,i#j I; ;(t)

Adding zero in the last term on the right hand side of (42) in order to generate the
transport equation for the length of the vector fields &; ;, we observe that the last
three terms on the right hand side of (42) combine to

Z / / nld gl ]) ® n; J VB de 1 dt

i,j= 1#3

+ Z 04,5 / / 1; 5 &® gi,j : VB de_l dt

i,j= 1%753 Li,;(t)

Z UZ \J / / 81551 j B V){Z Vi (VB)T&”]) . I’Iiyj de_l dt
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Z ois / / (60 +(B - V)& +(VB)TE) - (g — &) dHO dt

i,j= 11#] i 5(t)

Y . / / (D1l P+(B - V)[es,[?) dHi dt.
Lyt 2

i,j=1,i#7j

Employing the notation of Proposition 17 as well as using (43) and (44) in (42), we
deduce that the right hand side of (42) indeed reduces to

E[xlﬁ](T)
1
+ Z %3// |Vz',j+v'§i,j|2+§|W,jni,j—(3'§i,j)§¢,j

1,j=1,i#j
< E[X‘g]( ) + Rdt + Rdissip7

which is valid for almost every T € [0, T]. This concludes the proof of (24). O

2) dH 1 dt

4.2. Quantitative inclusion principle: Proof of Theorem 3. We now prove
the inclusion principle stating that interfaces of any BV solution must be contained
in the corresponding interfaces of a calibrated flow, provided both start with the
same initial data.

Proof of Theorem 3. Step 1: The stability estimate (6). The starting point is the
estimate on the evolution of the interface error functional (5) from Proposition 17.
In the following, we estimate the terms appearing on the right hand side one-by-one.
Let T € [0,7"].

Due to (4c), (4d), as well as (4b) and the trivial relation
(45) I —&il* <201 -1y - &)

(which follows by \fi ;1 <1), we immediately deduce using Young’s inequality

(46)  |Rat| < c/ / ()|n” &2+ dist* (-, I j () ATdHI T dt
I; 5 (t

i,j=1,i#j

<c / Elx[€]() dt

Making use of the simple estimate 1—[&; ;|* < 2(1 — |&;]) < 2(1 —n;; - & ;) and
again the bound (45), we obtain by similar arguments

Ronl € 3 am/ / ()§|v €) 4 B2 dH dt
I; ;(t

i,j=1 l#ﬁ

+ Z a”/ / (1d=&;; @ &j)B - (Vi +V - & j)ng M dt

i,j=1,i#j

e / E[x[€)(t) dt
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:I+Ip+cATEumaﬁu

By means of (4¢), we may directly estimate

IHSCA Elx|é)(t) dt

Furthermore, by an application of Holder’s and Young’s inequality we deduce

11| = Z Um/ / (Id—&i; © &) B - (Vi +V - &) (nij—&i ;) dH dt
1,j=1,i#j L (6)
P
<6y ai,j/ / (Vm-JrV &) ATt d
i j=1,i%] 0 JIi;0) 2

T
w5t [ prear

uniformly over all § € (0,1). Hence, we get the bound

(47) | Raissip| < 0 Z i / / 5(Vij+V- &) dHIT at

i,7=1,1#j
o5t E t)dt
" A X))

Plugging in the bounds from (46) and (47) into the relative entropy inequality
from Proposition 17, and then choosing § € (0,1) sufficiently small in order to
absorb the first right-hand side term, we therefore get constants C7,Cy > 0 such
that the estimate

(48)
E[X|§](T)
+C4 Z / / o V”Jrv &ij)% + %M,jni,j*(B'fi,j)fz',jF) dH* dt

i,7=1,1#j
g@ézmmwm

holds true for almost every T' € [0,7']. By an application of the Gronwall lemma,
the asserted stability estimate (6) from Theorem 3 follows.

Step 3: Weak-strong comparison. In the case of coinciding initial conditions,
i.e. E[x|€](0) = 0, the stability estimate (6) entails E[x|{] = 0 for almost every

€ [0,77]. From this and (4b), it immediately follows by the definition of the
relative entropy (5) that I; ;(t) C I; ;(t) holds up to an H¢ l-null set for almost
every t € [0,T']. This proves the quantitative inclusion principle for BV solutions
of multiphase mean curvature flow. O

4.3. Conditional weak-strong uniqueness: Proof of Proposition 5. We
start with an analogue of the relative entropy inequality of Proposition 17 in terms
of the bulk error functional Eyoume[X|X] from (8).
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Lemma 20. Letd > 2, P > 2 be integers and o € RPXF be an admissible matriz of
surface tensions in the sense of Definition 9. Let x = (x1,...,xp) be a BV solution
of multiphase mean curvature flow in the sense of Definition 13 on some time inter-
val [0, T']. Recall from (21) resp. (22) the definitions of the (measure-theoretic) unit
normal vectors n; ; resp. of the normal velocities V; ; of a BV solution. Let moreover
Q= (Q,...,9p) be a time-dependent partition of R? with finite interface energy
on [0,T'] as in Definition /, and assume that there exists an associated family of
transported weights (9;)ieq1,..., py with velocity field B. Finally, let (§;5)izje1,.... P}
be a family of compactly supported vector fields such that

fi:j € CO([O7T/] Cgpt(Rd;Rd))'
Then, the bulk error functional Eyvolume|X|X] from (8) is subject to the identity
(49) Evolume [Xba (T) = Evolume [Xba(o) + Rvolume

for almost every T € [0,T’]. Here, we made use of the abbreviation

Ryolume := — Z / / B &, J i,j) dH 1t de

4,j=1,1#] )

Z // (ny; — &) dHI dt

i,j=L1,i#j

+Z/ /]Rd B)dzdt

+Z/ /}R )00 + (B - V)9;) dz dt.

Denote fori,j € {1,..., P} with i # j and t € [0,T"] by I; ;(t) := 0Q;(t) N 9 (t)
the interfaces associated with 2. Then, the identity (49) may be upgraded to the
estimate

Evolumc [Xba (T)

(50) < Eyolume[X[X](0) + 6 Z // |B- & — Vig|?dH 1 dt

1,j=1,i#j

c - [T
+= > / / dist®(-, I; ;) A 1AM dt
i,j=1,i2 70 Y1)
P
% / / nm- . gi,j deil dt
i,j=1,i#j Li; (8)
P T

+C Z; /0 Evolume [Xb_(] (t) de

valid for almost every T € [0,T'], all 6 € (0,1] and a constant C > 0 that is
independent of §.

Proof. We split the proof into two steps.
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Proof of (49). To compute the time evolution, note that the sign conditions on 9;
from Definition 4 of a family of transported weights is precisely what is needed to
have

Eyolume X‘X Z/ Xz 7 Xi T))’l?l(’T) dz.

Hence, we may make use of the evolution equations (17b) for the indicator func-
tions x; of the BV solution which together with d:;y; < |Vy;| and 9; = 0 on
supp |Vx:| (see Definition 4) yields for almost every T € [0,7”]

Evolume [X|>Z] (T)

= Eyolume|X|X] (0 +Z/ / —X4) O do:dtJrZ/ / Vi9; d| Vx| dt.

We next use the convention (22) and rewrite

P T
Z//Vi'ﬂid|in|dt_ Z // 9; Vi ; dH dt.
=170 JRI

i,7=1,1#j

Furthermore, by adding and subtracting (B-V)d;, an integration by parts, the fact

that ¢; = 0 on supp |Vx;| (see Definition 4), and the definition (21) of the measure
theoretic unit normal, we obtain

i [ [ o ava
=—Z/ / (B dedt+2/ [ @i (B 9)0)
B Ty
+ Zj [ ] @3- 9 v
=§Z_/T/Rd |§§’| ﬁBd|sz|dt+Z// V. B)dedt
+z [ [ oo sy asar
-y // 0B g M dt

i,j=L1,i#j

Z // S(ny =& ;) dH dt

i,j=1,i#j Li; ()

+Z/ /Rd (V- B)dadt
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P ooT
! Z/o | 0ax) @ (8- 99 dra

for almost every T € [0,7']. The combination of the previous three displays thus
proves (49) as asserted.

Step 2: Proof of (50). Starting point is of course (49) meaning that we need
to estimate the term Ryoume. First, we may infer based on the bound (7) on
the advective derivative of the transported weights ¥;, the bound |B| < C (see
Definition 4), Holder’s and Young’s inequality as well as the bound (45) that the
estimate

a T
|Rvolume| <46 Z / / o ‘B . gi,j _ Vi,j|2 derfl dt
0 Iiyj t

ij=1,i#j
c < [T
s D) / / 97 dH4! dt
ig=1#5 70 JLii(®)
c &7
+ g Z / / 1-— n; ;- gi,j de_l dt
ig=1i#j Y0 7 Lii(®)

P T
oy / Buotume[X|X) (1)
i=170

holds true, uniformly over all § € (0,1). As ¢; =0 on supp |Vx;l, ¥; € Wa}fo (R4 x
[0,T"];[~1,1]) and 9; is Lipschitz (see Definition 4), we may further estimate

92 < C(dist?(-,0Q;) A 1) < O(dist®(-, I; ;) A1)
for all phases i,j € {1,..., P} with ¢ # j. This, however, concludes the proof. O

We have everything in place to lift the quantitative inclusion principle from
Theorem 3 to the conditional weak-strong uniqueness principle of Proposition 5
(with an associated conditional stability estimate).

Proof of Proposition 5. As our assumptions entail the applicability of Theorem 3
(which only requires the existence of a gradient flow calibration ((&:)ieq,...,py, B)
with respect to Q), the stability estimate (6) concerning the interface error applies.
Recall from (4b) that dist®(-, I; ;) A1 < C(1 — |& 4]) for all 4,5 € {1,..., P} with
i # j. Inserting these bounds into the corresponding right hand side terms of (50),
we obtain

Byotume XIX](T") < Evotume[X|X](0) + Ce“T E[x|€](0) + C /0 Evolumelx|X] (t) dt

for almost every T” € [0,T]. The stability estimate (9) for the bulk error is now a
direct consequence of Gronwall’s lemma.

It remains to prove the conditional weak-strong uniqueness statement. To this
end, note first that x(-,0) = x(-,0) almost everywhere in R? entails E[x|¢](0) = 0
and Eyolume[X]X](0) = 0 as a consequence of the respective definitions (5) and (8).
In view of the stability estimate (9), this directly implies Eyomume[x|X](T”) = 0 for
almost every T” € [0, T]. It then follows from the coercivity properties of a family
of transported weights (see Definition 4) that x(-,7") = X(-,T") almost everywhere
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in R? for almost every 7" € [0,T]. This, however, is the desired weak-strong
uniqueness principle. ([

4.4. Weak-strong uniqueness and stability for varifold-BV solutions. Be-
fore proceeding with the proof of Theorem 19, let us collect some additional com-
patibility properties of the varifold V; and the indicator functions y; that may be
inferred from Definition 18. First, observe that given a varifold-BV solution (V, x),
for each i € {1,..., P} and a.e. t € (0,00) the Radon—Nikodym derivative

(51) o) = VG0

e[0,1
o [0,1]

exists. Since V is a family of integral varifolds and since 221 Vil < 2HIL, for
a.e. t € (0,00) it holds that for ys-a.e. z € R?

P
. 1 1
(52) either 3 Z:pi(x, t)y=1 or - Z pi(x,t) 5 holds true.

Finally, since pp {3 Zil pi(-t) =1} =HI71 ({4 Zi:l pi(-t) = 11NU,, I (1))
and V; is rectifiable for a.e. t € (0, 00), it follows that
(53)

vl ntn 1)

=

Ja

P
1
=3 Z (supp IVxi(st { sz = } (0 rand = (supp in('vt)|))$€SuPP|VX1'(';75))
i=1
for a.e. t € (0,00). In particular, from Brakke’s perpendicularity theorem it follows
for a.e. t € (0,00) that

B in('7 t) VXi('v t)
(54) h(t) = (1) |VXi(-,t)|> V(1))

Hae. on {2 527 pi(,) = 1} Nisupp [V (-, t)| for all i € {1,..., P}.
We now have all the ingredients for the proof of Theorem 19.

Proof of Theorem 19. We first prove the estimate

BV, XIE/(T) < ' E[V, x[€)(0).
As usual, the Gronwall inequality reduces this task to establishing the bound

(55) BV, JE)(T") < EV, (I€](0) + C /O B[V, x[€]() dt

for a.e. 7" € (0,T) and for some constant C = C(&, B) > 0. The proof of this
estimate can be reduced to the computation in the case of BV solutions as follows.
Step 1: Error control by relative entropy. By (51) and (52), we obtain

Bl =2 [ 1—72;)1, s Y / 6 AR

i,j=1, 747£J

Ldp: + Z / — - &y AHT!

>
RIN{5 3, pi(0)<5} ij=1, 5 7 113 ()
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for a.e. t € (0, 7). Hence, E[V, x|¢] inherits all of the coercivity properties from the
BV case and in addition controls the measure of higher multiplicity areas.

Step 2: Dissipation control. Define V;(-,t) = —h(-,t) - |§§722| for all i €
{1,..., P} and a.e. t € (0,00). Again by (51) and (52), and this time also relying
on (54), we then estimate

—2/ (- 8)? dpe

=2 [ et (1_72% g — Z/ Vi D V(- 1)
B DI dpse Z [ VDR to)

<

RIN{3 2L, pi()<3}
for a.e. t € (0, 7).

Step 3: From BV to varifold mean curvature. We first bound by means of (52),
(53) and Step 1

P

VX% 7t) in('at) . .
‘Z/Rd M- 0D ® ) VBTG )

<9 / ldg(@a-1): VBV, + CEV, xle](1)
RexG(d,d—1)

for a.e. t € (0,T). We then proceed using (25a), Holder’s and Young’s inequality,
Step 1, the identity (54), and finally the definition of V; from Step 2 to obtain

VXZ at) in('at) . .
_Z/Rd Id— ] Iin(-,t)l)  VBA|[Vyi(-1)]

Vxi(:,t 1
Z [ VO Bl [ hC 0P dp
Rd xi (1)l RiN{1 S pi( )<}
+ B0

for a.e. t € (0,7).

Step 4: Conclusion. In summary, it follows from the dissipation estimate (25b),
the transport equation (25d) in form of d;x; = V;|Vxsl|, and the previous three
steps that

1 T
ElV, T < E[V, 0) — = h|?dp. d
v.xgr) < Bvido -5 [ f oy I
v [ Ewag
0
P T’
- Vi|2 d| Vx| dt
Z/ [ viEav
P ’
-2 Vi(V-&)d|Vx;|dt
;/ RS
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—Z/ V - Bd|Vy;| dt
Rd \
va in
: B i
+Z/ /Rd Vil ®|in|) VB[Vl de

sz
+22/ /R 5 -0, d| Vx| At dt

for a.e. T" € (0, T). From here on, one may estimate the last five terms by following
the corresponding computations in the case of BV solutions line by line.

By similar arguments, one may lift the BV computation for the bulk error func-
tional to the case of a varifold solution in the sense of Stuvard and Tonegawa [51]
to establish the bound (9). Details in this direction are left to the interested reader.
We only remark that the additional dissipation control on higher multiplicity areas
as provided by the second right hand side term of the last display is crucial. [

5. GRADIENT FLOW CALIBRATIONS AT A SMOOTH MANIFOLD

The aim of this section is to construct a gradient flow calibration in the simple
situation of one single connected manifold (with or without boundary) evolving
by mean curvature, see Lemma 22 for the main result of this section. For the
sake of simplicity, we stick to the case d = 2, but the construction in this section
immediately carries over to arbitrary dimensions.

In terms of a gradient flow calibration for a whole network of interfaces in the
sense of Definition 2, the vector fields constructed in Lemma 22 provide the local
building block at a smooth two-phase interface of the network. These vector fields
therefore only live in a small tubular neighborhood of the evolving interface, so that
in the case of general networks a suitable localization in terms of a family of cutoff
functions will be necessary. We defer these considerations to Section 7.1.

First, we provide the precise setting of this section by giving a suitable notion of
neighborhood for a single space-time connected component of the evolving network
of interfaces.

Definition 21. Let d = 2 and P € N, P > 2. Let (Ql,...,Qp) be a strong
solution to multiphase mean curvature flow in the sense of Definition 16. Fix
phases i,j € {1,..., P} with i # j such that I, ; = Usego. L j(t)x{t} is a non-
trivial interface (possibly with boundary). A scaler; ; € (0,1] is called an admissible
localization radius for the interface j:i,j if for all t € [0,T] the following two ball
conditions are satisfied:

i) For each interior point x € I; j(t) it holds Bay, ,(x42r; j0; j(x,t)) N I; j(t) =
{z}.
it) In addition, for a boundary point x € OI; ;(t) (i.e., a triple junction) de-
note by t; ;(z,t) the tangent at x pointing away from the curve I; ;(t), and
by Hs, ,(x,t) the half-space {y € R?: (y — x) - t; j(x,t) > 0}. We then require
that Ba,, J( )N 1L () = {x} for all y € OBy, ,(x) NH,  (z,t).
It follows from our regularity requirements in Definition 16 that an admissible
localization radius always exists. Moreover,

(56) W0 g x (=rigorig) = REx[0,T),  (2,t,8) — (x+ 50y (z,1),1)
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defines a bijective map onto its image

(W 5) = W (1 % (=7 5,7 5))

6n = U ({dist(-,[t-7j(t))<ri,j}\ U (Hti’j(x,t)ﬂij(x))>x{t},

te[0,T] x€dI; ;(t)

and the inverse map is a diffeomorphism of class (CPC2 N CLC2%)(im(¥, ;)). We
may further split the inverse of the diffeomorphism (56) as follows:
\IJ;;: im(%; ;) — 1:” X (=154,1i5), (@, t) = (Pi’j(m,t),tsi’j(x,t))

where the map s; ;: im(¥; ;) — (—r; ;,7; ;) represents a signed distance function

(o) = {dist(xji,j(t)), (2,t) € Uy (L, %[0,71)),

(58) —diSt(f,ji7j(t)), (SC,t) S \Iji,j (ji7jX(—Ti7j,O)),

and the map P ;: im(¥; ;) = Uepom I; j(t) represents in each time slice the pro-
jection onto the nearest point on the interface in the sense that
(59) Rvj ('r’ t) = Pfiyj(t) (:Z:) = a’rg_min |y - '1:|7 (1‘7 t) € im(\ijLJ)
yEL; ;(t)
Note that we have the identity
(60) PZ'J(J},t) =T — Si,j(xa t)ﬁi,j (PL]'(I,IE), t) S LJ(i), (x,t) S im(\I/m).

As a consequence of our regularity assumptions on fi’j, see again Definition 16,
we also know that (for the former, one may consult Lemma 23 below)

(61) sij € (CYC2NCICH(Im(V,;)), Py € (CPCyNCLCE)(im(T; ;).

We may now introduce extensions of the unit normal n;; and the scalar mean
curvature H; ; (oriented with respect to 1, ;) of the interface I; ; to the space-time
domain im (¥, ;). Slightly abusing notation, we define

(62) 0,0 im(¥, ;) = S',  (z,t) = Vs, j(z,1),

(63) Hi;:im(¥; ;) = R, (z,t) = (—As;;)(P;(x,t),1).

We note as a consequence of the definitions that

(64) 1y € (CPC; NCIOH(m(Lyy)), Hyy € (C)C; NCLCL)(Im(Wy ).

The following result provides a (two-phase version of a) gradient flow calibration
for a single connected interface. Note that the velocity field B can accomodate
arbitrary tangential components, a fact we will exploit when constructing a velocity
field for general networks in Section 7.

Lemma 22. Letd =2 and P € N, P > 2. Let (Q1,...,Qp) be a strong solution to
multiphase mean curvature flow in the sense of Definition 16. Fizi,j € {1,..., P}
with i # j such that I, ; = Usepo, 11 L j(t)x{t} is a non-trivial interface. Let
ri; € (0,1] be an admissible localization radius for I_m» in the sense of Defini-
tion 21. Fiz a space-time connected component (of which there are finitely many)
T = Usepon Tt)x{t} C L;.j of the interface I; j. Denote by Wt the restric-
tion of the diffeomorphism (56) to T x(—rij,7i ), and its image by im(¥y) =
U (Tx(=ri:7i;))-
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Let v € CPC%(im(V 1)) be an arbitrary map, and define the tangent vector field
(65) Tij = JTfliJ: im(\I/i,j) — 817 Tij € (C,?C;l N C,}Ci)(lm(\l/w)),
where J denotes the counter-clockwise rotation by 90°. Then the vector fields
&y im(¥r) = St and B: im(V7) — R? given by
(66) &ij 1= 14y,
(67) B = Hi}jﬁi’j + Vi
satisfy &; € (CPCE N CLCE)(im(¥7)), B € CPC2(im(V 7)), with corresponding
quantitative estimates

(68) i IVRE 1 < C, ke{0,1,...,4},
(69) r§j2|atvk§i,j| <C, ke {0,1,2},

k
(70) rE VBl < G} + 0l |V, ke {0,1,2},

=0

throughout the space-time domain im(¥). Moreover, it holds

(71) Osij+ (B-V)si; =0,
(72) Oi&ij+ (B-V)éi; + (VB)T&; =0,
(73) §ij i+ &y (B-V)&; =0,
(74) |B- &+ V- &4l < COr; 2dist(-, I )

throughout the space-time domain im(¥r). The constant in the estimates (68),
(69), (70) and (74) is independent of r; ;.
Furthermore, if we choose 7y to satisfy

(75) ;- Vy=~H;; — (7 - V)H;,
on the interface I_i,j, we have the additional property
(76) |VB : (&'J X J&‘J + J&‘J X &‘J)’ + |VB : fi,j ® fi,j‘ < Cdist(l',]lj(t)).

Proof. For ease of notation, we omit all indices, superscripts, and arguments for
the rest of the proof unless specifically required otherwise. Since W represents
in each time slice a tubular neighborhood diffeomorphism on scale r € (0, 1],
we have maxy_o,57%|V*s| < Cr throughout im(¥). From the definitions (62),
(65), (63) and (60), we then deduce maxy—o. . 47*(|V*0|+|V*7|+|V*P|) < C and
maxg—o,...3 rF|VFH| < Cr~!. Due to (77) and (79), it holds d;s = —H. Hence,
maXg=o,...,3 T‘k+2|8tvk8| S CT’, maxg=0,1,2 r’“(|8thﬁ|+|6thf|+|6thP\) § C' and
finally maxy—o 1 7°2|0; V*H| < Cr~1. The estimates (68)—(70) now directly follow
from the definitions (66)—(67).

It follows from (77) and (79) below, as well as from the orthogonality 7-0 = 0 that
the tangential term in the definition of B does not have an effect on the transport
equation (77) for the signed distance s, i.e., we have

08 = —(Hﬁ . V)s = —(B . V)s.
We may take the gradient of this identity so that by definition of £ we have
016 = Vs = —(B-V)é— (VB) ¢,
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which proves (72). The validity of (73) is evident from the fact that [£]? = 1.
For the identity (74), note first that B - = i - £ = H as a consequence of the
orthogonality 7 -1 = 0. By definition (62) and definition (66), it holds V - £ = As.
Hence, B-¢{ = H = -V £+ O(r~2dist(-, I)) in view of the definition (64) and the
regularity estimates for the signed distance. This concludes the proof upon noticing
that (76) follows by a straightforward computation. O

The preceding result relies on a number of well-known properties of the signed
distance and the nearest point projection. For further reference, we present them
here in a separate statement.

Lemma 23. Letd =2 and P €N, P > 2. Let (Q1,...,Qp) be a strong solution to
multiphase mean curvature flow in the sense of Definition 16. Firi,j € {1,..., P}
with i # j such that I; j = Uo7y Lo, (1) x{t} is a non-trivial interface. Let r;; €

(0,1] be an admissible localization radius for I:iyj in the sense of Definition 21.

Then s;; € (CPC3 N CLC2)(im(¥; ;). The time evolution of the signed dis-
tance s; ; is moreover given by transport along the flow of the mean curvature vector
field in the sense that we have

(77) 5‘,581-7]- = *(Hi,jﬁi,j . V)Siﬁj thmughout 1m(\I!w)
The gradient of the projection map (60) is given by
(78) VPi,j = 7_-i,j X 7_-i,j — siijﬁ,;J th?”OUghOUt 1m(\11”)

Finally, for all (z,t) € im(V,; ;) the derivatives of the signed distance s; ; are subject
to the relations

(79) Vsij(z,t) = Vsi7j(y,t)|y:pi:j(w7t) =1, ,(z,t),

(80) Vs j(x,t) - 0/ Vs, j(x,t) =0,

(81) (Vsi,j (z,t) - V)Vsm- (z,t) =0,

(82) 0¢8;,5(,t) = Opsi (y,t)|y:pi’j(x7t).

Proof. The representation of s; ; as a component of the inverse of W; ; initially
gives the regularity s;; € (C2C2 N CHC2)(im(V;;)). A proof of the well-known
identities (77)—(82) was given for instance in [26, Lemma 10] with the only difference
being the precise form of the normal velocity of the evolving family of interfaces.
Note that for instance (80) and (81) follow immediately from differentiating the
constraint |Vs; ;| = 1 with respect to time and space, respectively. The higher
regularity for the signed distance s; ; and its time derivative 0;s; ; finally follows
from (64) and the identity (79). O

6. GRADIENT FLOW CALIBRATIONS AT A TRIPLE JUNCTION

The aim of this section is to construct a gradient flow calibration in the model
case of three regular interfaces meeting at a single triple junction. The space-time
trajectory of such a triple junction will be denoted by T = (o, 7y T (t) x{t} where
T(t) C R? is a singleton for all ¢t € [0,7]. For simplicity, we assume throughout
the section that the triple junction consists of interfaces between the phases 1, 2,
and 3. We will also use cyclical indices ¢ = 1,2, 3 throughout the section, i.e. for
simplicity we identify ¢ = 0 with ¢ = 3, ¢ = 4 with ¢« = 1, and so on; for instance,
we may write £y instead of £3; etc.
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Similar to the previous one, the constructions provided in this section are local
in the sense that they are restricted to a sufficiently small space-time neighborhood
of the evolving triple junction 7. We first formalize this by introducing the notion
of an admissible localization radius r = ry € (0,1] for the triple junction T in
Definition 24. We then state the main result of this section, Proposition 26, which
provides all relevant properties of the constructed calibrations.

The construction of a calibration &, ; for 4,j € {1,2,3} with ¢ # j along with
an associated velocity field B proceeds in three steps. First, we extend the normal
of the interface ji,j of the strong solution to auxiliary vector fields §~” defined on
the natural domain H; ; := im(¥; ;) N Uyepo, 7y Br(T (1)) x{t}, see Figure 11a, on
which the nearest point-projection onto fi,j is well-defined and regular; see Defini-
tion 21 and the subsequent discussion. One should think of g” as the main building
block for the vector field ; ; on the domain Hj; ; containing the corresponding in-
terface fi’j. Similarly, we also construct auxiliary velocity fields B; ; on H; ; by
choosing its normal component as an extension of the scalar mean curvature H; ;
of the interface I; ;. However, let us emphasize that we do not define g” by just
extending the unit normal vector field of I_i’j using the nearest point projection;
indeed, to satisfy certain compatibility conditions, a more refined choice becomes
necessary, see below for a more detailed discussion.

In the second step, we aim to identify a candidate vector field for the definition
of & ; outside of its natural domain of definition Hj; ;. The guiding principle is to
make sure that the Herring angle condition at the triple junction

(83) 01,201 2 + 093023 + 031031 =0,

is satisfied by the calibrations (£1 2, £2,3, €3,1) in the whole neighborhood of the triple
junction:

(84) 01281,2 + 023823+ 031831 = 0.

This allows us to define vector fields (&1, &2,&3) such that o;,41& 41 = & — &t
holds true for all cyclical indices ¢ = 1,2,3. The latter identity in turn is precisely
the property of gradient flow calibrations necessary to differentiate the relative
entropy functional in time, see for example equation (3).

In order to achieve (84) we note that it represents an angle condition. As the
union of the domains Hj;;y; for ¢ = 1,2,3 covers a neighborhood of the triple
junction, see Figure 10a, we would like to define &11,;—1 and &_1; on H, ;41 by
simply rotating EMH, see Figure 10c.

However, as these domains overlap, see Figure 11a, we will have to interpolate
between the competing definitions of the calibrations and velocities. To this end,
we partition the neighborhood of the triple junction into six wedges centered at the
triple junction as indicated in Figure 11b, three of which are denoted by W; ; = W ;
and the remaining three by W;. We require that B,.(7 (¢))NI; ; C W, ;UT (t) C H; j,
see Figure 11b, the first inclusion corresponding to a geometric smallness condition
for the interfaces away from the triple junction. For the remaining three wedges
it is required that W; C ﬂj# H; ;, see again Figure 11b. We will refer to these
wedges as interpolation wedges since on them we will interpolate between the two
competing definitions for &; ;41 and B.

It turns out that in order to preserve our gradient flow calibration properties (94)
and (95) during the gluing construction, we need C! compatibility of these three
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a) b)

[_31

)

FIGURE 11. a) Sketch of a triple junction with phases Q;, 9, and
Q3; and the corresponding interfaces. The bottom left to top right
hatched region is the domain Hj », the horizontally hatched region
is Hy 3, and the top left to bottom right hatching represents His ;.
b) The interpolation wedges, shown as hatched, are given by Wiy,
W5 and Ws3. The remaining wedges Wy 2, Wa 3 and W3 ; contain
the corresponding interfaces.

constructions of the vector field &; ;41 and the velocity field B at the triple junction.
As we shall see, this necessitates a Taylor expansion ansatz for the construction of
the vector fields &; ;41: While for a two-phase interface we were able to define
&iit1 by extending the unit normal vector field n;;y; of the interface fm-ﬂ by
orthogonal projection, even in the wedge W, ;41 (where the projection onto I; ;11
is still well-defined) we now need to employ a more general ansatz of the form

~ 1/\ B
Ciiv1(z,t) = (1 - §a?,i+1(Pf,-,i+1%t)szz,iﬂ(%t))nz',iJrl(PL,mxat)

+ Qi1 (Pr, @ 0800401 (2, )T (P, @, 1)

for a suitably chosen function @; ;41 (and with s; ;41 denoting the signed distance
to the interface I}H_l and T ;41 = JTﬁ,;7i+1). Note that the ansatz in particular
features first-order terms in the (signed) distance to the interface (the role of the
term involving 5121 41 being just that of an approximate normalization of the over-
all vector). It will turn out that for a suitable choice of the (a priori arbitrary)
values of @; ;41 at the triple junction, our ansatz ensures that the three values of
ngurl according to the three definitions of §; ;1 in the wedges W; ;41, Wi—14, and
Wit1,i+2 coincide at the triple junction. To see this, we also exploit the compati-
bility conditions satisfied by a strong solution to multiphase mean curvature flow
at the triple junction.

Concerning the transport velocity field B, we observe that only its normal com-
ponent B - 11; ;41 is defined naturally on the interface I_i,i+1 of the strong solution,
being given there by the mean curvature H; ;41 of the interface. Again, we shall
require C'! compatibility at the triple junction for the three different constructions.
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This motivates the ansatz in the wedge W; ;41

B(i,i+1)($a t) = Hi i+1(Pf +1£L' t)nz Z+1(PIZ 7+1 t)
+ sz H—l(PL i1 t)Tz l+1(PL i1l t)
+ ﬂi,i+1(PIi,i+1x, t)S; 541 (2, t)Tz,H-l(Pfi,iJrlxa t)

(it turns out that a term of the form s; ;410,41 is not needed). By a suitable
choice of the 7; ;41 - V@, ;11 and the §; ;41 at the triple junction, using also again
the compatibility conditions for the strong solution at the triple junction, we can
again achieve compatibility of the three definitions of B and V B in the three wedges
Wiivt, Wiz, Wigtive.

Definition 24. Let d = 2 and P € N, P > 2. Let (Q4,...,Qp) be a strong
solution to multiphase mean curvature flow in the sense of Definition 16. Let
T = Uieor T(t)x{t} be an evolving triple junction present in the network of in-
terfaces of Q, and assume for simplicity that it is formed by the phases 1,2 and 3.
For each i € {1,2,3}, denote by Tiiv1 = Usejo, ) Tisi+1(t)x{t} the unique space-
time connected component of I_i,i+1 with an endpoint at the triple junction, and
let ;41 € (0,1] be an admissible localization radius for the interface I_i,i—i-l in the
sense of Definition 21.

We call a scale r = r+ € (0,r1,2 Ara3 A7Ts1] an admissible localization radius
for the triple junction T if there exists a wedge decomposition of the space-time
neighborhood Uy = U,c(o.7) Br(T (¢))x{t} of the triple junction in the following
precise sense:

1) For each i € {1,2,3} there exist sets Wiit1 = Uejo ) Wiit1 (8)x{t} and

= Urepo,ry Wi(t)x{t} (in order to not rely on cyclical notation in later

sectzons we also define Wiy1,; = W, iq1 for all i € {1,2,3}) subject to the
following requirements:

First, for each t € [0,T] the siz sets (Wi i11(t))ie(1,2,33 and (Wi(t))icq1,2,3)

are pairwise disjoint, non-empty open subsets of B,.(T (t)) such that

(85) U Wz z+1 U Wi(t ( ) (T(t))

i€{1,2,3}

Second, there exist siz time-dependent unit vectors (Xg,i+1»X¢ij41-1)ie{1,2,3}
of class C1([0,T]) such that for all i € {1,2,3} and all t € [0,T] we have
(86) Wiis1(t) = (T(O)+{m X ipr (72X (1) 71.72 € (0,00)}) N BT (1)),
(87) Wl(t) ( +{71Xz z+1(t)+’y2X ( ) 1,72 € (07 OO)}) N BT(T(t>)
For alli € {1,2,3}, the scalar products X ; X e and X7, - X

are constant in time, and their values only depend on the surface tensions.
Third, we require that for all i € {1,2,3} and all t € [0,T] it holds

(88) B, (T(t)) n 7;7i+1(t) C Wi,i+1(t) U T(t) C Hi,i+1(t)7
(89) Wi(t) C i (¢) NH; -1 (2),

with the space-time domains H; i1 = Uyejo 7 Hii+1(t)x{t} being defined by
Hi,i—i—l(t) = {.T € R2: (fE,t) € 1m(\I/1,H_1)} N BT(T(t)), t e [O,T]
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ii) There exists a constant C = C(o) > 0 depending only on the surface tensions
such that for alli € {1,2,3}
(90) max{dist(o, T), diSt(', L7i+1), diSt(', jiflyi)} S C H%lglg diSt(', jj,j+1) m Wl
j=12,
(91) diSt(~,I_i7i+1) S Cjirii1213di8t(.’ I_j7j+1> m Wi’i+17

(92) diSt(QZ,T) < C’dist(',fm_‘_l) mn Wi—l,’i U Wi+17i—1'

In view of the properties (86)—(89), we call each W; ;41 an interface wedge, and
each W; an interpolation wedge.

The following lemma ensures the existence of an admissible localization radius
for a triple junction of the strong solution; in particular, that we can indeed find
wedges with the desired properties. Its proof is deferred to the end of Subsection 6.2.

Lemma 25. Let the assumptions of Definition 24 be in place. Then there exists
an admissible localization radius for the triple junction T. In fact, one may choose
r= %(’f‘l,g Are3Arsy) for a constant C = C(o) > 1 depending only on the surface
tensions at the triple junction.

As a final remark concerning the construction of the calibrations and the veloc-
ity, one has to make sure that they have sufficiently high regularity at the triple
junction. Naively, one might choose the auxiliary vector fields &; ; as in the case
of a single connected interface from the previous section, i.e., 5” :=1;,; on Hj ;.
However, this ansatz after the rotation and interpolation steps only provides con-
tinuous vector fields &; ; which in general already fail to be Lipschitz at the triple
junction, as we will see later. Hence, in the first step we will employ a more careful
expansion ansatz in terms of the signed distance function to I; ;, see (100).

We are now in a position to state the main result of this section, namely the
existence of a gradient flow calibration in the vicinity of an evolving triple junction.

Proposition 26. Let d = 2 and P € N, P > 2. Let (Q,...,Qp) be a strong
solution to multiphase mean curvature flow in the sense of Definition 16. Let T =
Usego,r T (8)x{t} be an evolving triple junction present in the network of interfaces
of the strong solution, and assume for simplicity that it is formed by the phases 1,2
and 3. Let r = ry € (0,1] be an associated admissible localization radius for the
triple junction T as given by Lemma 25. In particular, for all distincti,j € {1,2,3},
let 7, ; be an admissible localization radius for I; ; in the sense of Definition 21.

Then there exists a constant C' = C'(Q) > 1, depending only on Q but independent
of (ri’j)i7j€{1’2¢3}7i¢j, so that the radius # := C~r has the following properties:
Define Uy := U, epo,7y Br(T (t)) x {t}. For alli,j € {1,2,3} with i # j, there exist
continuous extensions of the unit-normal vector fields and a continuous velocity
field

& U —R? B:lUy - R
which are of regularity &; ; € (CPC2NCLCY) (U \T) respectively B € CPC2(U\T),
and which are furthermore subject to the following properties:
i) It holds & j(x,t) =1, j(x,t) for allt € [0,T] and for all x € T; ;(t) N B:(T (t)),

where T; j is the unique space-time connected component offm with an endpoint
at the triple junction T. We also have |&; ;(z,t)] = 1 for all (x,t) € U;.
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Ezpressing the triple junction in form of T (t) = {p(t)}, it holds B(p(t),t) =
Lp(t) for all t € [0,T).

it) We have the skew-symmetry relation & ; = —&;;.

iii) The family of vector fields (&; j)ix; satisfies the Herring angle condition (83)
in the entire neighborhood of the triple junction, i.e., it holds for all (x,t) € Uy

(93) o1,261,2(x, t) + 02382,3(x, t) + 031831 (2, ) = 0.

iv) There exists a constant C = C(2) > 0, depending only on the strong solution
but independent of ¥, such that throughout Uz \ T and for all i,5 € {1,2,3}
with © # j, we have the bounds

(94) 05+ (B- V)& + (VB)TE ;| < Cr3dist(-, I ;),
(95) (V-&j) + B - & | < Cr2dist(-, 1 ),
(96) §ij i+ &y (B-V)&; =0,

as well as

(97)  |VB: (& ®JEi;+ & @& )| +IVB:&; @& ] < Cdist(x, I 4(t)).
v) Finally, there exists a constant C = C(2) > 0, depending only on the strong
solution  but independent of 7, such that
(98) P06 ;] < €, PRIVEE | < C, k€ {0,1,2},
(99) R |VEB| < C7 Y, ke {0,1,2}
throughout the space-time domain Uz \ T .

6.1. Construction close to individual interfaces. For all what follows in this
subsection, let the assumptions of Proposition 26 and the notation of Section 5 and
Definition 24 be in place. In this subsection, we for ¢ = 1,2,3 first introduce the
previously discussed auxiliary vector fields &; ;11 as extensions of the normals 0; ;41
of the interfaces I_i,j to the domains H; ;4 1.

We would like to define é,iﬂ, and later also a candidate for the velocity field
B, by an expansion ansatz in terms of the signed distance function s; ;41 to the
interface I; ;41, see (58). To this end, we introduce two sets of coefficient functions
a; i+1 and f; ;11. Recalling the definitions (60), (62), (63), (65), the ansatz for the

extension &; ;11 of the normal vector field I_ll'vi+1|ji o then is

Eiir1(2,) = Ty 41 (2, 1)

(100) + i1 (@, t)sii41 (@, 0) T i1 (2, t)
1
- §az'2,i+1($»t)s?,¢+1($at)ﬁi,¢+1($7t)~

Furthermore, we set EHM = fEm-H for t € [0,T], x € H, ,41(t), and ¢ € {1,2,3}.
Apart from the family of vector fields (&; j)ix;, the notion of gradient flow cali-
brations also requires a suitably defined velocity field B. For its construction in the
vicinity of a triple junction, we introduce in a first step certain auxiliary symmetric
velocity fields B(; ;) = B;;). To this end, we employ the expansion ansatz

E(i,iﬂ)(l’,t) = H; i1 (z, )0 41 (2, 1)
(101) + i1 (2, )T i1 (2, 1)
+ Biyit1(x,)si,i41 (2, )Ty i1 (2, 1)
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for every i € {1,2,3},t € [0,T] and z € H; z+1( ). We also set E(Hl 0 = E(z i+1)-

To complete the definition of 51 i+1 and B(z i+1), it remains to specify a; ;41 and
Biit1. We construct o ;41 as

(102) Qv Hiipr = R, (2,8) = Qi1 (Priga (e, 1), 1),
being defined by projection onto I; ;11 in terms of the solution
(103) Qi1 U Tiir1(t) x {t} = R

t€[0,T)

to the following ODE posed on the space-time connected component Ti,it1 of the
interface I, ;11 with initial condition at the triple junction 7 (t) = {p(¢)}:

(104) Qiiv1(p(t), 1) = Tiir1(p(t), ) - Sp(t)

(Tiir1(@,t) - V) Qi (2,t) = HP o (2,1), v € Tiipa(t).
Second, we define for each ¢ € {1, 2,3} the function §; ;41 : H; i+1 — R by means of
(105) Biiv1 = —iiy1Hiiv1 — (Tiivr - V) Hi i1

We next briefly present the regularity properties of é},m.

Lemma 27. Let the assumptions of Proposition 26 be in place, in particular the
notation of Definition 24. For all phases © € {1,2,3}, the auziliary vector field

51 i+1 18 of class (CPC2 N CLCO)(H;,i11). More precisely, we have the estimates
(106) (isiv1] + Toir1|VE 1| + 12y (IV2Eis1 |+ i41]) < C
for some C = C(Q) > 0 only depending on Q0 but independent of (ri ;); je{1,2,3},iz-

Proof. Step 1 (Qualitative differentiability): In view of the expansion ansatz (100),
the regularity (61) of the signed distance s;;y1, the regularity (64) of the nor-
mal 1i; ;41, and the regularity (65) of the tangent Tii+1, it suffices to prove that
aiit1 € (CPC2NCLCY)(H; i41) to conclude fl i1 € (CP2C2NCLCY) (H; i11)-

We start with the time regularity of the initial value of the ODE (104). Using
the evolution equation p(t) - ;41 (p(t), t) = H;i41(p(t),t) at the triple junction
we get
(107) %P(t) = H; i11(p(t), )0 i41(p(t), 1) + (ﬂ,z‘+1(17(t)at) : ap(t))?i7i+1(p(t),t)
for i € {1,2,3}. Note that this identity is equivalent to the second-order com-
patibility condition (18b). We can now identify the term in the parenthesis as
a;,i+1(p(t),t) due to the intial value of the ODE (104) and multiply the above
equation with the rotation matrix J in order to deduce

d

(108) —HioTio+ 1o 2= —Hy3To3+as3lp3=—H31731+a31103;1

at the triple junction.

For i # j, we then define ¢;; = @;41(p(t), %) - 0 j+1(p(t),t) and d;; =
i,i+1(p(t),t) - 75,41 (p(t), t) and notice that they are indeed constant in time due to
only depending on the angles between interfaces determined by the surface tensions.
Furthermore, note |¢; ;| < 1 as the surface tensions satisfy the triangle inequality.
Multiplying (108) with the normal fi; ;41 (p(t), t) thus yields

@i it1(p(t),t) = —Hj j11(p(t),t)dij + aj j+1(p(t), t)ci ;
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for all i # j and all ¢ € [0, T]. Switching the roles of ¢ and j in the previous formula
entails

(109) i it1(p(t),t) = _(1_C?,j)_1(Hj,j+1(p(t)vt)di,j + H; i1 (p(t),t)d; jci ;)

for all i # j and all ¢ € [0, T]. Hence, we deduce t — a; ;41(p(t),t) € C*([0,T7).
We proceed by explicitly integrating the ODE (104), and exploiting the regu-
larity (64) of the extended scalar mean curvature H; ;41, as well as the regularity
of the space-time curve 7; ;1. Let us make this argument explicit. To this end,
we first choose a C® diffeomorphic parametrization ~o: [0,1] — 7;:+1(0) of the
initial curve 7; ;41(0) such that v9(0) = p(0), and then define v;(s) := 1! (yo(s)) for
all (s,t) € [0,1]x[0,T] by means of the flow maps from Definition 15. Capturing
orientation by means of the constant cy = 7; ;41(7:(5),t) - gﬂ:gz;‘ € {£1}, we set
~ _ d s
(110)  @iita(s,t) == Tiir1(p(t), 1) - ap(t) + Ci/ H i (3 (0),1)| 057 (0)] Al
0
for all (s,t) € [0,1]x][0,T], and then have
(111) Qi (2,t) = i ()7 (2), 1)
for all t € [0,7] and all z € T; ;1+1(t). The validity of (104) is indeed a simple con-
sequence of the ansatz (110), the definition (111) and the chain rule. The required
regularity a; ;41 € (C2C2N CLCY)(H; ;41) in turn follows from the regularity (61)
of the projection, the regularity (65) of the tangent, the regularity (64) of the
curvature, and the regularity condition i) of Definition 15.

Step 2 (Quantitative estimates): Since in each time slice the map ¥; ;41 from (56)
represents a tubular neighborhood diffeomorphism on scale 7; ;11 € (0, 1], we deduce

(112) T§i+1‘vk8i,i+1| < C’r‘i)i+1, ke {0,172,3,4,5},
and thus from the definitions (62) and (65) that
(113) Tﬁi+1|vkﬁi7i+1| + rklvki—i,i+l| < 07 ke {0’ 1,2,3, 4}'

The previous estimates in addition entail the following bounds for the nearest-point
projections due to (60) (in form of P; ;+1(x,t) = x—s; i+1(x,t) Vs, i+1(x,t)) and the
(extensions of the) scalar mean curvatures due to (63)

(114) Tii+1|vkpi,i+1‘ < COriit, ke {1,2,3,4},
(115) Y| VR H ] < Oty k€ {0,1,2,3}.

As a consequence of the evolution equation (77) for the signed distance, we also
obtain the following estimate on the time derivatives

Tiit1|0¢Siiv1| + T?,i+1|atﬁi,z‘+1\ + 7"1-2,1-+1|5ﬁi,i+1|
+ 7ii41|0p Pii1| + 75 1|0 Hi i | < C.
It then follows from the representations (109) and (107) that

(116)

d d
(117) i1l e (p(t), t)] + Ti,i+1‘*P(t)‘ + Tiiﬂ‘*%,iﬂ(ﬁ(t),t) <C

dt dt
for all t € [0,T7.
We next claim that

(118) krznoai<2 rﬁi+1|Vka¢,i+1| + rf7i+1|8tai,i+1| S CT;il_,'_l.
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Once this is established, the asserted bound (106) for the derivatives of the vector
fields EMH can then be directly inferred from the ansatz (100) and the above
regularity estimates. The estimate (118), however, is a consequence of the regularity
estimates (113)—(117) and the representations (102)—(104) in form of Ve 41 =
H?, 1 (Tiiv1 @ Tisigr 2 VPiig1)Tii1. For later reference, we note that

(119) (Fiit1 - V)aiivr = H 1oy + O(r; 2 lsiital)
due to (78), (112) and (115). O

Ultimately, the point of the ansatz (100) is to ensure both (93) throughout
B, (T (t)) and sufficiently high regularity of & ; at the triple junction. Moreover,
the relations (104) and (105) also holding true on the interface away from the
triple junction turns out to be crucial to obtain the estimates (94) and (95) on
the whole space-time domain. The first step towards these goals are the following
relations, which in particular yield that—after rotation R(; j)—the vector fields are
compatible to second order at the triple junction:

Lemma 28. Let the assumptions of Proposition 26 be in place. For each pairi,j €
{1,2,3} there exist uniquely determined rotations R; jy € SO(2), only depending
on the restriction (0; ;)i j=1,2.3 of the admissible matriz of surface tensions for the

given strong solution €, such that

(120) Nii+1(t) = R jhj+1(,t)  at T(¢)
for allt €10,T], and
(122) Rii—nyRii-1,i+1)Rii1,) = 1d.

Furthermore, the ansatz (100) satisfies the first-order compatibility conditions at
the triple junction:

(123) Ein1 (1) = R jy&j 41, 1) at T (t),
(124) Véiir1(5t) = V(Ru 1) (1) at T(t),
for allt € 10,T7.

Proof. Identity (120) uniquely defines R(; ;). It is immediate from the ansatz (100)
and (120) that the zero-order condition (123) is satisfied. The two properties (121)
and (122) follow from

(125) R jyRjoliiv1 = 0 it1,
(126) R i—nyRi—1,i+1)Bi+1,0)0ii41 = D1,

which follow straightforwardly from iterating (120). Therefore, it is sufficient to
prove the remaining statement (124) for j =i + 1, as it then follows automatically
for j =i —1 by (121) and (122) that at 7 (¢) it holds

V(R(ivi—l)gifl,i)('at) = R(i,z‘+1)V(R(i+1,i—1)gi—1,z‘)(',t)
= Rii,i+1) V (&ig1,i-1) ()
= V(R(i,i+1)§i+1,i71)('7t) = V@,i+1(~,t).
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For ease of notation, we also fix the index ¢ and omit all indices, superscripts,
and arguments for the rest of the proof unless specifically required otherwise. The
ansatz (100) then reads

~ 1
(127) E=n+asT — §a232ﬁ.

By definition (62), V2s being symmetric, the identity (81), and the orthogonality
relation 7 - i = 0 we have Vii = As7 ® 7. Hence, by the definitions (65) and (63)
as well as the estimate (112), we then get

(128) Vi=-H7®7+ O(r?|s|),
(129) Vi= Hi®7+O0(r?|s|).

As a result we infer from this and (118)

(130) VE=-H7®@7+a7r®@i+O0(r 2s|).

This in turn yields
(131) VE=7®(—H7+ai) at the triple junction 7.

Now we are in a position to prove the compatibility condition (124). By (120)
and JT = 0, see (65), we obtain

(132) Tii+1 = R j)Tjj+1 at the triple junction 7.

Moreover, expressing the evolving triple junction in form of 7(¢t) = {p(¢)} for all
t € [0,T], it follows from the evolution equation %p~ﬁi7i+1 = H, ;41 and the choice
of the initial value in the ODE (104) that

(133) T Hyony o+ o127 2= Haglos+aosTes= H3in31+a31731,
(134) —Hy2T1 0+ aipoly o= —HosTi o+ g3l = —Hs 1712 + 310131
at the triple junction 7 (the latter follows from the former by multiplication with J).
Therefore, by (131), (132) and (134) we indeed at T get
V(Riip&ig+1) = Ry Tig+ ® (= HjgarTige1 + i)

=Tiit1 ® ( —H; i 171 + ai,i+1ﬁi,i+l)

= Vi
This concludes the proof of Lemma 28. O

We next discuss the regularity properties of our construction for E(i,iﬂ).

Lemma 29. Let the assumptions of Proposition 26 be in place, in particular the
notation of Definition 24. For all phases i € {1,2,3}, the auxiliary velocity field
Bii41) 18 of class C’?C’i(M) More precisely, we have the estimates

(135) |Blaisn| + it VB s | + 780 V2 Blaian | < Crily

for some C = C(Q2) > 0, depending only on Q but independent of (T4,4)iief1,2,3} i -
Proof. In view of the expansion ansatz (101) and the ingredients of the proof of

Lemma 27, it suffices to prove that f; ;41 € C?Ci(Hi,Hl) with corresponding
estimate

(136) IV*Bii1] < Crili?, ke {0,1,2}.
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Recalling the definition (105) of the coefficients j; ;11, the bound (136) is immediate
from (118), (113), (115), and (116). O

We again have to make sure that our ansatz (101) for the auxiliary velocity fields
satisfies a first-order compatibility condition at the triple junction.

Lemma 30. Let the assumptions of Proposition 26 be in place. Expressing the
evolving triple junction in form of T(t) = {p(t)} for all t € [0,T], for every i,j €
{1,2,3} the ansatz (101) then satisfies

. . d
(137) Bi,iv1y(p(t),t) = B j+1)(p(t),t) = &p(t)v
(138) VBii11) (p(t), ) = VB 310 (p(8), ),

(139) VBiir1) = —Biiv1d + O 3[siital),

for allt € ]0,T).

Proof. We again fix the index i and omit all indices, superscripts, and function
arguments unless specifically required. At the triple junction, we have

(140) Blp(t),1) = o)

by (133) and the ansatz (101). This of course proves (137).

An explicit computation making use of the ansatz (101), the estimates (128)
and (129), the choices of the coefficients (104) and (105)—in particular (119)—as
well as the estimates (118) and (136) moreover gives

VB=(-H*+(7-Va))7®7
+(T-VH+aH)L®T

(141) 3
+A7@0+0(r°|s|)
=B(F@L—10®7)+0( ?s|).
As we have (T@OL—-0Q®7T)i=7=—Jiand (FAL-0AQ7T)T = -0 = —J7T it
follows that (@0 —0®7) = —.J, where we recall that J denotes the counter-

clockwise rotation by 90°. Therefore we get (139). Hence, (138) holds true once
we established that 51 2 = 823 = 83,1 at the triple junction. This, however, follows
from a combination of the definition (105), the choice of the initial value in the
ODE (104), and the third-order compatibility condition (18c). O

In a preparatory step towards the proof of (94) and (95), we now present the cor-
responding estimates for the (rotated) auxiliary vector fields &; ;41 and the auxiliary
velocity fields B(; ;1) on their respective domains of definition.

Lemma 31. Let the assumptions of Proposition 26 be in place, in particular the
notation of Definition 24. Then there exists a constant C = C(Q) > 0, depending
only on Q but independent of (14,4)i.je{1,2,3},i5, such that the following holds: For
every i,j € {1,2,3} and throughout the space-time domain H; j11 we have

|0:R(i jy&55+1 + (Bt - VIRGHE 01 + (VB i) Rip&ig|

-3 . 7
< COr; iy dist(, L),

(142)
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as well as

(143) |V R u)fj J+1 +B(] J+1) R(H)fj J+1| < CTJ 1 dist(, Ijj+1)s
(144) |1 — R, J)§J J+1| ‘ < CT] J+1 dlSt4('>]_j,j+1)>
(145) ‘V|R(l’j)§]7]+1| ‘ < CTUH dlbtg( L jv1),
(146) |at|R(w)§J J+1| | < CT] J+1 dlStg( g+1)s
(147) |8t|R(i7j)gj,j+1‘2 +( (4,5+1) " V)|R(1 J)fj J+1| | = CTJ J+1 dist” (s IMH)'

We also have for all pairs i,j € {1,2,3} with i # j throughout the intersection
Hi,i+1 N Hj,j+1 that (U)Zth Tmin ‘= 71,2 AN 72,3 AN 7’3,1)

(148) |Ris.n &1 = Riig-né—1,4] < Crinl, dist® (- T),
(149) VR j)&jr1 — VR 1)5 1] < Cr2 dist(-, T),
(150) |Blaisn) = B sl < Croiy dist® (-, T),
(151) IVBiiv1) — VBg iyl < Crad dist(-, 7).

Proof. By the ansatz (100) and R(; ;) € SO(2) we have
~ 1 2
Ryl = (1 - 5“? j+15;2',j+1> + 05 4155 41
(152)
=1+ 4% ]+1S;1J+1
from which together with (112), (118), (116), and (135) the estimates (144)—(147)
immediately follow.

To prove the estimates (142)—(143), let 4, j € {1,2, 3} be fixed. For what follows,
we omit all indices and function arguments unless specifically required. Plugging
in the ansatz (100) for £ and introducing the commutator [C, D] := CD — DC for
matrices C, D € R*¢ we obtain

I - 1
0 RE+(B - V)RE+(VB)TRE = ( —5a’s ) (0 + (B- V)i + (VB)Tn)
+asR(9,;7 + (B- V)7 + (VB)7)
+ a(0s + (B - V)s) (RT — asRi)
+[(VB)T, Rl
+ (5}(1 +B- Va)s(R% - asRﬁ).
By the ansatz (101), the auxiliary velocity B only corrects Hn in tangential direc-
tion. Hence, the identities (72) and (71) are applicable and we obtain
i+ (B-V)i+ (VB)'a=0, s+ (B-V)s=0
throughout H; j11. Recalling the definition 7 = Ja, cf. (65), we deduce from the
previous display
&7+ (B-V)7F+(VB)'7=[(VB)",J]a
throughout H; ;1. Hence, recalling (139) and using the fact that [JT, R] = 0 on

account of both matrices being rotations in the plane we get

(VB)T, R =O(r~°Isl), [(VB)T,.J]=0("|s|)
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throughout H; ;1. Together with the estimate (118), the previous four displays in
combination imply (142).

We turn to the proof of (143). Due to the computation (130) of V& we have on
the one hand

(153) V.RE=—H(R7-7) + a(R7 - 11) + O(r—2|s|).

On the other hand, making use of the definitions (100) and (101) of € and B we
obtain
(154) B-RE = Hi- Ri+ o7 - Rii) + O(r~2s|).
Furthermore, recalling J7 =1, J' = J~! = —J, and [JT, R] = 0 gives
R7- Rii- J7 = Ri -,
R7T - Ri-Jn=—Rn-T.

ll
Il
=
<
L
[=]]
ll
I

]|
I
ay
<
L
]|
]|
Il

Therefore, we can combine (153) and (154) to yield the estimate (143).
We proceed with the verification of the bounds (148) and (149). As by (123)

and (124) the Taylor polynomials at the triple junction of the functions R; ;)& j+1

and R(; j_1)§;j—1,; agree up to first order, the estimate (148) follows by bounding
the remainders using (106). One can argue similarly for the estimate (149). On the
basis of (137), (138) and (135), the estimates (150) and (151) follow by the same
argument. [l

6.2. Gluing construction by interpolation. Throughout this subsection, let
again the assumptions of Proposition 26 and the notation of Section 5 and Def-
inition 24 be in place. As we discussed in the previous subsection, the auxiliary
vector fields &; ;41 and the auxiliary velocity fields E(“—H) serve as the definition
of the vector fields &; ;11 and the velocity field B on the interface wedge W; 1, see
Figure 11b for the partition of the neighborhood of the triple junction.

The next step is to extend &; ;41 and B to the entirety of the space-time domain.
As we want Herring’s angle condition (84) to hold throughout the ball B, (7 (¢)) we
are essentially forced to set & ;41 = R(; ;§j,j+1 for all 4,5 € {1,2,3} wherever the
latter is defined, and where R(; ;) is given in Lemma 28. As their domains of defi-
nition Hj; ;11 overlap, we resort to an interpolation procedure on the interpolation
wedges W;, see again Figure 11b. We similarly deal with the issue of combining
the velocity fields E(i,i+1) into a single field. To this end, we first define suitable
interpolation functions which move and rotate with the evolving triple junction.

Lemma 32. Let the assumptions of Proposition 26 be in place, in particular the

notation of Definition 24. Then there exists a constant C' = C(Q2) > 0, depending
only on Q but independent of (75 ) je{1,2,3},i+j, and interpolation functions

At | (B(T@®)NWi() \ T(t) x {t} = [0,1]
t€[0,T)
for every i € {1,2,3} which satisfy the following properties:
i) It holds for all t € [0,T] that
(155) Nilw,t) =0 for € (OW;(t) NOW; 41 (1)) \ T(t),
(156) Nilw,t) =1 for € (OW;(t) NOW;_1,(t)) \ T(t).
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ii) We have the estimates (Twin :=Tr1,2AT23AT31)
(157) |Vi(,t)] < Odist(z, T(t) ™, 10:\i(z,t)] < Cr i dist(z, T(¢) ™!
(158)  |V2X\i(z, )| < Cdist(w, T(t)) 2
for all t € [0,T] and all z € (B, (T(t)) N W;(t)) \ T(t). Furthermore, it holds
(159) Vi(z,t) =0, O\i(z,t) =0,
(160) V2\i(z,t) =0
for allt € [0,T] and all x € (B, (T (t)) NOW;(t)) \ T (t).

iii) Expressing the evolving triple junction via T (t) = {p(t)} for all t € [0,T], we
have a bound on the advective derivative

(161) (. 1) + (%p(t) : V))\ (z, )\ <o

for allt € [0,T] and all x € (B, (T(t)) N W;(t)) \ T (¢).
Proof. Due to (87), the interpolation wedge W;(t) is the restriction to B, (T (t)) of
the interior of the conical hull spanned by two unit vectors X}, (¢) and X7, ,(t),
whereas W ;1+1(t) is the restriction to B,(7 (¢)) of the interior of the conical hull
spanned by unit vectors X/, (t) and X;J{j_l( ) due to (86). In particular, we can
represent OW;(t) N OW; i1 (t) = {vX] ;1 (t): v > 0} and OW;(t) N OW;_1,(t) =
{7 X7 1i(t): v > 0}. As the vectors X}, (t) and X , ;(t) can be expressed as

a (fixed-in-time) linear combination of the unit-normals @i, ;(p(¢),t) at the triple
junction, we have due to (117), (113) and (116) the bounds

(162) | S X )] + [ S XL 0] < Or, < Ol dist(ar, T(0) !

for all t € [0,T], all z € B.(T(t)), and all ¢ € {1,2,3}.

By Definition 24, the opening angle 6; of the interpolation wedge W;, defined by
cos(0;) = X}, (t) - X} ;(t) € (0,1), is time-independent and satisfies 6; € (0, %).
(The angles only depend on (2 through the surface tensions.) Let X R = [0,1] be
any smooth function such that A = 0 on (—oc, 3] and A=1on [2,00). We define

1— le z—p(t)
iz, t) I—/\( w0 zP(t)).

1—cosb;

Then the properties (155)—(160) are immediate consequences of the definitions and
the bounds (162) and (117); cf. also the subsequent computation.
It remains to check the bound (161) on the advective derivative To this end,
. N i z—n(t . N
we abbreviate X (z,t) = X (X}, (£)- ﬁ) with Ai(a) == A(+—-L
compute

8t)\i(q:, t)

~ Xiia(t) a—p(t)  a—p(t)\d va=pt)  d o,
+ . ( d— )a (t) To—p(0)] 'aXi,i—i-l(t)

) and simply

1— c0<;9

a2 ®
[z—p(t)] [z=p(t)] ~ [z—p(t)]
d x—p(t) d _,
= —(=p(t) - V) Nim, ) + N ———2 - =X (¢
(dtp( ) ) (:17 )+ z‘ —p(t)| dt z,z+1( )
where ), is evaluated at X! i (t) f;_izggl. From this, the last remaining claim (161)

immediately follows due to the estimate (162). O
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Equipped with these interpolating functions we are finally in the position to
prove the main result of this section.

Proof of Proposition 26. Step 1: Interpolation of the vector fields. We define (not
yet normalized) extensions of the normal vector fields n; ;| 1,, on the space-time
neighborhood of the triple junction U, := U, (o7 Br(T (t)) x {t} as follows:

R Rip&n(,t) if e W),
(163) fiﬂq_l(l‘,t) = (1_)\j(x7t))R(i,j)§j7ji-1($at) lfl' c Wj(t),
+ (@, ) Ri j-1)€j-1,5 (2, 1)

and @H,i = _é-\i’i+1 for i € {1,2,3}. The velocity field is given by

B j+n(@,t) if € W (1),

(164) B({I?7t) = (1—>\J(1‘,t))%7)]+1)(1',t) if EWJ(t)

+ )\j (3;‘, t)B(j—l,j) (CL‘, t)

In the subsequent steps of the proof, we first establish all required properties in

terms of the vector fields EA” and B. Only in the penultimate step we will choose

the radius # = #(x) < r and define unit-length vector fields &; ; by normalization of

the vector fields 2” defined in (163) above. The last step is then devoted to verify
the required properties for the normalized vector fields &; ;.

Step 2: Regularity of §A” and B, the estimates (98) and (99), and properties
i)-4ii). We first remark that the above definitions make sense due to the second
inclusion in (88) and the inclusion in (89). Indeed, these inclusions are precisely
what is needed so that the building blocks ém and E(“—H) are only evaluated on
their domains of definition. R _

For every i € {1,2,3}, we obtain & ;+1(z,t) = & i+1(x,t) = 0;,41(x,t) for all
t €[0,T] and all € T;;4+1(t) N B,(T(t)) from the first inclusion in (88) and the
ansatz (100), taking care of property i); obviously except for the normalization
condition away from the interfaces. The second property é\” = —g” for 7,5 €
{1,2,3} with i # j holds by definition. For every j € {1,2,3} we moreover have

012612+ 023803 + 031831 = (012R01 ;) +023R2,j) + 031R3,5)) € j+1=0

on Wj ;11(t) by the defining property (120) of the rotations R(; j). A similar argu-
ment ensures validity of (93) on the interpolation wedges W (t).

By the compatibility condition (123) for the auxiliary vector fields EMH at
the triple junction, as well as the conditions (155) and (156) for the interpola-
tion functions, the vector fields E” are continuous. Similarly, their first and sec-
ond derivatives are continuous across the boundaries of the interpolation wedges
Usepo, 17 (B (T(t))noW;(t)) \ T(t)) x {t} by the properties (159) and (160) of the
interpolation functions.

Moreover, all spatial derivatives up to second order are bounded in U,. \ T with
the asserted estimate given by (98). Indeed, in the interface wedges W; ;41 this
follows from the estimates (106) and the definition (163). On the closure of the
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interpolation wedges W;, we first compute using the definition (163)

(165) Véiit1 = (1=X) VR )& i+1 + MVRG-1)€i-1,
= (R, &5+~ R j-1&-1,5) VA,
(166) V21 = (1=N) V2R &1 + A VERG -1)€i1

= 2(VR.j)&,5+1 =V R -1)§-15) VA

= (Rip&i+1—Riij-n&-1) VA
Now, the bound (98) with respect to spatial derivatives follows from the controlled
blowup (157) and (158) of the interpolation functions, the estimates (106), (148)
and (149) for the auxiliary vector fields &; 1, as well as the estimate (90). In total,
this proves & ; € CPC2(U, \ T). The other property &; ; € C{C2(U, \ T) together
with the asserted bound (98) in terms of the time derivative follows similarly making
use of Lemma 27, (148), (157), (90) and the computation on the closure of W;

Bi&iivr = (1=X\))0 R j)&j.j+1 + XORi j-1)&j-1,
= (R(i,j&5+1— R j—1)&i-1,5) O A

We proceed with the regularity of the velocity field B. First, by the compatibil-
ity condition (137) for the auxiliary velocity fields B(; ;1) at the triple junction, as
well as the conditions (155) and (156) for the interpolation functions, the velocity
field B is continuous. The asserted bound (99) is a consequence of the defini-
tion (164), the estimates (135), (150) and (151) for the auxiliary velocity fields, the
controlled blowup (157) of the interpolation functions, the estimate (90) as well as
the computation

(167) VB = (1-X;)V B j+1) + A VB(-15) + (B-1.)—Bij+1) VA
(168)  V’B=(1-X))V?B( 1) + A V?B(—1,5)
+2(VB(j—1,5)—VB(,j+1))VA; + (B(i—1,)—B(.j+1) VA

on the closure of W;. This proves B € CYC2(U, \ T).

Step 3: Proof of the estimate (Twin =712 AT23AT31)
(169) 10:Eij + (B-V)Eij + (VB)TE | < Crid dist(-, L) in U

By the skew-symmetry EM = _é\j,% we only have to prove (169) for j =i + 1.
Let ¢ € {1,2,3}. First, we remark that the validity of (94) for the vector field &; ;11
on the interface wedges W, ;41 for all j = 1,2,3 follows from the estimate (142),
the definitions (163) and (164), and the estimate (91). Hence, it remains to prove
the bound (169) for & ;41 on each interpolation wedge W;, j € {1,2,3}. In the
interpolation wedge Wj, it is our goal to show simply

| (0 + (B-V) + (VB)T) &.i41| < Cdist(-, T),

as we may then use the equivalence dist(z,7) < Cdist(x, [; ;41) valid for all i in
the interpolation wedges W;.

To this end, let us fix j € {1,2,3}. For the sake of readability, let us introduce
the abbreviations, A = Aj, R = R(; j, R' = R j_1), £ = EMH, ¢ = @_17j,
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B = E(j’jﬂ) and B’ = E(j_l,j). Using the product rule and the definition (163)

of & i+1 on the closure of the interpolation wedge W;, we have
(0 +(B-V) +(VB)T) &iiv1 = (1= X) (9 + (B- V) +(VB)") RE
(170) + A8+ (B-V)+(VB)") R¢

+ (O + (B - V)A)(R'E — RE).
We want to manipulate the first two right-hand side terms to make the advection
equations (142) appear. To this end, we write B = B + A(B’ — B) and obtain

(0 + (B-V)+ (VB)T) RE=(d, + (B - V) + (VB)")RE
+(MB' - B)-V)RE+ A(VB' — VB) RE¢
+((B' = B) - RE)VA.

Using the compatibility conditions (150)—(151) for the auxiliary velocity fields
alongside with the bounds (106), (157), and the estimate (90) one shows that
the last three right-hand side terms are of order O(r, 2 dist(, I; ;1+1)). By (142)
and (90) the first term on the right-hand side is also of order O(r_ 3 dist(-, I; ;+1))-

Consequently, the first term on the right-hand side of equation (170) is of required
order. A similar argument shows that the second one is, too. Finally, also the
third term is of the desired order by the bounds (157) on A, the second-order
compatibility (148), and the estimate (90), concluding the proof of (169).

Step 4: Proof of the estimate (Twin =712 AT23AT31)

(171) IV-&;+B-& | <Cr2 dist(-, I;) inlU.

Let ¢ € {1,2,3}, and by the skew-symmetry é\” = —¢;, it again suffices to
prove (171) in terms of EM-H. Note that because of (163)—(164), (143), and (91)
it only remains to prove (171) for the vector field gmqu in the closure of the in-
terpolation wedges Wj, j € {1,2,3}. We again fix j € {1,2,3} and use the same
abbreviations as in the previous step.

We proceed similarly as in the proof of (169). Making use of the definition (163)
we get

V&1 =(1-MNV-RE+AV - R + (RE€—-RE)- V)

By the controlled blowup (157) of the interpolation functions, the compatibility
estimate (148), the approximate mean curvature flow equation (143) and the esti-
mate (90) it then follows
V-&it1=—(1—ANB-RE—AB - R'E +O(r:2 dist(-, I;.i11))-
Finally, the compatibility estimates (148) and (150) in conjunction with defini-
tions (163)—(164) and the estimate (90) imply the desired bound (171).
Step 5: Proof of the estimates (rmin :=712 AT23A731)

(172) 11— 1& ;| < Cr2 dist*(, I ) in U,
(173) Tfnin|3t|gz’,j|2‘ + Tmin|V|§i,j|2| < Or it dist(-, I ) in U,.

Let i € {1,2,3}. The validity of (172) resp. (173) for the vector field & ;41 in
interface wedges W, j11, j € {1,2,3}, is directly implied by the definition (163),
the bound (91), as well as the estimates (144) resp. (145)—(146).
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For all j € {1,2,3}, we then may compute on the closure of the interpolation
wedge W; by (163) and adding zero several times

€1 * = N|REP + 1=V R'E' + 20 (1-N)(RE - R'E)
(174) = 1= A1-N)[RE ~ REP + A(REP-1) + (1-N)(|R'EP-1)
Hence, the estimates (172) and (173) are the result of the estimates (106), (148),
(144)(146), (157) and (90).
Step 6: Choice of 7 = 7#(2) < r and definition of normalized vector fields & ;.
We first define # := r/\\/%fc(rl’g/\r23 Ars,1) with C' > 0 being the constant of (172).
Note then that (172) implies

N W

(175) %g &7 < inUy = | Ba(T()x{t}

te[0,T]

for all 4,5 € {1,2,3} with ¢ # j. We may then define

(176) & jlx,t) = M for all (z,t) € Uy

|5 (2, )]
and all 7,57 € {1,2,3} with ¢ # j. It remains to verify the asserted properties in
terms of the vector fields &; ; and B on the restricted space-time domain U;.

Step 7: Conclusion. Since & ;(z,t) = gm-(x,t) for all t € [0,7] and all x €
T:,;(t)NB:(T(t)), property 4) is an immediate consequence of definition (176). Note
that (96) trivially follows. Obviously, the skew-symmetry relation in property ii)
carries over from é\” to &; ;. Validity of the Herring angle condition (93) in terms
of the vector fields &; J also follows immediately from their definition (176) the fact
that the vector fields &; j already satlsfy (93) and the fact that |§1 9| = \{g 3] = |§3 1l
Indeed, recall that the vector fields §1 2, fg 3 resp. 53 1 can be obtained from each
of the other ones by a rotation, see (163) and Lemma 28.

For a proof of (98) (recall that the estimate (99) is already part of Step 2), we
simply compute

(177) (0, V)i = Al (Id— éw ® éw )(at, V)@,j.
.51 SR II¥]
Because of (175), the estimate #|V¢; ;|+72(0;&; ;| < C throughout Uz\T thus follows
from the corresponding estimate in terms of 2” from Step 2 of this proof. One
proceeds similarly for the required estimate on the second-order spatial derivative.
It therefore remains to argue that the estimates (94) and (95) hold true. Using
the product rule and the choice of # in the previous step, we may on U; compute

(6t+<B~V>+<VB>T)éi’j|
,J

1 T =& = 2
= 0B )+ (7B, - |3§m< L (B-V)E,]

By (169) and (175), the first right-hand side term is of the order O(#~3dist(-, I; ;)).
To handle the second term, it suffices to apply the estimate (173), the estimate on
the magnitude of the velocity |B| < C#~! from Step 2, and the estimate (175).
This proves the estimate (94).
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FIiGURE 12. If the angle between two tangent vectors is less
than 90°, we trisect it to obtain the desired interpolation wedge,
see for example Ws. Otherwise, we take the corresponding inter-
section of the half-spaces, as is done for W7 and W5. The wedges
Wi.2, Wa 3 and W3 lie inbetween.

We now turn to the proof of (95). Here, we compute on Uz by means of the
choice of 7 in the previous step
. S V-G, (G- VGl
Sig 1.1 2/&i 417
It is immediate from the estimates (175) and (173) to estimate the second term

as being of order O(#~2dist(-,I; ;)). Using the approximate mean curvature flow
equation (171) for the first term and the definition (176) of &; ; then yields

v. S __p. S
.41 16,51
In total, this gives (95). O

+O(F 2 dist(+, I; ;) = —B - & ; + O(# 2 dist(-, I ;).

Finally, we provide the elementary-geometric proof for the existence of wedges
with the desired properties.

Proof of Lemma 25. We recall some notation in conjunction with Definition 21.
For each (cyclic) i € {1,2,3} and all ¢ € [0, T, the unit vector t; ;41(p(t),t) denotes
the tangent of /; ;11(¢) at the triple junction 7(t) = {p(t)}, with the orientation
chosen such that it “points away” from the curve I; ;41(¢). Define then 7; ;41(t) :=
—ti,i11(p(t), ) and Hy, ., (t) = {z € R*: (z—p(t)) - 7,i41(t) > 0}. Note that

(178) 01727'172(t) + 0'27377'273@) + 0'37177'371(t) =0, te [0, T]

Using the balance of forces condition (178) together with the strict triangle in-
equality (10) we see that there exist constant-in-time angles 6; € (0,7) such

that cos(0;) = 7;i11(t) - Ti—1,4(t) for i = 1,2,3 and ¢t € [0,T]. For the following
argument, see also Figure 12.
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If 6; > 5 we may define X7, (t), X/ ;;(t) € S' such that the cone Cj(t) :=

T() + {1 XE 1 (1) +72X114(8): 1,72 € (0,00} satisfies Ci(t) = Ha,., () N
H,_, ,(t). Otherwise, we choose X, (1), Xf 1.:(t) € S! such that the cone C;(t) :=
T) + {nmX ;1) + 72X/ 1;(t): 1,72 € (0,00)} is the middle third of the
cone {M17;i+1(t) + y2Ti—1,:(t): v1,72 € (0,00)}. In both cases, defining for i €
{1,2,3} and t € [0, T] the cone C; ;11 (t) := T (t)+{n X}, (¢ )+72Xﬁi1( )i Y1,72 €
(0,00)} we then have

(179) Ci(t) CHe ., (t) NHe_, (1),
(180) Ciit1(t) C Hy, ., (8),
(1s1) i) Ui () = B,
i=1,2,3
(182) p(t) + 7iiv1(t) € Ciiya(t)

for all 4 € {1,2,3} and all ¢ € [0, 7.

Let r € (0,712 ATa,3 Ars 1], and for ¢ € {1,2,3} and t € [0,7T] define W;(¢) :=
Ci(t)NB.(T(t)) and W; i41(t) := Ciit1(t)N B (T (t)). As (85) follows immediately
from (181) it suffices to argue that there exists a constant C' = C(o) > 1, depending
only on the surface tensions at the triple junction, such that r := %(7’172/\7"273 Ar31)
gives rise to the inclusions (88)—(89) and the comparability of distances in form
of (90)—(91).

First, (89) follows from (179) and the fact that Hz, ,  (¢)NB,.(7(t)) is included in
the t-time slice of the image of the diffeomorphism from (56), see (57). Analogously,
one derives the second inclusion of (88) from (180). For the first inclusion of (88),
i.e., the curve trapping condition, one may argue as follows. On one side, it follows
from the endpoint ball condition i) of Definition 21 and r < 719 A re3 A3y
that T;,+1(t) N B.(T(t)) C Hx, ,,,(t) N B.(T(t)). On the other side, based on
the ball condition i) of Definition 21 at the triple junction 7(t) = {p(¢)}, we may
sharpen this inclusion to

Tiiv1(t) N Br(T(t))
C (Freers N BATEN) \ (Br () 470541 (0(0),0)) U By (p(8) ~711511(p(1), 1)) )

Hence, the first inclusion of (88) follows after choosing r € (0,712 A 723 A T3.1]
sufficiently small, with a proportionality constant depending only on the opening
angles of the interface cones Cj ;4.

We turn to the proof of the estimates (90)—(92). The estimate (91) is a con-
sequence of the first inclusion of (88), the fact that the interface wedges W; i1,
i € {1,2,3}, are separated from each other by the interpolation wedges W;, i €
{1,2,3,}, and that within B, (7 (¢)) the distance to 7;;41 equals the distance
to Im—H by Definition 21 and r € (0,71 2Ar2,3A731]. The estimate (92) follows from
similar considerations, exploiting again that the interface wedges are separated from
each other by the interpolation wedges. Also the argument for the proof of (90) is
analogous; at least once we improved the curve trapping condition (88) to a wedge
which is strictly included in W; ;11. A possible choice for such a wedge is to simply
bisect the angles formed by 77'i,i+1’Xii7i 41 and ?i7i+1,Xiiji1, respectively. The im-
provement of (88) then follows from possibly reducing r € (0,71 2 A72.3 Ars 1] even
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further. This in turn can be done again at the cost of a proportionality constant
depending only on the surface tensions at the triple junction. ([

6.3. Local compatibility estimates. We conclude this section with a result ver-
ifying that the local constructions at a triple junction from Proposition 26 are (in
a certain sense) suitable perturbations of the respective local constructions from
Lemma 22 with respect to interfaces meeting at the triple junction. It is precisely
at this stage where we rely on the freedom to choose a tangential component for
the local velocity field from Lemma 22.

Proposition 33. Let d = 2 and P € N, P > 2. Let Q@ = (Q1,...,Qp) be a
strong solution to multiphase mean curvature flow in the sense of Definition 16.
Let i,j € {1,..., P} such that i # j and I;; is a mon-trivial interface. Denote
by T. a space-time connected component of fi,j, and assume that T, connects two
evolving triple junctions T, and T,_, respectively. Let 7, ,7,_ € (0,1] denote
the associated localization scales from Proposition 26, respectively. Finally, denote
by (&5 ;, B€) the local vector fields from Lemma 22.
Then there exists a choice of the tangential component v, of B® satisfying

. . k1 gkay | < o )
(183) kgl(JE,lf(,Q(err ANfp ANOTTHV | < C, 30 tél[l()l%] dist(7p, (1), Tp_ (1)),

throughout im(Vr.) as well as (75) on T., so that at each of the two triple junc-
tions Tp, p € {p+,p—}, the local vector fields ( ﬁj,Bp) from Proposition 26 (at
scale 7,) may be chosen so that they are locally compatible with (& ;, B) in the
sense that

(184) &5 =E0 5| + 7| (V& ;= VEPNTES ;| < Oyt dist (-, I ),
(185) |(&5,—€F) - & 5] < CF 2 dist® (-, T ),
(186) |BP—B°| < C7, 2 dist® (-, I, 5),
(187) |VBP-VB¢| < Cf, % dist(-, I; ;)

in the region By ap(Tp(t)) N (WP, (t) UWP(t) UWTP(t)) for all t € [0,T] (where
the wedges W ;, W', W are the ones from Definition 24 with respect to the triple

gunction Tp). The constant C' > 0 in the above estimates (183)—-(187) may depend
on Q, but is independent of 7, _, 7, and L.

Proof. The proof is split into three steps.

Step 1: Choice of vector fields. We take (fﬁjiv,Bpi) as constructed in the proof
of Proposition 26. Moreover, we take (£ ;, B¢) as defined in Lemma 22 with the
following choice of the tangential component .. Let § be a smooth cutoff function
with 6(r) =1 for |r| < 1 and § =0 for |r| > 1. We then define

(1s) o m o2 Tr) dist(,7;. )

BP+ . Ti i 9(7*)31)— T o
TN, )BTt TNy Ty onTe

and extend this definition to im(¥r,) by a suitable Taylor expansion to match (75).
By the choice of the cutoff 8, this is indeed well-defined. The regularity esti-
mate (183) is a direct consequence of the definition (188) and the estimates (113)
and (99). Note that (183) in turn updates the estimate (70) to

(189) kr:nOai(Q(fm Ay AOFTHUVEBY < C in im(¥7r),
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with the constant C' > 0 being independent of 7, , #,_ and £.

Step 2: Proof of (186) and (187). Let p € {p+,p—}. First, we note that for
all t € [0,77] it holds By an(Tp(t) N (WPi(t) U WP (t) UWE(t)) C im(P7,) due
to (88)—(89). By means of the regularity estimates (99) and (189), the choice of the
cutoff function 6, and the definition (188) of the tangential velocity of B¢, it thus
suffices to prove B¢ = B within the interface wedge W7, (t) N B (i, ne)(Tp(t)) for
all t € [0,T]. However, by (188) the two vector fields agree in tangential direction.
Their normal component in turn equals H; ;0, ;, which is evident for B¢ from
definition (67), and for BP from the definitions (101) and (164).

Step 3: Proof of (184) and (185). Let again p € {p4+,p—}. Thanks to the
regularity estimates (68) resp. (98) and the fact (V&7;)TEf; = %V|§f7j 2 =0, the
asserted bounds (184) and (185) follow once we assured ourselves of the validity
of &, — &5 = 0 and (V§£j)T ¢; = 0 along the local interface segment 7¢(t) N
B, ne)(Tp(t)) for all ¢ € [0,T]. The former is immediate from both vector fields
being extensions of the unit normal 1, j|7, ., whereas the latter then follows from

adding zero and |§£j|2 =1: (fo)j)-r 0= (Vfij)T Po= %V|§£j|2 =0. O

]

7. GRADIENT FLOW CALIBRATIONS FOR A REGULAR NETWORK

The aim of this section is to prove Theorem 6: Given a strong solution to mul-
tiphase mean curvature flow (in the sense of an evolving network of smooth curves
meeting at triple junctions), we construct a gradient flow calibration by gluing
together the local constructions from the previous two sections.

More precisely, in Section 7.1 we define a partition of unity which allows us to
localize around each topological feature 7, i.e., a two phase interface or a triple
junction, for some suitable index n € N. We then define the global vector fields &; ;
for i,j € {1,..., P} with ¢ # j and B in Section 7.2 by gluing together suitable
locally defined vector fields &;'; and B™. Most of these vector fields were already
constructed in Sections 5 and 6, so that in Section 7.2 we only need to define those
vector fields £'; for which at least one of the two phases i or j is not present at the
selected topological feature 7,,. For their construction we crucially use the coercivity
condition of Definition 9 on the matrix of surface tensions. In Section 7.3, we prove
the compatibility between the local constructions of the vector fields of adjacent
topological features, which then allows us in Section 7.4 to prove Theorem 6.

We first describe the necessary notation. Let Q = (Q4,...,Qp) be a strong
solution for multiphase mean curvature flow in the sense of Definition 16 on some
time interval [0,7]. In particular, the family Q is a smoothly evolving regular
partition and the family 7 = (J, £ I; j is a smoothly evolving regular network of
interfaces in the sense of Definition 15.

We decompose the network of interfaces of the strong solution according to its
topological features, i.e., into smooth two-phase interfaces on the one hand and
triple junctions on the other hand. Suppose that the strong solution has N of
such topological features T,, n € {1,...,N}. We then split {1,...,N} =:CUP
with the convention that C enumerates the connected components in space-time
of the smooth two-phase interfaces (being time-evolving curves) and P enumer-
ates the triple junctions (being time-evolving points). If p € P, we define 7, :=
Ute[o,T] Tp(t)x{t} to be the trajectory in space-time described by the triple junc-

tion. If ¢ € C, we define Tc := U, (o) Te(t)x{t} C I; j for some i,j € {1,..., P}
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with i # j to be the corresponding space-time connected component of a two-phase
interface I; ;. We say that the i-th phase of the strong solution is present at the
topological feature T, for n € {1,..., N} if 9Q; N7, # 0. Otherwise, we say that
the phase is absent at T,. Finally, we write ¢ ~ p for ¢ € C and p € P if and only
if 7¢ has an endpoint at 7,. Otherwise, we write ¢ o p.

For each p € P, let 7, € (0,1] denote the localization scale provided by Propo-
sition 26, and for each i,j € {1,..., P} such that i # j let r;; € (0,1] be an
admissible localization scale for the interface I; ; in the sense of Definition 21. We
also define

3p:=1A min min  dist(7,(t), T, (t))-
P Juin, min | dist( p(t), Tpr (1))
In words, ¢p keeps track of the separation of the triple junctions. Moreover, for
each c € C we let
3l.:=1A min min dist(7.(t), T (1)).
© te[0,7] ¢'eC\{c}: ToNT. =0 (Te(®), Ter (1))
If ¢ € C refers to a closed loop, then ¢, measures the separation to all other topo-
logical features. Otherwise, ¢ € C refers to a two-phase interface with two triple
junction endpoints, and in this case /. represents the minimal distance to all other
topological features except for the two triple junctions at its endpoints and the set

of two-phase interfaces also having an endpoint at these triple junctions. We then
define

(190) 2rp = gleig Fp Ap A ICIIEI(IZI L. € (0,1].

Note that rp allows for the application of all the results from Section 6, and that
distinct triple junctions are well separated. In addition, the rp-ball around a triple
junction 7, intersects with the rp-neighborhood of a two-phase interface 7. if and
only if ¢ ~ p.

Next, in case ¢ € C does not refer to a closed loop, i.e., there exists exactly two
p+,p— € P such that ¢ ~ p; and ¢ ~ p_, we consider

3¢/ :=1A min min  dist (T t B, (T,t)), Te (t )
p=1a min o min - dis (0 U B (). T 0
' ~p,pe{p+} pelps}

The purpose of £, is to separate interfaces which meet at the same triple junction;
at least outside of a neighborhood of the latter. We then define

2re = min ri; Aminf. A min 2. € (0,1].

¢ i,5€{1,...,P},i#j b ee ¢ cec IpEP s.t. c~p © ( ’ }
Observe that the scale r¢ allows for the application of all the results from Sec-
tion 5, and that distinct interfaces are well separated at this scale in the previously
described sense.
Finally, it is convenient to define a minimal localization scale by means of

(191) Pmin == 1¢ ATp > 0.
7.1. Localization of topological features. We now introduce a partition of

unity (Moulk, 71, - - - s NN ), where each n,, forn =1,..., N localizes in a neighborhood
of the corresponding topological feature 7,, as follows:
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Lemma 34. Let d =2 and P € N, P > 2. Let Q = (Ql,...,QP) be a strong
solution to multiphase mean curvature flow in the sense of Definition 16, whose
network of interfaces decomposes into N topological features T,, n € {1,...,N}.
Let rp,Fmin € (0,1] be the localization scales defined by (190) and (191), and
let Tp :== Upep Tp-

Then, for each n € {1,..., N} there exists a continuous function
Mt R? % [0,T] — [0, 1]
satisfying n, € (CPC2 N CLCY)(R?x[0,T]\ Tp) with corresponding estimates
(192) 1A P [ V00| + T Op11a] < € in R2x[0, T\ T,

for some constant C > 0, depending only on Q but not on iy, so that the family
(M, ...,nN) is a partition of unity in the following sense:
i) Let npuk = 1 — 25:1 - Then muui € [0,1] throughout R*x[0,T]. On the
evolving network of interfaces T := U#j I; ; we have noux = 0. Moreover,
there exists a constant C > 1, depending only on Q but not on Fmin, such that

it holds

(193) C7'(rpd dist®(, Z) A1) < Mpuic in R?x[0,T]\ Tp,
(194) Motk < C (7 dist?(-, Z) A1) in R?x[0,T)\ Tp,
(195) [Vipuie| < Oty (Pt dist(-, 7)) A1) in R?x[0,T]\ Tp,
(196) |0tk < CT (P dist (-, Z) A1) in R2x[0,T] \ T,

and if either phase i or phase j is absent at a given topological feature n &
{1,..., N} we have the estimates

(197) M < C (7l dist® (-, I; ;) A 1) in R*x[0,T]\ Tp,
(198) (V| < O (P dlst( [; ;) A1) in R*x[0,T]\ Tp,
(199) 04| < Cri (Pt dist (-, I ;) A1) in R*x[0,T)\ Tp.

it) For all c € C and t € [0,T] it holds
(200) supp 7e (-, ) C W, (Te(t) x{t} X [Prnin; Pmin]) =2 imy,,, (V1) (0),

with W, denoting the restriction to T. of the diffeomorphism (56) (assuming
that T. C Iz,])
ii) For allp € P and t € [0,T) it holds

(201) supp 7y (-, 1) C By (Tp(1)).
i) Let p,p’ € P be two distinct triple junctions. Then for all t € [0,T] we have
(202) Supp 7p (- ) OV supp 1 (1) C By (T, (1)) O Brpp (T (1)) = 0.

v) Let p € P be a triple junction and let ¢ € C be a two-phase interface. Then
supp 7, N supp e # 0 if and only if T has an endpoint at T,. In this case and
assuming T C I; j fori#j € {1,..., P}, it holds for all t € [0,T] that

(203) supp 1, (-, t) Nsupp ne (-, t) C By (Tp(8)) N (Wi ;(8) U Wi(t) U W;(2)),
where Wy j, Wi and W; are as in Definition 24.
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vi) Let ¢,d € C be two distinct two-phase interfaces. Then we have suppn. N
supp e # O if and only if both interfaces have an endpoint at the same triple
Junction T, p € P. In this case, it holds for all t € [0,T] that

(204) supp 1c(+,t) Nsuppner (1) C Brp (Tp(t)) N Wilt),
where we assume that T. C I; j and Ter C Iy, ;.

Proof. An illustration of the constructed functions close to a triple junction can be
found in Figure 14. For the definition of a partition of unity (Mouk, 71, - - -, nn) with
the required localization and coercivity properties we proceed in several steps.

Step 1: Definition of auziliary cutoffs. Let 6 be a smooth and even cutoff function
with 6(s) = 1 for |s| < 1 and 6 = 0 for |s| > 1. Let (: R — [0,00) be another
smooth cutoff function defined by

(205) ((s) = (1= 5*)8(s),

see Figure 13. Let § € (0,1] be a constant to be determined later (independent
of Tmin). Based on the profile ¢, we then introduce for each topological feature Ty,
n € {1,...,N}, a corresponding cutoff function ¢, as follows. First, for a given
triple junction p € P we define the associated triple junction cutoff

dist t
(206) (1) o= g(M) (z,) € R2x[0,T].
P
Second, for a given connected component ¢ € C of a two-phase interface, say 7. C

I; j for some 4,5 € {1,..., P} with i # j, we define the associated interface cutoff
function

si,4(@,t) S
(207) Co(,t) = {C(srmm), (z,t) € im(T7.),

0 else,

where s; ; is the signed distance function defined in (58) and im(¥7,) is the image

of the diffeomorphism U, i.e., the restriction to 7. of the diffeomorphism (56).
It follows directly from the definitions (205)—(207), the regularity of the signed

distance in form of (61), (112) and (116), as well as (117) that

(208) Supp gp(at) C B, (T( ))’ te [OaT]a

(209) supp (-, t) C Ur (Te(t) X {t} X[~ 0T min, 0Tmin] ), t € 0,77,

and ¢, € (CPCZNCLCY)(R?x[0,T]\ Tp) as well as (. € (CPC2NCLCY)(im(Vr,))

with corresponding estimates (assuming 7. C I, ;)

(210) [1-Gy| < O, dist” (-, Tp) A 1) on R?x[0, 7]\ 7,

(211) VRG] < Orh (Fia P dist® *(, T,) A1) on R2x[0, T]\ Ty, & € {1,2},
(212)  |0:CGp| < CTty (Pt dist (-, Tp) A1) on R?x[0, 7]\ 7,

(213) [1=Co| < O(rd dist? (-, Tig) A 1) on im(¥7,),

(214) |VF¢| < Crk (o279 dist> *(, ;) A1) on im(Ur), k € {1,2},
(215)  [8iCel < O, (Tin dist(, Lig) A1) on im(¥7,).

Step 2: Define n, for triple junctions p € P. Let us assume that the phases
i,7,k € {1,..., P} are present at the triple junction 7,, and the corresponding
interfaces are denoted by T, . C I; j, Te;, C Lj and Te, , C I ;.
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-1 —1/2 12 1T

FIGURE 13. The profile ¢ used to construct the cutoff functions
for two-phase interfaces and triple junctions.

We want to define 7, such that (201) holds true. Recall from Definition 24 that
B, (T,) decomposes into six wedges. Three of them, namely the interface wedges
Wi j, Wik resp. Wy ;, contain the interfaces T, ;, 7Tc; , resp. Tc, . The other three
are interpolation wedges denoted by W;, W; resp. W.

We now have everything in place to move on with the definition of n,. We note
that By, (T,(t)) N W; ;(t) C im(Vr,, ) for all t € [0,7] due to (88) and (190).
Therefore, we can begin by setting

(216) p(, 1) = Cp(@,1)Ce, 5 (2, 1), £ € [0,T], & € Brp (Ty(t)) N Wi s(t),

and analogously on the other interface wedges W} ; and Wy ;. To define n, on the
interpolation wedges, we use the interpolation parameter built in Lemma 32. To
clarify the direction of interpolation, i.e., on which boundary of the interpolation
wedge the corresponding interpolation function is equal to one or zero, we make
use of the following notational convention. For the interpolation wedge W;, say, we
denote by /\g’k the interpolation function as built in Lemma 32 and which inter-
polates from j to k in the sense that it is equal to one on (OW; ; N OW;) \ T, and
which vanishes on (OWj ; N OW;) \ T,. We also define )\f’j =1- )\{’k which inter-
polates on W; in the opposite direction from k to j. Analogously, one introduces
the interpolation functions on the other interpolation wedges. We may then define

mp(2,t) := NP (@, 1) (2, 1) ey, (2, 8) + (1=MF) (2, )G (2, 1) e, (2, 8),

(217) LE[0.T], @ € By (Ty(t) N Wi(h),

due to B, (T,(t)) N Wi(t) C im(¥r,, ) 0im(Wr, ) forall ¢ € [0, T], which follows
from (89) and (190). We can analogously define n, on the other two interpolation
wedges W; and Wy. Finally, we define

(218) np(z7t) =0, te [O7TL x ¢ BT‘P (E(t))

We refer to Figure 14 for an illustration of the construction.

The localization property (201) is immediate from the definitions (216)—(218)
and the property (208), whereas (202) follows from the definition (190) of the local-
ization scale rp. Moreover, as a consequence of the estimates (157)—(158) for the
interpolation parameter, the estimates (210)—(215) for the auxiliary cutoffs, the def-
initions (216)—(218) and the trivial estimate dist(-, I; ;) V dist(-, [ ) Vdist(-, I ;) <
dist(-, 7,) throughout B, (7,(t)) for all t € [0, T] (assuming that the phases 4, j, k €
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{1,..., P} are present at 7,) we obtain

(219) [1=np| < C(rh, dist?(-, T) A 1) on R*x[0, 7]\ 7,,
(220) |VEn,| < Crgk (7279 dist®> (., T,) A1) on R2x[0,T]\ Ty, k € {1,2},
(221)  |9emp| < O, (P dist (-, Tp) A1) on R?x[0, 7]\ 7.

These estimates of course imply the asserted bound (192) for n = p € P. Note also
that the error estimates (197)—(199) are trivially fulfilled by definition (190) of the
localization scale rp, the property (201) and the estimate (192).

Step 3: Define 1. for ¢ € C. Let i,5 € {1,...,P} with ¢ # j be such that
7. C I, ;. If the interface 7. has no endpoint at a triple junction, i.e., it is a closed
loop, we simply set

(222)

ﬂc(x,t) = {gc(-fat) z:eﬂ?,t) (S im(\I/Tc);

where the cutoff ¢, was already defined in (207).

Otherwise, the interface ends in two different triple junctions corresponding to
p,p) € P with p # p’. We will only describe the construction close to 7,, as
by (190) the triple junctions are separated on scale rp and can thus also be treated
separately. Away from the triple junctions 7, and 7,/, we still define

(223)

o) {@(m) (2,1) € (W7 \ Usego g1 (Br (To(8)) U B (T (1)) {8}
T i R TN im)) \ Uregoiry (B (To(0) U B (T (1) X {2}

Near the triple junction, i.e., on B, (7,(t)) for all t € [0,T], we aim to modify the
definition such that 7. is supported within the set W; UW; UW; ;. To this end, we
define

(224) nC(xvt) = (l_Cp(x7t))Cc(xat)7 te [O7T]7 S BT"p (%(t)) N Wi,j(t)a

which is indeed possible in analogy to (216), and where the auxiliary cutoff ¢, was
introduced in (206). On the interpolation wedges W; resp. W;, we again make use
of the arguments enabling (217) and set
(225) '

Ne(w,t) := )\g"k(:c,t)(lpr(x,t))Cc(x,t), t€[0,T], x € Brp (Tp(t)) N Wi(t),

Ne(,t) := N (2,8) (1= (2, 1)) Gl 1), t € [0,T], & € By (Ty(1) N W (1),
ne(x,t) =0,  t€0,T], 2 € Bp (Tp(1)) \ (Wi ; () UWi(t) UW;(t)),

where k € {1,..., P} corresponds to the third phase present at p. We refer again
to Figure 14 for an illustration of the construction.

In terms of the required qualitative regularity for 7., the only obstruction might
be the compatibility of (223) with (225). This is precisely the point where we
rely on a suitable choice of the scale § € (0,1]. As we have seen in the proof of
Lemma 25, the curve trapping condition of (88) in fact holds on scale rp for a
wedge strictly contained in the interface wedge W; ; (e.g., a wedge obtained by
angle bisection). Hence, due to the ball condition of Definition 21, this improved
curve trapping condition, and the definition (190) of the localization scale rp we
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may choose the constant § € (0,1] small enough, depending only on the surface
tensions associated with €2, such that

U (Te(t) x{t} x[=0rp, orp]) N OB, (Tp(t)) CC Wi (1)

uniformly over all ¢ € [0,7]. This choice in turn ensures continuity of 7., and then
based on the definitions (222)—(225) that 7. € (CYC2NCLCY)(R?*x[0,T]\ Tp) since
all the constituents of 7. enjoy this regularity (cf. Step 1 for the auxiliary cutoffs
and Lemma 32 for the interpolation parameter, respectively).

Next, we may infer the localization property (200) from the definitions (222)-
(225) and the property (209). Moreover, based on the choice (191) of the localiza-
tion scale Tmin, the localization property (201) and the definitions (224)—(225), one
may deduce (203) and (204).

We move on with the proof of the estimates (192) and (197)-(199) in terms
of n = ¢ € C. First, a straightforward application of the definitions (222)—-(225),
the estimates (157)—(158) for the interpolation parameter, and the estimates (210)—
(215) for the auxiliary cutoffs implies (192). Consider then ¢ € C and distinct 4,5 €
{1,..., P} such that 7. ¢ I, ;, i.e., either phase i or phase j is absent at 7.. Without
loss of generality, we may assume that there exists ¢/ € C \ {c} and p € P such
that 7. C fi,j, ¢~ pand ¢ ~ p; and in this regime, it even suffices to restrict to
the domain B, (7,(t)) for all ¢ € [0,T]. Otherwise, the error estimates (197)—(199)
are trivially fulfilled because of (200), the estimate (192) and definition (191) of the
localization scale 7y, -

To prove the error estimates in the remaining regime, we now fully exploit the
fact that a factor of 1 — (, always appears in the definitions (224) and (225).
In particular, by means of the estimates (157)—(158) for the interpolation pa-
rameter, the estimates (210)—(215) for the auxiliary cutoffs, and the trivial esti-
mate dist(-,7;) < dist(-, 7,) throughout B, (7,(t)) for all t € [0,T], it follows

(226) Ne < C (i dist?(-, T,) A 1) in B, (T,(t)), t € [0, 7],
(227) (V] < CF iy (Frnin dist (-, Tp) A1) in B, (T,(t)), t € [0,T],
(228) |Ome| < Cr2, (Pt dist (-, Tp) A1) in B, (7,(t)), t € [0, 7]

These estimates upgrade to (197)—(199) thanks to the bounds (92) and (90).

Step 4: Partition of unity. Next, we validate the partition of unity property for
the family of localization functions (n1,...,nn). First of all, it is clear from our
definitions (216)—(225) that #,, € [0, 1] for each topological feature n € {1,...,N}.
Together with the already established localization properties (200)—(204) and the
definitions (216)—(225), it also follows that Zﬁle nn < 1 on R? x [0,T] as well as

25:1 nn = 1 on the evolving network of interfaces 7 = J,,; I; j. Hence, we may
define the bulk term 7y := 1 — 27]2]:1 nn € [0,1] and obtain that the extended
family (Mouik, 71, - - -,Mn) is indeed a partition of unity on R? x [0, 7T7.

Step 5: Estimates for the bulk cutoff. By the localization properties (200)—(204)
as well as the choices (190) and (191) of the localization scales rp and 7y, it suffices
to prove (194)=(195) in U.ccimz,., (¥7:) \ Uper Usejo, ) Bre (Tp(1)) x{t} and in
Uper Usejo,r) Bre (Tp(t)) x{t}, respectively. We in fact may argue separately for
each ¢ € C and each p € P. Moreover, for all ¢ € C and all distinct ¢,5 € {1,..., P}
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such that 7. C I; ; it holds

(229)  dist(-, L) = dist(-,Z) inime,, (7)) \ | |J Bre(To(0) x{t},
PEP te[0,T]

and similarly for all p € P with present phases i, j,k € {1,..., P}, it holds

(230) dist(-, I; ;) A dist(-, L) Adist(-, Ir;) = dist(-, Z) in | ] B (T,()x{t}.
te[o T)

First, let ¢ € C. Due to the localization properties (200)—(204), the choices (190)
and (191) of the localization scales p and Tmin, as well as the definitions (222)
and (223) it holds

(231) Moulk = 1= = 1— Cc in lmrmm(\I/Tc \ U U BT’P ( )) {t}

pEP te[0,T)

The upper bounds (194)—(196) are therefore an immediate consequence of the
bounds (213)—(215), respectively, together with (229) and (230). The coercivity
estimate (193) in turn follows from the choice (205) of the quadratic cutoff profile.

Second, consider p € P and assume that the pairwise distinct phases ¢, 7,k €
{1,.. P} are present at 7,. Modulo a permutation of the indices, it suffices
to con51der the two unique two-phase interfaces 7, , C I; j and Ter. C I so
that ¢; ; ~ p and ci; ~ p, and then to prove the desired estimates on the interface
wedge W; ; and the interpolation wedge W;. In this regime, due to the localization
properties (200)—(204), the choices (190) and (191) of the localization scales rp
and Tin, as well as the definitions (216)—(217) resp. (224)—(225), it holds

(232) Mbulk = 1*7701'4 —Np = I*Cci,j in B, (7;;(15)) N Wi (t),
(233) Tbulk = 1_7761',]’ MNew,: —Tp
= )\g7k(1_Cci,j) + (1_>\-’Ljyk)(1_cck,i) in BT? (7;1(75)) N Wi(t)

for all ¢ € [0,7]. The upper bounds (194)—(196) therefore follow from the es-
timates (213)—(215), the bound (157) for the interpolation parameter, the esti-
mates (90) and (91), as well as the estimates (229) and (230). The coercivity
estimate (193) in turn is again implied by (205). O

7.2. Global construction of the calibration. In this section, we glue together
the local constructions to define the global extensions &; ; and B of the normal
vector fields and velocity field, respectively.

The idea for the construction of the vector fields &; ; for 4,5 € {1,..., P} with
i # j is as follows. First, we provide the definition of local vector fields &';
for n € {1,...,N} in the support of the associated localization function 1, for
each topological feature 7;,. If both phases i and j are present at T,,, we define &',
by means of the local constructions provided in Section 5 for the model problem
of a smooth manifold and Section 6 for the model problem of a triple junction.
This, however, leaves open the question of the definition of the vector fields &',
for phases absent at 7,. It turns out that this issue is related to the conditions
of global stability between the phases. In particular, we would like to ensure that
at a given topological feature 7, our relative entropy functional provides a length
control for those interfaces which are not present at 7,,. For this purpose, we rely
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F1cURE 14. The different functions 7, for n € C UP in the parti-
tion of unity at a single triple junction 7, for p € P: The function
7. for a single two-phase interface ¢ € C ending at the triple junc-
tion (top left), the function n, for the triple junction itself (top
right), the sum of all two-phase localization functions at a triple
junction (bottom left), and the sum of all localization functions
> M (bottom right). Observe that the sum of all localization
functions equals 1 on the interfaces in the strong solution, but
decays quadratically away from them.

on the stability condition for an admissible matrix of surface tensions in the sense
of Definition 9 ).

Lemma 35. Let d =2 and P € N, P > 2. Let Q = (Q,...,Qp) be a strong
solution to multiphase mean curvature flow in the sense of Definition 16. Let
(Mbulk, M1, - - - »MN) be a partition of unity as constructed in Lemma 34. In particu-
lar, let Tmin € (0,1] be the localization scale defined by (191), and Tp = Upep Tp-
Let i,j € {1,...,P} be distinct phases and let n € {1,...,N} correspond to a
topological feature. Given

(234) Up = | {z eR?:my(x,t) > 0} x {t}
t€[0,T]
there exist continuous vector fields
§ijr Un — R?,
& U, — R,
satisfying the following properties:

i) It holds £}, & € (CPCENCLCY) U, \ Tp), and there exists C > 0, which may
depend on Q but not on Tmin, such that throughout Uy, \ Tp

min

s

(235) 08 T [ V€ |+ ol 00615 < €



WEAK-STRONG UNIQUENESS FOR MULTIPHASE MEAN CURVATURE FLOW 79

i) On Uy we have §'; = =&, [§;| < 1 as well as
(236) oii&i; =& — &

ii) If the phases i and j are both present at the topological feature Ty, then &'
coincides on U, with the explicit two-phase construction from Lemma 22 in
case of n € C, respectively the triple junction construction from Proposition 26
in case of n € P.

i) There exists a constant b= b(o) € (0,1), depending only on the surface tension
matriz associated with the strong solution Q, with the property that if either
phase i or j is absent at the topological feature Ty, then throughout U,, we have

(237) |§Z"j| <b<l.
v) In case of equal surface tensions o; ; = 0 = oy;, we have &}} - i =0.

Proof. The proof consists of two parts distinguishing between the topological fea-
tures present in the network of interfaces of the strong solution.

Step 1: Consider the case n = ¢ € C. We first assume that both phases ¢ and j
are present at the two-phase interface 7., i.e., 7. C L] We then define the vector
field &7 ; on U, as in Lemma 22. Note that by the localization property (200) and the
definition (191), we are indeed in the setting of Section 5. In particular, £, = —£5,
and £ ; coincides with 1, ; on suppn. N I, ;. Furthermore, let us define the vector
fields £ and &5 as & 1= Z52&7 5 vesp. as £ := T52£5,. This ensures that the desired
formula (236) is indeed satisfied. Moreover, the regularity estimate (235) follows
from (68) and (69).

Now, let us assume that at least one of the phases ¢ or j is absent at the two-phase
interface 7. To be specific, we fix m,l € {1,..., P} with m # [ such that 7. C Iy, .
The idea now is to first define vector fields £ and £ and then define £ ; by means
of (236) such that (237) holds true. To this end, we rely on the strict triangle
inequality (10) for the given matrix of surface tensions, a direct consequence of our

stability assumption Definition 9 4i). Let us define

1
& = S (01i€m + m,i&lm)s

2
and analogously for £5. Note that this is indeed well-defined since we have already
provided a definition of the vector fields &, , = —&f,, on the right-hand side as

they are assumed to be associated to phases present at 7.. This definition is also
consistent with the previous one because of the convention o;; = oy, = 0. We
may then compute plugging in the definitions

C C
e S8 _1(0i=0je | Omi ~Tmi e
J T m,l lm |-

Ti.j 2\ i i

Hence, (237) holds true because we have |7-="44| < 1 and |74 | < 1 due to
i,j i

the strict triangle inequality (10), whereas (235) follows because &, ; = =&, is

already subject to the same bound.

We note that in case of equal surface tensions o; j = 0 = 0,i, these definitions
ensure that

(238) §-€i; =0

holds for 7. C 1; ;.
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qi < Tij q;
G e
< Ui,l\ <051
On,l Om,n
qi Ol,m dm

FIGURE 15. Sketch of the [?>-embedding of ¢ in the case that i
and j correspond to absent phases, projected into the plane F
containing qx, ¢ and q,.

Step 2: Consider the case n = p € P. Again, we first assume that both phases
i and j are present at the triple junction 7,, i.e., a connected component of the
interface I; ; has an endpoint at 7,. Note that by the localization property (201)
and the definition (190), we may apply Proposition 26. Therein, we constructed a
vector field in the support of 7, we now call & ;. In particular, £ ; = €3, and & ;
coincides with i; ; on suppn, N I; ;.

Assume now that k& € {1,..., P} is the third phase being present at the triple
junction 7,. By construction, we have o; ;& +0; 1€} +0x,:€), ; = 0 on the support
of 17,. Defining then the vector field £ as £¥ := %(amgﬁj +0i 1€} ), and analogously
for £ and &}, we indeed obtain (236). The remaining claimed properties follow from
Proposition 26.

We note that for equal surface tensions 0; ; = 0, = 0y, these definitions imply
directly

(239) &&=

In order to define fﬁ ; if at least one of the phases i or j is absent at the triple junc-
tion, we define the vector fields £} and £} as time-independent affine combinations
of the previously defined vector fields using the stability condition Definition 9 7).

To be specific, we assume that the distinct phases k,I,m € {1,..., P} are present
at T,. We then employ the stability condition Definition 9 i), that is, there exists
a non-degenerate (P — 1)-simplex (q1,...,qp) in RP~! such that oy j» = |qi — q;/|
for all i',j" € {1,..., P}. In particular, the triangle (qx, qi,¢m) is non-degenerate
and spans a plane F in RP~!, which we may isometrically identify with R? via an
affine map ¢: E — R2. We furthermore denote the orthogonal projection onto F
by m. See Figure 15 for a sketch.

In order to prepare the proof of the coercivity condition (237) we claim

(240) [mq; — mq;| < boi;

for some b € (0,1), which we prove by considering two cases:
If exactly one of the two indices, say, j corresponds to a phase being present at 7,

then 7g; = g;. Note that due to the simplex (g1, ..., ¢p) being non-degenerate, also

the 3-simplex (g, qi, gm, ¢;) is non-degenerate, so that g; cannot lie in the plane E.

Therefore, we have mq; # ¢;, so that

|2 |2 _

Imq; — mq; 1> < |ai — wqi|* + |mq; — ¢;° = |las — ¢1* = 07,

the latter by Definition 9 4ii). This implies the strict inequality in this subcase.
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If both ¢ and j correspond to phases being absent at 7,, we consider the orthog-
onal projection on the three dimensional affine space F spanned by (¢, Gks @5 Gm),
as well as the orthogonal projection 7 onto E. As the 4-simplex (qi, 45, Qk, 1 Gm)
is non-degenerate, we have 7q; # ¢; and 7wq; = w o wq;. Therefore, we have

g — mq;* < lai — 75 < g — 7 ° + |7q; — ail* = lai — q;1* = 07,
allowing us to conclude as in the previous case.

We now proceed with the definition of &, for all ' € {1,..., P}. As (qk, qi, gm) is
non-degenerate and ¢ is 1sometr1c also the triangle (¢qy, ¢ql, qﬁqm) is non—degenerate.

Therefore, there exist unique )\ )\f ,)\l € R such that )\l + )\l + )\l =1 and

¢ 0 7 = N, dar + Al 6a1 + A .
We may then on U, define

(241) &b = Mg+ N+ A,
as well as £ ; and £, via (236). By uniqueness of the coefficient, these definitions
are consistent with the previous ones.

The claimed properties i) and i) immediately follow from Proposition 26. The
identity fzj = ffﬁi, (236), and (235) are straightforward consequences of the
definition and again Proposition 26. Therefore, we only have to prove (237) in
order to get |} ;I < 1. To this end, we argue as follows:

Again by non-degeneracy of (¢qx, ¢qi, ¢gm) for all (x,t) € U, there exist a unique
matrix A(z,t) € R?*? and y(z,t) € R? such that

(242) &h(x,t) = Az, t)p o mgir + y(x, t).
for all i = k,I,m. As (241) constitutes an affine combination, this equality even
holds for all ' € {1,..., P}. Furthermore, we have that the matrix A is orthogonal,
ie., A(z,t) € O for all (z,t) € U,, since by Proposition 26 i) we have

|A(pomqy —pomgy)| =16 — &0l = 0w y|&) /| = 0wy = |pomgy — domgy|

and the triangle (¢qx, dqi, d¢m) is non-degenerate. As A is orthogonal and ¢ is
isometric, we have by (240) that

(243) & =& = [Ald o mg; — P omqy)| = |mgi — mg| < blai — g = bosj,
which together with (236) gives ). O
Now we may define the global extensions &; ; = —¢;; of the unit normal vector

fields between the phases ¢ and j in the strong solution by gluing the local definitions
by means of the partition of unity (ouik, 71, ---,nn) from Lemma 34.

Construction 36. Let d = 2 and P € N, P > 2. Let Q = (Qq,...,Qp) be a

strong solution to multiphase mean curvature flow in the sense of Definition 16.

Let (nbulk,nl, ...,mN) be a partition of unity as constructed in Lemma 34. Let

i j € {1,...,P} with i # j, and let for alln € {1,...,N} the local vector fields
= =&, be given as in Lemma 35. We then deﬁne

(244) &z, t): Znnxt i)

for all z € R? and all t € [0, T).
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FIGURE 16. Plot of the length of the vector field & ;. Observe
that the length is 1 on the interface I; ; of the strong solution,
but decays quadratically away from it to a value strictly smaller
than 1, even on the other interfaces I; , and I; ,. As a consequence,
the integral fli ; 1—n; ;& ; dH! provides an upper bound for the
interface error functional ¢ I, min{dist?(z, I; ;), 1} dH".

We proceed with the derivation of the coercivity condition provided by the length
of the vector fields ; ; as defined by Construction 36. For an illustration we refer
to Figure 16.

Lemma 37. Letd =2 and P € N, P > 2. Let Q = (4,...,Qp) be a strong
solution to multiphase mean curvature flow in the sense of Definition 16. Let
(Mbulks M1, - - -, M) be a partition of unity as constructed in Lemma 34. In par-
ticular, let Tmin € (0,1] be the localization scale defined by (191). Let & ; for
i, € {1,..., P} with i # j be the family of vector fields provided by Construc-
tion 36. Then there exists a constant C > 1, depending only on Q but not on Fmin,
such that for alli,j € {1,..., P} with i # j it holds

1, 5 . 7
(245) & i dist® (- [ij) A1) < 1= [&l.
Furthermore, in case of equal surface tensions o; ; = 0 = og,i, we have

Proof. Let (z,t) € R?2x[0,T] and 4,5 € {1,..., P} with i # j. The asserted es-
timate (245) is trivially fulfilled for (x,t) ¢ supp&; ;. By the definition (244) we
may therefore assume that there exists a topological feature n € {1,..., N} such
that (z,t) € suppn, and that n,(z,t) = max{n, (z,t) : 1 <n’ < N}. Because of
the localization properties (202)-(204), we may additionally assume 7, (z,t) > 1.
Otherwise, |§; ;| < % on account of the local vector fields having at most unit length.

If either phase i or phase j is absent at the topological feature 7,, we argue as
follows. Using b € (0,1) from (237) we compute

€i51 = |m&i; + > €8] < b + > N

n’€{l,....N}\{n} n’e{l,....N}\{n}
<1-—n,(1-0).
Due to n,(z,t) > 1 we deduce 1 — [¢; ;(x,t)| > +(1 —b) € (0,1). Therefore the

estimate (245) holds in this case.
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Next, we assume that both phases i and j are present at 7,. In the regime n =
¢ € C, it follows from (x,t) € suppn,, the localization properties (200) and (203),
the definitions (191) and (190) of the localization scales rp and Tin, as well as
the estimates (90) and (91) that dist(z, I; ;(t)) < Cdist(z,Z(t)). Hence, (245) is
implied by the coercivity estimate (193) for the bulk cutoff and the definition (244).

If n =p € P, denote by k € {1,..., P} the third phase present at 7, next to the
phases i and j. If 2 € By, (T,(t))\ (W;,e(t) UWp ; (£) UWy(t)), then by (90) and (91)
it again holds dist(z, I; ;(t)) < C dist(z, Z(t)) so that (245) follows as before. Thus,
assume that @ € By, (T,(£)) N (W;,k(t) UWi; () UWy(t)). Figure 16 serves as an il-
lustration for the subsequent argument, for which we in fact assume that x € Wy (t)
(the argument in case of interface wedges is similar). Based on the definition (244),
the localization properties (202)—(204), the coercivity estimate (237), and the defi-
nitions (217), (225) as well as (206), we estimate at (z,t)

1= &1 = 1= (np + bie, , + bine; )
= A (1= (s + (1-0)GCe) ) + (=2 (1= (6o, + (100G ) )
> (1=b)(1—¢) > (1 —b)(r, dist®(z, Tp) A1),

The trivial estimate dist(x, T,(¢)) > dist(, I; ;(t)) therefore allows to conclude.

To show (246), we simply use item v) from Lemma 35 as well as the compatibility
conditions on the vector fields (&; ;)i;- O

For a global definition of the velocity field B, we proceed analogously, i.e., we
first provide a definition for local velocity fields B™ for each topological feature T,
withn € {1,..., N} and then glue them together by means of the partition of unity
(Mbulks M5 - - -, M) from Lemma 34.

Construction 38. Let d = 2 and P € N, P > 2. Let Q = (Qy,...,Qp) be a
strong solution to multiphase mean curvature flow in the sense of Definition 16.
Let (Nbuiks M1, - - -, M) be a partition of unity as constructed in Lemma 34.

Let n € {1,...,N}, and recalling the notation (234), we define a continuous
vector field

B": U, — R?

as follows: in case of n € C we take B™ as the restriction to U, of the two-phase ve-

locity field from Lemma 22. More precisely, in case the curve T, connects two triple

junctions, the tangential component of B™ is chosen as in Proposition 33; other-

wise, we simply let the tangential component vanish. In case of n € P we take B™

as the restriction to U, of the triple junction velocity field from Proposition 26.
We finally define a global velocity field by means of

N
(247) B(z,t) := Y nn(w,t)B"(x,1)

n=1

for all x € R? and all t € [0, 7).

We briefly present the regularity properties of the family of local velocity fields
from Construction 38.

Lemma 39. In the setting of Construction 38, for alln € {1,...,N} the associ-
ated local velocity field satisfies B™ € CPCZ(Un \ Tp), Tp := U,ep Tp- Moreover,
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there exists C > 0, which may depend on Q but not on the localization scale Fuin
from (191), such that throughout U, \ Tp it holds

(248) max e (VB < CF

k | ]
k:0,172 min min

Proof. For n = ¢ € C the estimate (248) follows from (70) and (183), which in
turn are indeed applicable thanks to the localization property (200) and the def-
inition (191). In case of n = p € P, we may apply Proposition 26 due to the
localization property (201) and the definition (190), so that (99) implies (248). O

Equipped with the definition of the global velocity field B, we may now prove a
suitable estimate on the advective derivative of the bulk cutoff 9y from Lemma 34.

Lemma 40. Letd=2 and PN, P> 2. Let Q = ((_21, .. .,Qp) be a strong solu-
tion to multiphase mean curvature flow in the sense of Definition 16. Let nuuk be
the bulk cutoff from Lemma 34, Tmin € (0,1] the localization scale defined by (191),
and Tp := Up673 Tp. Let B be the global velocity field from Construction 38. Denote
by T := Usepo,r) Uiy L j(t) x {t} the evolving network of interfaces. Then there
exists a constant C' > 0, depending only on the strong solution € but not on Fuin,
such that

(249) |0t + (B - V)nui| < CF e (P dist® (-, Z) A1)

min \' min

in R2x[0, T)\ Tp. Moreover, for alln € {1,...,N} and all distincti,j € {1,..., P}
such that either phase i or phase j is absent at T, it holds

(250) 041, + (B - V)| < CFp2 (Foi dist® (-, I ;) A1)
in R2x[0,T]\ T».

Proof. The estimate (250) is trivially fulfilled in case of n = p € P by (192), (201)
and the definition (190) of the localization scale rp. Hence, let us reserve notation
for the proof of (250) by fixing ¢” € C and distinct phases i’,j’ € {1,..., P} such
that at least one of them is absent at 7.

We now split the proof into two parts, first establishing the asserted estimates
along two-phase interfaces 7. and away from triple junctions, and second in the
vicinity of triple junctions adjacent to 7.. More precisely, by the localization prop-
erties (200)—(204) and the choices (190)—(191) of the localization scales rp and Tppin,
it suffices to prove (249) in U,.cc imp,,, (Y7.) \ Upep Uiepo,r) Bre (To(t)) x{t} and
in Upep Usepo, 1) Brp (Tp(t)) x {t}, respectively. We in fact may argue separately for
each ¢ € C and each p € P.

Step 1: Estimates close to T, and away from triple junctions. In this step, we
restrict ourselves to the region img,,,, (V7.) \ U,ep Usefo 1) Brr (Tp(t)) x {t}. To fix
notation, let 4,5 € {1, ..., P} be such that c refers to a two-phase interface 7, C I; ;.
Recalling (231), we register that

(251) Moulk = 1 — 1,

s,
252 e=Co=¢l—=),
(252) me=G=C(52)
(253) B = n.B,

in imfmin (\I/TC) \ UpEP Ute[O,T] Brp (%(t)) X{t}'
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For (249), we first observe that the signed distance function is transported by B¢,
cf. (71). By the chain rule, this also holds for (., i.e.,

(254) Ol + (B°- V)¢ =0 inim(¥r ).

Hence, using (253), (251), the quadratic order of Ny from (194), and the regularity
estimates (192) and (248) we obtain
(255) 10:Ce + (B - V)Ce| = moui| (B - V)| < CFp2, (i, dist® (-, Z) A 1)

"min \"min

in the region imz,,., (¥7.) \U,ep Urepo,r) Bre (Tp(t))x{t}. By (251) and (252), this
is equivalent to (249).

For a proof of (250) throughout imz,,, (Y7.) \ U,ep Usepo, 77 Brr (Tp(t)) x {t}, we
may assume without loss of generality that ¢’ = ¢; otherwise, the estimate (250)
is trivially fulfilled by (200) and the definition (191) of the localization scale Tpin.
However, if ¢’ = ¢ then the above argument already yields the claim thanks to (251),
(252) and (255).

Step 2: Estimates close to T. and in the vicinity of triple junctions. Now, con-
sider p € P and assume that the pairwise distinct phases i,j,k € {1,..., P} are
present at 7,. Modulo a permutation of the indices, it suffices to consider the
two unique two-phase interfaces 7}11] C fid and 7'C,w, C l:k,i so that ¢ :==¢;; ~ p
and ¢ := ¢ ; ~ p, and then to prove the desired estimate (249) on the interface
wedge W; ; and the interpolation wedge W;.

In this step, let us turn to the interface wedge W; ;. The interpolation wedge W;
will be discussed in Step 3. With respect to (250), it then suffices to work in the
regime ¢’ ~ p and ¢’ = ¢; otherwise, the estimate (250) is again fulfilled for trivial
reasons thanks to (203) and (204). Based on (224) and (232) we then have

(256) TNe = (1 - Cp)Cca
(257) Moulk =1 =0 —1p =1 = C,
(258) B =n.B+ anp,

throughout B, (7,(t)) N W; ;(t) for all ¢ € [0,T7.

For the estimate on the advective derivative of the bulk cutoff, using (257) and
the transport equation for the interface cutoff (254) (which is applicable through-
out By, (T,(t)) N W; ;(t) for all t € [0,T] due to (88)) we obtain

BiCe = —(B°- V)¢ = —(B - V)l — Mo (B® - V)¢ — 1p (BP—B°) - V),
in B, (T,(t)) N W; ;(t) for all t € [0,7]. In particular, because of (194), (248),
(214), (88), (192), (186), (91), and finally (230) this entails
(259) 0iCc + (B V)| < Ol (Fd, dist® (+, T) A1)

min \"min
in B, (T,(t)) N W; ;(t) for all ¢ € [0,T]. By the representation (257), this is equiv-
alent to (249).

To obtain the asserted bound on the advective derivative of the interface cut-
off 1., we use that since ¢, is only a smooth function of the distance to the triple
point T,(t) = {p(t)} (performing an excusable abuse of notation), it satisfies the
transport equation 9;(p, + (%p(t) - V)¢, = 0 throughout R*x[0, T\ 7». By Propo-
sition 26 i), the partition of unity property of the family (n1,...,nn5), and the regu-
larity estimates (248) resp. (192), it follows that |B — B(p(t),t)| < CF,2, dist(:, T)

min
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in By, (Tp(t)) N (W, ;(t) UW;(t) UW;(t)) for all t € [0,T]. This in turn implies by
means of (206)

(260) |0+ (B V)Gl < Crfirp? dist?(, To(t) < CToi (1= Gp)

in By, (T,(t)) N (W, ;(t) UW;(t) UW;(t)) for all ¢t € [0,T]. Hence, when restricting
to the interface wedge we obtain from the combination of (256), the product rule,
(259), (260) and finally (197) that the desired estimate (250) indeed holds true in
By, (Tp(t)) N W, () for all t € [0,T].

Step 3: Estimates in interpolation wedges at triple junctions. We turn to the
proof of (249) and (250) on the interpolation wedge W;. Recall to this end the
notation fixed at the beginning of Step 2. With respect to proving (250), it suffices
to consider ¢’ ~ p and ¢’ € {c,¢'}, and thus up to a relabeling ¢’ = ¢; otherwise,
the estimate (250) follows trivially because of (203) and (204).

Because of (225) and (233), it then holds (abbreviating A := A'%)

(261) e = M1 = Gp)Ces
(262) Moulk = 1 =N = Ner —1p = )‘(I_Cc) + (1_)‘)(1_CC’)7
(263) B = n.B° +14B +n,B,

throughout B, (7,(t)) N W;(t) for all ¢ € [0, 7.
Based on the second identity of (262) and (263), we may split the task of esti-
mating the advective derivative of the bulk cutoff as follows:

Oenoutk + (B - V)npune =: I + 11,
where we defined
1= (1-C) (0B - V)A + (1=()(9+B - V) (1=4),
IT:= X0+B - V)(1=() + (1-X) (0+B - V) (1-(or).
We estimate term by term. For an estimate of 11, we argue in a similar fashion to
Step 2. More precisely, applying (262) and the transport equation for the interface

cutoff (254) (which is applicable throughout B, (7,(t)) N W;(¢) for all ¢ € [0,T]
due to (89)) we have

8t<c = _(B ' V)Cc - 77bulk(BC ' V)CC — Ner ((BC/_BC) : V)CC - np((Bp_BC) : V)CC
in B, (Tp(t)) N W;(t) for all ¢ € [0,T]. Replacing the use of (83) by (89) and the

use of (91) by (90), we may rely on the otherwise same argument entailing (259)
to deduce that (adding also zero in form of B¢ —B¢ = (B¢ —BP) + (B?—B¢))

(264) 0:¢c + (B V)| < CTl (Fd, dist® (-, Z) A1)
in B, (T,(t)) N W;(t) for all ¢ € [0,T]. Of course, the same estimate holds true
in terms of (.. Hence, |IT| < C7,2, (F;izn dist?(-, Z) A 1) in By, (T,(t)) N W;(¢) for
all t € [0,T] as desired.

We turn to the estimate of I. Adding zero and relying on (262) as well as (263),
we observe that it holds

(0i+B - V)A = (84+B” - V)X + (ne(B = BP) 410 (B¢ —BP)—npuic B?) - V.
By familiar arguments in combination with the controlled blowup (157) of the
derivative of the interpolation parameter, one checks that the second right hand

side term of the previous display is of the order O(7, 2 ). The first right hand side
term is of the same order thanks to (90) and the bound (161) on the advective
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derivative of the interpolation parameter (for which we may freely pass from BP
to BP(p(t),t), abusing again notation in form of 7,(t) = {p(¢)}, cf. Proposition 26 ¢)
and the estimate (99)). Hence,

(265) 0N+ (B-V)A <O 2.
By (213) and (90), we thus obtain |(1—C.)(0;4+B-V)A| < OF-2 (r-2 dist*(-, ) A1).

Arguing analogously one also bounds the term (1—(v)(0:+B - V)(1—X) to the
same order, so that in summary (249) follows in the region B, (T,(t)) N W;(t)
for all t € [0,T7.

We finally provide the proof of (250) in the given interpolation wedge. When
computing the advective derivative of 7., it follows from (261), the product rule,
(264), (260) and (197) that we only need to additionally control the term when
the derivative falls onto the interpolation parameter. However, since we already

have (265) at our disposal, it follows from (210) that
[(0e+B - V)A|(1 — ()l < OF iz (P dist® (-, Tp) A1),

— min min

which by (90) (or a trivial argument if either ¢’ or j’ is absent at 7,) entails a bound
of required order. This in turn concludes the proof. ([l

7.3. Global compatibility estimates. We next lift the local compatibility esti-
mates from Proposition 33 to compatibility estimates between the global and local
constructions. These technical estimates will be needed in order to derive the es-
timates (4c)—(4e) for the global constructions from the corresponding ones for the
local constructions in Lemma 22 and Proposition 26.

Lemma 41. Letd = 2 and P € N, P > 2. Let Q = (Q4,...,Qp) be a strong
solution to multiphase mean curvature flow in the sense of Definition 16. Let
(Mbulks M5 - - -, M) be a partition of unity as constructed in Lemma 3/4. In particular,
let Tmin € (0,1] be the localization scale defined by (191) and Tp 1= U ep Tp- Let
(&7 )neq1.... vy be the local vector fields from Lemma 35 as well as (B")ne(1,... N}
be the local velocity fields from Construction 38. Let &; ; be the global vector fields
from Construction 36, and let B be the global velocity field from Construction 38.

Then, the local and global constructions are compatible in the sense that for all
topological features n € {1,...,N}, and all distinct phases i,j € {1,..., P} such
that both i and j are present at T,, the following estimates are satisfied

( 6) ]}'SUPP"%L gi’j - n| < C( mlln dlSt( I ) A 1)7

267) Lsupp | (&1 — & J : ’ < C(fr;?n dist? (1, ) A 1)
(268) HSUPPUL B Bn’ < C mm( n112n dlSt ( ) A 1) +
(269) Lsuppn, |[VB — VB"| < Cr 2 (Foh dist(-, I ;) A 1)

throughout R?x [0, T]\Tp. The constant C > 0 may depend on the strong solution (2,
but is independent of Fimin-

For the proof of Lemma 41, recall that we decomposed {1,...,N} =: CUP
with the convention that C enumerates the connected components in space-time of
the smooth two-phase interfaces and P enumerates the triple junctions. If p € P,
we defined 7, to be the trajectory in space-time described by the triple junction.

If ¢ € C, we defined 7. C I;; for some 4,5 € {1,...,P} with i # j to be the
corresponding space-time connected component of a two-phase interface I; ;. We
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further write ¢ ~ p for ¢ € C and p € P if and only if 7. has an endpoint at 7.
Note finally that two distinct phases i, € {1,..., P} are simultaneously present at
a topological feature 7,, n € {1,..., N}, if and only if 7, C I; ;.

Proof. We aim to reduce the situation to the local compatibility estimates from
Proposition 33. Such a reduction argument turns out to be possible due to the
localization properties (202)—(204), the estimates (194)—(198), and our assumption
that both phases ¢ and j are present at the selected topological feature. For all what
follows, let n € {1,..., N} and 4,5 € {1,..., P} such that i # j as well as T, C I, ;.
For notational convenience, we abbreviate for the purpose of the proof 7 := 7y,
and di,j = diSt(', ji,j)-

Step 1: Proof of (266). We insert the definition (244) which in combination with
the estimates (194), (197) and (235) yields

N
]lsupp Nn (fi,j_gzn,j) = _]lsumo Mn Ubulkfﬁj + Z ILsupp N 10’ (52]_52])

n’=1,n'#n
N
(270) = D Lapppwr (€561 + O 2d3; A1),
n'=1,n"#n
'Tn/CIZ;J

Next, the localization properties (202)—(204) allow to represent the remaining right
hand side terms in form of

N
n’ noy __ D c
E : ]lsumnnnn’(‘fi,j_ z‘,j) = E E , ]l’ﬂ:C]lSUPPUcnP(Ei,j_ z‘,j)
n'=1,n"#n pEP,T,Cl; ; c€Cie~p
7—"/CL‘,J

+ Z Z Ln=pLsuppn, N (& j— ﬁj)

c€C,T.CI; ; PEP,c~p

n Z Z Z ]1n:d115uppnc,nc(ff,j—ﬁf,'j)

c€C,T.CI; ; PEP,c~p c’'eC,c'#c
/
c'~p

The assumption T, C I_i,j furthermore enables us to post-process the previous
identity as follows

N
n’ ny __ D c
§ , ﬂsuppnnnn’(fi,j_ i,j) = E E ]ln:c]lsuppncnp(fi7j_ i,j)
n'=1,n"#n pEP,TpCl;,j c€C,TCI;
Tnr Cli c~p

+ Z Z ]ln:p]lsuppnp”c(ff,j_ f,j)-

c€C,T.CI; ; pEP, T, CI;
c~p

We are now in a position to apply Proposition 33. More precisely, thanks to the
localization property (203) and the definition (191) we have the estimate (184) at
our disposal, implying that

N

Y Lawppna e (§15-€5) = O iy A1),

n':l,nj;ﬁn
T Clij
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at least under our assumption of 7;, C I; ;. This concludes the argument for (266).
Step 2: Proof of (267). Multiplying (270) by &}'; and afterwards running through
the same argument as in Step 1 entails

N

!
Z Lsupp 1, 1/ (fﬁj_ ?J) ’ fznj
n':l,n:;én
Tnr Cl; 5

S D LnmcLouppntp(§0,=655) - €6,

pG'P,/TpCI_i,j CGC,'TCCE,J‘
c~p

+ ) Y Laplauppn, (&5, —€F)) - €0, + O 2dZ; A1),
c€C,T.Cl;,; pEP,ToCL; ;
c~p

Adding zero in the second right hand side term of the previous display in form
of ( f7j—§f7j) . ﬁj = —\fﬁj—ﬁﬁﬂz + ( ﬁj—ﬁgj) - &5, and then applying the local
compatibility estimates (185) and (184), we deduce (267).

Step 3: Proof of (268). Using the definition (247), the regularity estimates (248)
and the local compatibility estimate (186) instead of (244), (235) and (184), respec-
tively, and substituting (B, B") for (& ;,&;';) in the argument of Step 1 directly
implies (268).

Step 4: Proof of (269). We give some details here, as in comparison to Step 1 or
Step 3 the argument in favor of (269) involves an additional (though simple) reduc-
tion step. Starting with the definition (247), the estimates (194), (197) and (248),
and in addition the product rule we obtain

Lsuppn, (VB-VB")

N N
= _]lsuppnnnbulkan + Z ]lsupp nnnn/(an _VBn) + Z 11supp nn,Bn b2 vnn’
n’=1,n'#n n'=1
N N
= Z Lsupp n, 1 (VB™ =V B") + Z Lsuppn, B" @ Vi
n'=1,n"#n n’=1

7—"1 CL’,)J‘
+O(F2(r%d2; A 1)).

The first right hand side term is estimated to desired order O(f‘2(77_1di’j A 1))
based on the local compatibility estimate (187) and the above familiar reduction
arguments. Adding zero in the second right hand side term moreover entails

N
Z Lsuppn, B" @ Vi

n/=1

N
= Z Lsupp ., (B”'—B") ® V1 — Lsupp n, B" @ Vibulk.
n/=1,n"#n
The previous reduction arguments in combination with the local compatibility es-
timate (186), the upper bound (195) for the gradient of the bulk cutoff, as well as
the regularity estimates (192) and (248) thus show that ijle Touppn, BY ® Vi
is of order O(7~2(F~*d; ; A 1)). This concludes the proof. O
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7.4. Approximate transport and mean curvature flow equations. We de-
rive the global (or network) version of our previous bounds from Lemma 22 and
Proposition 26, which are valid for the model problem of a smooth manifold and a
triple junction, respectively.

Lemma 42. Letd =2 and P € N, P > 2. Let Q = (Q4,...,Qp) be a strong
solution to multiphase mean curvature flow in the sense of Definition 16. Let
next Tmin € (0,1] be the localization scale defined by (191) and Tp :=U,cp Tp- Let
(&7 )neqr,... vy be the local vector fields from Lemma 35 as well as (B")neq1,... N}
be the local velocity fields from Construction 38. Let &; ; be the global vector fields
from Construction 36, and let B be the global velocity field from Construction 38.

Then there exists a constant C' > 0, depending only on the strong solution Q but
not on Tmin, So that we have the estimates

(271) 0:&ij + (B V)& + (VB) & 4| < Crpdy (P dist(+, I j) A1),
(272) (V&) + B-& ;| < Crpl (Pt dist(+, I ) A L),
(273) (&5 Oig + &g - (B-V)E& 5| < O (R dist®(, I j) A1)

in R?2x[0,T]\ Tp, for alli,j € {1,..., P} with i # j.
Furthermore, the additional estimates mentioned in Remark 7

(274) VB : & ®&l(x,t) < Cdist(x, I; ;(t)) for all i # j,
(275) |VB: (&; @ J& 4+ J&ij @ &j)|(w,t) < Cdist(x, L ;(t)  for all i # j,
may be enforced, where the matriz J denotes the counter-clockwise rotation by 90°.

Proof. Let i,5 € {1,..., P} such that ¢ # j. For notational convenience, we again
abbreviate for the purpose of the proof 7 := 7,y and d; ; := dist(-,I_iJ). Recall
that the distinct phases ¢ and j are both present at a given topological feature 7,
n € {1,...,N}, if and only if 7,, C I, ;.

Step 1: Proof of (271). By the product rule, the definition (244), the regularity
estimates (235) and (248), as well as the error estimates (197)—(199) we compute

N N
Uit (B-V)6ij= D @BV + D 0BV
n=1,T,Cl; ; n=1,TnCli,;

+O(F2(r ;i j A 1)).

Next, it follows from adding zero, the compatibility estimate (266), the regularity
bound (192), and again (248), (198) and (199) that

N N
S gOHB-Vinn = > &(0AB-V)n, +O(r (7 dj A L))
n:l,TnCL‘,j n:l,Tan,-,j

= —4j(0:4+B - V)nou + O(F (7 'd; j A 1)).
Thanks to the compatibility estimate (268) and the regularity estimate (235), we
also have
N N
S BV = Y ga(BYV)E, +O(F A (F iy AL)).

n=1,T,CI; ; n=1,T,CI; ;
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Together with the upper bounds (195) resp. (196) for the bulk cutoff and the reg-
ularity estimate (248), the previous three displays combine to
N
(276)  Oulij+(B-V)is= Y, 0u(@+B"- V)&, + O(r2(rdiy A 1))
nzl,ﬁLCfiyj
In a next step, we compute based on the product rule, the definitions (244)
and (247), the error estimate (197), the regularity estimates (248) and (192), as
well as the compatibility estimate (269)
N
(VB)"&j= > mu(VB)TE, +0(F2(r s j A1)
n=1,T,ClL; ;
N
(277) = Y. m(VBYTE,+0F 2 (F i A)).
n:l,ﬁcﬂ;’j
Hence, in view of (276) and (277) we reduced the task to the local evolution equa-
tions at topological features for which both phases 7 and j are present:
N
0 j+(B-V)&,;+(VB) &= > nu(0&+(B" - V)&, +(VB™)TE)
n=1,T,CI; ;

+O(F2(r 'd;j A 1)).

To conclude that (271) holds, it thus only remains to observe that the bounds on
the local evolution equations (72) and (94), respectively, are applicable due to the
localization properties (200)—(201) and the definitions (190)—(191).

Step 2: Proof of (272). We proceed in the same style as for the proof of (271).
On one side, it is immediate from the definitions (244) and (247), the error esti-
mate (197), the regularity estimates (235) and (248), as well as the compatibility
estimate (268)

N
B-&ij= >  mB-&+0F (7 i A1)
n=1,T.Cli ;
N
= Z nan . Zj -‘rO(’F_l(?:_ldi’j/\l)).
n=1,T,ClL; ;
On the other side, we have by the definition (244), the product rule, the error
estimates (197)—(198), the regularity estimates (235) and (192), the compatibility
estimate (266), and finally the upper bound (195) for the bulk cutoff

N N
Vebig= Y, m(V-&)+ > (€ Vi +0F i AL)
n=1,T,CIl; ; n=1,T,,CIL ;
N N
= > m(Vgp+ D (G VI +0(F T (i A)
n:l,Tani,j n:l,TnCIii‘j
N

= Z (V&) = (& - V)mou + O(F (7' dij A 1))

n=1,T,CI; ;
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N
_ E n ——1/=—1
n=1,7,CI; ;

The previous two displays in total imply

N
Ve&ij+B-&Gi= > nu(V-&+B"- &)+ 0 (7 diy A1),
n=1,T,CI; ;

so that (272) follows due to its local counterparts (74) and (95), respectively.
Step 3: Proof of (273). We first claim that

§ij (0B -V)& 5
N
(278) = > €l OB V)E + O(F (7 2d2 A ).

n,n’:lﬁ
'Tn,Tn/ CIM

For a proof of (278) one may argue as follows. First, plugging in the definition (244),
applying the product rule, and making use of the error estimate (197) as well as
the regularity estimates (235) and (192) entails

N
ij - 0cij = Z &l - 0oy + O(F2(F2d7 ; A 1))
’I’L:LTani,j
N N N
PR SRR D DR DU GRS

nn'=1 n=1,7,Cl; ; n'=1
T Tyt Cliwj

+O(F2(F2d;; A 1)).

Substituting the differential operator (B - V) for d¢, and recalling in addition to
the above ingredients the regularity estimate (248) as well as the compatibility
estimate (268) (which allows to switch from B to B™ ) then also yields

N
Gj (B-V)&ji= > el (B™ - V)&,
n,n'=1
Tn,Tn/Cii’j
N N
+ > Y GBI + O(F (7 A ).

n=1,T,CI; ; n'=1

Observe that the combination of the previous two displays already generates the
first right hand side term of (278).

We proceed by first splitting the sum over topological features n’ € {1,..., N},
adding zero several times in the resulting first term, then applying the compatibility
estimates (266), (267) and (184), and finally recalling the regularity estimate (192)
which results in the estimate (of course, only terms with supp 5, Nsupp n,, # 0 are
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relevant in the subsequent sums)

Z Znn &8+ €8O

n=1,T,C
N N
= Z M & €8 0m + > (€ €O
‘=1 n,n’=1
7},7— cl;; TnCli T €1

N
= Z (€012 1€0 =€ 52+ (€850 ) - €15 + €8 - (€2 =65.3)) Dettu
o

Tn, I;,
N N
+ Z 77774( ;.nj Zn]) ( Zj_§i>j)at77n' + Z Mn ( i, " Si g)atnn’
n,n'=1 n,n'=1
ﬁl,Tn/Cfi,j Tani,j,Tnlﬁfi,j
N N
= Z Nl 12 Omns + Z (& & 7)87577”/ +O(F2(r2d;; A 1)).
n,n'=1 n,n'=1
T Tor CIi TnCLi ;T Z1i

Based on the regularity estimates (192) and (248), we may again substitute the
differential operator (B - V) for d; in the previous computation, which in turn by
two applications of the crucial estimate (250) and finally an application of the bulk
cutoff estimates (249) resp. (194) allows to deduce

Z Z”n )(Oe+B - V),

n=1 T"CIM n’'=1
N N

= > > mléiP0AB - V)

n»’TnCL‘,j n’/=1

N
+ N (& OB V) + O(F (7 2d2; A 1))
n,n'=1
'TnCIii,j,Tn/ﬁfi’j
—(1=1ut) €112 (O +B - V)mpuie + O (F2(F2d7 ; A 1)) = O(F (7 2d2; A 1)).

In particular, we obtain the asserted estimate (278).

It remains to post-process the right hand side term of (278). In view of (73)
and (96), it suffices to get rid of the “off-diagonal” terms n # n’ € {1,...,N}
with 7, C fi,j, Tw C I_i’j and suppn, Nsuppn, # 0. For each such pair of
topological features we may add zero several times to rewrite (recall again the local
identities (73) and (96))

& (O+B" - V)En/
=& - (087, +(B" >§”+<VB"> Ter) — en (VB TEr

=(&'— ,J) (8,{ +(B™ - V)& i,j (VBn) 1”_7) +( - )(VB)T w

1 2 0,J

(€~ ) (VBY —VB) Tl

]
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Hence, summing the previous identity over the relevant topological features, then
matching terms which correspond to the previous computation but with the roles
of n and n’ being reversed, and finally using the compatibility estimates (269) resp.
(184) as well as the local evolution equations (72) and (94) we infer that

N

S el (OB V)EY = O(F (722 A 1)),

nn'=1
Tns Ty Cli j
This in turn constitutes the required upgrade of (278).
Similarly, the bounds (274) and (275) are a consequence of the corresponding

bounds from Lemma 22, Proposition 26 and the compatibility estimates. O

7.5. Existence of gradient flow calibrations: Proof of Theorem 6. Let us
summarize our results from the previous sections to conclude with a proof of the
main result.

Proof of Theorem 6. Let (& ;)i»+; be the family of global vector fields from Con-
struction 36. Let i,5 € {1,..., P} with ¢ # j. The coercivity condition (4b) imme-
diately follows from Lemma 37. The formula (4a) follows from the corresponding
local version (236) and the definition (244). Moreover, that & ;(x,t) = 0 ;(z,t)
holds true for all ¢ € [0,T] and z € I; j(t) is a consequence of Lemma 35 iii) and
that (n1,...,nn) is a partition of unity on the network of interfaces of the strong
solution (see Lemma 34 i)).

Finally, let B be the global velocity field from Construction 38. The validity of
the equations (4¢), (4d) and (4e) is then the content of Lemma 42. O

8. EXISTENCE OF TRANSPORTED WEIGHTS: PROOF OF LEMMA 8

The aim of this section is to establish the existence of a family of transported
weights in the case of d = 2 and an underlying strong solution of multiphase mean
curvature flow.

Proof of Lemma 8. We again make use of the description of the network of inter-
faces of the strong solution in terms of its underlying topological features, namely
two-phase interfaces and triple junctions. Assume that there is a total of N € N such
topological features present. Recall then that we decomposed {1,...,N} =:CUP
with the convention that C enumerates the connected components in space-time of
the smooth two-phase interfaces and P enumerates the triple junctions. If p € P,
we defined 7, to be the trajectory in space-time described by the triple junction.
If ¢ € C, we defined 7. C I;; for some i,j € {1,...,P} with i # j to be the
corresponding space-time connected component of a two-phase interface Ifm-. We
further write ¢ ~ p for ¢ € C and p € P if and only if 7. has an endpoint at 7.

Let now rp and 7yin be the localization scales from (190) and (191). We then
choose a large-scale cutoff R > 0 such that for all ¢ € [0, 7] a suitable neighborhood
of the network of interfaces at time ¢ is compactly supported in the ball Br(0):

@79) U B (B0 U (U imr, (07) 0\ U Bra (1)) <C Ba(0),
peP ceC pEP

where we abbreviated ims_, (U7.)(t) := Ur, (To(t) X {t} X[~ Fmin, Tmin]) for t € [0, T,
and where W, refers to the restriction of the diffeomorphism (56) to 7. (assum-
ing 7-0 C Ii,j)~
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The idea for the proof is to construct in the first part a family of weight functions

(Vi)ieq,...,py which satisfies all the requirements of Definition 4 but violates the
integrability condition J; € L} (R? x[0,T]). To overcome the integrability issue at
the end of the proof, we introduce a smooth and concave function x: [0, 00) — [0, 1]
such that x(r) =1 for r > 1, x/(r) € (0,2) for r € (0,1) and «(0) = 0. Note that &
represents an upper concave approximation of 7 — 7 A 1 on the interval [0, 00). We
next define an integrable weight ng € W} (R?) N W1 (R?) by means of

(280) nr(x) = r(exp(R - |2])), = € R2,
whose spatial gradient is now subject to the following convenient estimate
(281) [Vir| < Clnr| in R%.

We will then define 9; := 773191-, and verify in a second part that all the requirements
of Definition 4 are indeed satisfied for this choice of weight functions.

Step 1: Construction of (191-)1-6{1,__,713}. Let ¢: R — R be a truncation of the
identity with J(r) = r for |r| < 3, 9(r) = =1 for r < =1, 9(r) = 1 for r > 1,
0<¥ <2aswell as || < C. Fix i € {1,...,P}. For purely technical reasons
(similar to the one described in Step 3, Proof of Lemma 34), we need to introduce
another constant § € (0,1] which will be determined in the course of the proof
(depending only on the surface tensions associated with the strong solution).

We start with the definition of ¥; away from the (relevant part of the) network
of interfaces. To this end, we define subsets P; C P and C; C C which collect
those triple junctions and two-phase interfaces for which the phase i is present,
respectively. We then define for all ¢ € [0, 7]

(282) (- t) :== —
in Q()\ | Brp (Tp(8) U ( U imp @)\ U Brs (7}(15))),

pEP; ceC; pEP;
(283) D;(-,t) := 1

in (B2\ () \ U Ben (,0) U () imr, (¥7) 0\ | Brn(T(0)).
peEP; ceC; pEP;
By the definitions (190) and (191) of the scales rp and Fin, we may provide the
further construction of J; separately within imy_ (U7 )(t) \ Upep, Brr (Tp(t)) for
each ¢ € C; and within B, (7,(t)) for each p € P;, respectively.
For each ¢ € C;, and assuming for notational concreteness that 7. C I; ; for
some j € {1..., P} \ {i}, we simply define for all ¢t € [0, T

s e = o(0 D) i, )0\ U B ()
Tmin
pEP;
where the signed distance s; ; was introduced in (58).

Now, consider a triple junction p € P;. We assume that the pairwise distinct
phases present at 7, are given by ¢, j,k € {1,..., P}. Recall from Definition 24 that
B, (T,) decomposes into six wedges. Three of them, namely the interface wedges
Wi j, Wik resp. Wy ;, contain the interfaces 7, ;, 7Tc, , resp. Tc, ;. The other three
are interpolation wedges denoted by W;, W; resp. Wy,. For the definition of 191 on the
latter wedges, we rely on the interpolation parameter built in Lemma 32. To clarify
the direction of interpolation, i.e., on which boundary of the interpolation wedge
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the corresponding interpolation function is equal to one or zero, we make use of the
following notational convention. For the interpolation wedge W;, say, we denote
by Az’k the interpolation function as built in Lemma 32 and which interpolates
from j to k in the sense that it is equal to one on (OW; ; N OW;) \ T, and which
vanishes on (OWj; N OW;) \ T,. We also define /\f’j =1- /\g’k which interpolates
on W; in the opposite direction from %k to j. Analogously, one introduces the
interpolation functions on the other interpolation wedges.

We now define the weight function J; for all ¢ € [0, 7] on the ball B, (Ty(t)) as
follows:

j I CLAN

(285) Dit) = 0(ZL2 ), i W (6) 0 By (T, (1)),
and analogously on the interface wedge W; j, whereas we interpolate on the inter-
polation wedge W; by means of

(286)

A» . . \Jk . M k,j . sivk(.’t) : .

Bil-st) 1= A0 (L) 4 AP0 (T ), i W) 0 By (T (1),
Furthermore, we define
(287) Dl 1) = ﬂ(%), in Wj(t) N Bep (T5(1)),

whereas we again interpolate on the interpolation wedge W; via

(288)
Bi(-,t) == AR, tw(M

J 577min

)+ A t)ﬁ(isg;fm’j) ). i W5(t) N By (T (1)),
and analogously for the interpolation wedge Wj.

Step 2: Regularity of (&i)ie{l,...,P}- First of all, it is immediate from the above
definitions (282)—(288) that the coercivity properties of Definition 4 hold true as
required. Choosing 6 € (0,1] as in Step 3, Proof of Lemma 34, ensures that the
definitions (285)—(288) close to triple junctions are compatible with the bulk defi-
nitions (282)-(283). In particular, the asserted regularity J; € V[/’ml,’too(R2 x [0,77)
for the auxiliary weight functions is now a consequence of the regularity (61) of the
signed distance functions as well as the controlled blowup (157) of the first-order
derivatives of the interpolation parameter. In terms of estimates, it holds
(289) max 7y, VA0 + 7[00 < C in REx(0, 7]\ (| 75,

' PEP;
for a constant C' > 0 which may depend on the strong solution €2, but which is
independent of 7p,,.

Step 3: Estimate for the advective derivatives of ('léi)ie{l’m’P}. For a proof of
the bound (7) on the advective derivative with respect to the auxiliary weight 791‘,
it suffices to work in the regions ¢, imr,.., (¥7.) \Upep, Urepo,r) Bre (To(t)) x{t}
and U, ep, Usejo. 11 Brr (Tp(t)) x {t}, respectively. We in fact may argue separately
for each ¢ € C; and each p € P;. The argument turns out to be almost analogous
to the one for the proof of (249); a connection which we will make precise in the
subsequent steps to avoid unnecessary repetition.

Substep 1: Estimate near 0Q; but away from triple junctions. Let ¢ € C;, and
assume for concreteness that 7. C 1:” It follows from the definition (284) that 191
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is a smooth function of the signed distance s;; throughout the space-time do-
main imy,;, (Y7.) \ Upep, Ureo,r) Bre (Tp(t))x{t}. Hence, due to (289) the other-
wise exact same argument guaranteeing (255) entails

(290) 0:0; + (B - V)| < OF 2 (7l dist(-, I ;) A1) < CF2 |0

min ( II]ll'l min

inimy,,, (Y7)\U,ep, Urepo, 7y Brr (Tp(1)) % {t}. The last inequality follows due to 7
being a truncation of unity.

Substep 2: Estimate at triple junction in interface wedges containing 9Q;. Con-
sider p € P;, and let ¢ € C such that ¢ ~ p and T. C fi,j. We provide the required
estimate in the interface wedge W; ;(t) N By, (T,(t)) for all ¢ € [0,T]. In this case,
definition (285) applies so that ¥ is again a smooth function of the signed dis-
tance s; ;. Recalling (289), we may thus apply the argument in favor of (259) to
deduce again

(201) |00+ (B V)ii| < Ord (rl, dist(- L) A1) < OT 2 1)

min min mll’l

this time throughout W; ;(t) N By, (T,(t)) for all t € [0, T].

Substep 3: Estimate at triple junction in interface wedge not containing 0€);.
Let p € P;, and let 4,k € {1,..., P} denote the other two distinct phases which are
present at 7, next to . We aim to estimate the advective derivative of J; in the
interface wedge W; i (t) N By, (T,(t)) for all ¢ € [0,T]. Note that thanks to (287),
the auxiliary weight ¥; is a smooth function of the distance to the triple junction.
Hence, we may simply follow the argument resulting in (260) and obtain together
with (289) that

(292) 10:0; + (B - V)| < Cr2 (Fo L dist(-, T,) A1) < Cr2 |0

min min min
in the region W; 1 (t) N By, (Tp(t)) for all t € [0,T].

Substep 4: Estimate at triple junction in interpolation wedges. Let the notation
of Substep 3 in place. On the interpolation wedge W;, the auxiliary weight is
defined by means of (286), i.e., one interpolates between two smooth functions of
the signed distances s; ; and sy ;, respectively. Hence, we may estimate based on
the product rule, the estimate (265), the bound (289), the fact that )\z’k = 17)\;”-,
the argument establishing (264), and finally (90)

(D)ol
+ O 2 MR dist(-, I ) A 1)

min- 7 min

+ CF2 NI (L dist (-, T i) A1)

min- 't min

(293) < 2 (Pl dist(-, Tp) A1) + CFo2 [04] < CF2

min min min ‘ 19 |

throughout W;(t) N B, (7T,(t)) for all t € [0,T]. In view of the definition (288)
and the argument for (260) (carefully noting that the latter is established also on
interpolation wedges), the otherwise same ingredients and computations employed
for the proof of (293) also imply

(294) 10,9; + (B - V)9;| < CFp2 9]

in W;(t) N By, (Tp(t)) for all ¢t € [0,T].
Substep 5: Conclusion. In summary, the estimates (290)—(294) imply the as-

serted bound (7) for the advective derivative in terms of the auxiliary weights ¥;.

0,0; + (B - V)0;| < C72

min

min
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In particular, the family of auxiliary weights (19,-)1»6{17”,) py satisfies all the required
properties of Definition 4 with the only exception being ¥; € LY (R?x[0,T7).

Step 4: Construction and properties of ¥;. As already mentioned at the be-
ginning of the proof, we may now define 9; := npd; for all i € {1,...,P}. The
regularity and the required coercivity properties for 9J; are then immediate conse-
quences of its definition and the previous step. The estimate (7) on the advective
derivative also carries over since ng is time-independent and by (281)

[0iI(B - V)ng| < Cl9:| in R? x [0,T],

so that the product rule together with the previous step implies (7) on the level of
the weight +9;. This in turn concludes the proof of Lemma 8. O

9. ADMISSIBILITY OF A CLASS OF READ-SHOCKLEY TYPE SURFACE TENSIONS

Finally, we provide the proof that the surface tensions given by the Read-
Shockely formulas (12) and (13) are admissible, as stated in Lemma 11. Here, we
are inspired by [24] and partly follow the general strategy of Theorem 5.5 in [24].
However, the situation is more complicated in our setting as our integrand is not
concave. In fact, f? is strictly convex close to the origin.

Proof of Lemma 11. We first prove the embeddability for general surface tensions
0;,; coming from (12) with f satisfying the negativity condition (14). In the second
step, we then verify this negativity condition for the particular choice of the Read-
Shockley formula (13).

Step 1: Embeddability under negativity condition. To show the embaddability,
we prove the equivalent negative definiteness (11). To this end, we define the
symmetric bilinear form

/4

Q(u) ::][7r/4 ][_T;/; 2z —y)u(z)u(y)dedy for u With][ u(z)dz =0,

—7/4 —m/4

where f is extended evenly to (—n/4,7/4) and periodically to (—7/2,7/2). De-
noting g := f2 and using the orthonormal system (e**1),cz, where i = /—1, by
Plancherel, we may write () in Fourier space as

Qu) = Gelax|*.
kEZ

By assumption, for all k € Z \ {0}, gx is a negative real number. In addition, we
have ty = f:/rilu(x) dr = 0. Hence, the weaker version 2TQz < 0 for all z € R?

with Zle zj = 0 follows from plugging in the measure

P
(295) u(z) = Z Op=0,2j-

To obtain the strict inequality 2T Qz < 0, we will quantify this argument as
follows. First, we approximate w in (295) by

p
uN (z) = ZFN(4($ —05))z;,
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where Fiy is the Féjer kernel. In other words, the k-th Fourier coefficient of u? is
given by

L] P 4k0i,,
o (1_W S ey |k < N
0, |k] > N.
. * . *
Since Fy — dp in the sense of measures, we have u” — u as measures. Hence also

the product measure converges, u” (z) dz @ uN (y) dy = u( dz) @u(dy) as measures
on (—m/4,7/4)2. Therefore, since g = f? is continuous,

P
. N T
Jim Q(uY) = Q(u) = __Zl aif2(0i— 0;)z = 2" Q.
1,)=
In order to conclude, we use the assumption on g and (uV), = 25:1 zj = 0 to

obtain for any N larger than, say, 2P,

QM = Y @ (1—']’3')2@2

|k|<N

P P 2 1 P
<Soa(1-g) P <1 (i 6) X e

k=1 - = k=1

Now we observe that

P
Ty = Z e~ k01,
j=1
In other words, the P-vector (ui,...,up) is given by the matrix-vector product

Mz, where M is a (P x P)-Vandermonde matrix with entries My; = (e=%%1)k.
Then the claim follows from the fact that

[det M| =| J] (e7%%"—e4%%)| >0,
1<j<k<P

where we have used our assumption 6y # ¢; mod 7 for k # j.

Step 2: Negativity condition gx < 0 for the Read-Shockley formula. Let us now
turn to the specific Read-Shockley profile (13). We aim to show that g = f2,
extended evenly from (0,7/4) to (—m/4,7/4), satisfies

gk is a negative real number for all k € Z \ {0}.
Since g is even, g; € R for all k, and by symmetry we only need to show
ge <0 forallk=1,2,3,....
Two integrations by parts yield
w/4 ) w/4
Jk :][ g(z) cos(4dkx) de = 2— / g(z) cos(4kx) dx
—7/4 ™ Jo

:l [llgg(x) sin(4kx) — ﬁg/(@ 005(41“5)}

™

/4 1

w/4
1
- — 4 .
47rk2/0 9" (x) cos(4kx) dx

z=0
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Since sin(0) = sin(nm) = 0 and by assumption ¢’(0) = ¢'(0+) = lim, 0 2f(z) f'(x) =
0 and ¢'(w/4) = f(n/4)f'(w/4) = 0, the boundary terms vanish and therefore
Jr < 0 is equivalent to

w/4
/ g" (x) cos(4kx) dz > 0.
0

In case of the particular structure (13) of f, using the change of variable z — 0,z
this may be written as

(296) I{a) = /0 (log®(x) + log(z) — 1) cos(az) dz > 0

fora =4nb,, n=1,2,3,....

We will show that (296) in fact holds for all & > 0. Using the series representation
of the cosine and integrating by parts twice each term of the series in the integral
(296), we obtain the (absolutely convergent) series representation

& ten (<1,
Te) = Z a1 2n+ "

2 (42 —1)24+6(2k —1)  4(2k)? — 6(2k a2 atk—2
:2:( )* +6( ) A (2k) )

)
22k — 1)+ 1)2 (2(2k) + 1) (4k+1)4k ) (4k — 1)1

As the map = — (4211116)2 is strictly decreasing for x > 2, we have
i 42k — 1) +6(2k —1)  4(2k)* —6(2k)  o? ath=2 -
= 22k —-1)+1)2 (2(2k) +1)2 (4k + 1)4k ) (4k —1)!

provided 0 < o? < 72. The remaining term for kK = 1 can be seen to be strictly
positive provided 0 < a? < "00. Therefore, we proved I(«) > 0 under the condition
0<a?>45< 3%,

Furthermore, it can be seen that the map a — fa Sln(t)

dt is non-negative and
maximal when o = w. Consequently, for o > /45 we have the estimate

L — V45 €T .
1 1
I(a) > ~ (—1 —/ sin(?) dt+2/ f/ sin(t) dtdx) .
o 0 t 0 T Jo t

Numerical integration yields

I(a) >

Q[w

)

concluding the proof. O

GLOSSARY OF NOTATION

d>2 ambient dimension
open set
Oyv distributional partial derivative w.r.t. time

of v: D x[0,T) = R?

Vv distributional partial derivative w.r.t. space, (Vv); ; = 0;v;
Coi(D) space of compactly supported and infinitely
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CiCy(U)

uUQv

differentiable functions on D

space of functions on U C R?x[0, T with continuous
and bounded partial derivatives 5‘53’;', 0<U<I,0<FEK <E.

tensor product of u,v € R4, (u®v); ; = u;v;

> AijBij, scalar product of tensors

d-dimensional Lebesgue measure

k-dimensional Hausdorff measure on R¢ for k € [0, d]

Lebesgue space w.r.t. to a measure y on Q C R? for p € [1, 0]
Lebesgue space w.r.t. Lebesgue measure

Lebesgue space for vector valued functions

Bochner-Lebesgue space for a Banach space X and T € (0, c0)
Sobolev spaces with p € [1,00) and k € N

Functions of bounded variation [4] on Lipschitz domain D C R¢
reduced boundary of a set of finite perimeter Q C D

outward pointing unit normal vector field along 9*(2

signed distance function to I; ; with Vs; ; = 1, ;

distance function R?x [0, T] > (x,t) > dist(x, A(t)) for a domain
A= Usepm A x{t}, A(t) CR%, ¢ € [0,T].

number of phases

region occupied by phase i = 1,..., P in weak solutions
characteristic function of €;

interface between phases §); and €2;

unit normal vectors along I; ; pointing from phase i to phase j
normal velocity of I; ; with V; > 0 for expanding Q;, see (17b)
corresponding quantities of the strong solution

mean curvature vector of I_i,j

scalar mean curvature of I; ; given by
Hi,j . I_li’j = _vtan . I_liﬁj = —ASi’j

signed distance function to I; ; with Vs; ; = 1, ;
counter-clockwise rotation by 90°
tangent vector along I; ; given by J 1,

Landau symbol, implicit constant only depends on strong solution
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