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ABSTRACT. We propose a novel weak solution theory for the Mullins—Sekerka
equation in dimensions d = 2 and 3 primarily motivated from a gradient flow
perspective. Previous existence results on weak solutions due to Luckhaus and
Sturzenhecker (Calc. Var. PDE 3, 1995) or Roger (SIAM J. Math. Anal. 37,
2005) left open the inclusion of both a sharp energy dissipation principle and
a weak formulation of the contact angle at the intersection of the interface
and the domain boundary. To incorporate these, we introduce a functional
framework encoding a weak solution concept for Mullins—Sekerka flow essen-
tially relying only on i) a single sharp energy dissipation inequality in the spirit
of De Giorgi, and i) a weak formulation for an arbitrary fixed contact angle
through a distributional representation of the first variation of the underlying
capillary energy. Both ingredients are intrinsic to the interface of the evolving
phase indicator and an explicit distributional PDE formulation with poten-
tials can be derived from them. Existence of weak solutions is established via
subsequential limit points of the naturally associated minimizing movements
scheme. Smooth solutions are consistent with the classical Mullins—Sekerka
flow, and even further, we expect our solution concept to be amenable, at
least in principle, to the recently developed relative entropy approach for cur-
vature driven interface evolution.
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1. INTRODUCTION

1.1. Context and motivation. The purpose of this paper is to develop the gradi-
ent flow perspective for the Mullins—Sekerka equation at the level of a weak solution
theory in dimensions d = 2 and 3. The Mullins—Sekerka equation is a curvature
driven evolution equation for a mass preserved quantity, see (1a)—(1le) below, typi-
cally used to model a coarsening behavior. Stability properties of such solidification
processes were first studied by Mullins and Sekerka in the early 60s [49], but general
existence results for such equations didn’t come until almost 30 years later. The
ground breaking results of the 90s showed that when strong solutions exist, this
equation is in fact the sharp interface limit of the Cahn-Hilliard equation, a fourth
order diffuse interface model for phase separation in materials [4] (see also, e.g.,
[9], [50]). However, as for mean curvature flows, one of the critical challenges in
studying such sharp interface models is the existence of solutions after topological
change. As a result, many different weak solution concepts have been developed,
and in analogy with the development of weak solution theories for PDEs and the
introduction of weak function spaces, a variety of weak notions of smooth surfaces
have been applied for solution concepts. In the case that a surface arises as the
common boundary of two sets (i.e., an interface), a powerful solution concept has
been the BV solution, first developed for the Mullins—Sekerka flow in the seminal
work of Luckhaus and Sturzenhecker [40].

For BV solutions in the sense of [40], the evolving phase is represented by a
time-dependent family of characteristic functions which are of bounded variation.
Furthermore, both the evolution equation for the phase and the Gibbs—Thomson
law are satisfied in a distributional form. The corresponding existence result for
such solutions crucially leverages the well-known fact that the Mullins—Sekerka flow
can be formally obtained as an H~!-type gradient flow of the perimeter functional
(see, e.g., [26]). Indeed, BV solutions for the Mullins—Sekerka flow are constructed
in [40] as subsequential limit points of the associated minimizing movements scheme.
However, due to the discontinuity of the first variation of the perimeter functional
with respect to weak-* convergence in BV, Luckhaus and Sturzenhecker [40] relied
on the additional assumption of convergence of the perimeters in order to obtain
a BV solution in their sense. Based on geometric measure theoretic results of
Schétzle [55] and a pointwise interpretation of the Gibbs—-Thomson law in terms of
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a generalized curvature intrinsic to the interface [51], Roger [52] was later able to
remove the energy convergence assumption (see also [2]).

However, the existence results of Luckhaus and Sturzenhecker [40] and Roger [52]
still leave two fundamental questions unanswered. First, both weak formulations
of the Gibbs—Thomson law do not encompass a weak formulation for the boundary
condition of the interface where it intersects the domain boundary. For instance,
if the energy is proportional to the surface area of the interface, one expects a
constant ninety degree contact angle condition at the intersection points, which
quantitatively accounts for the fact that minimizing energy in the bulk, the surface
will travel the shortest path to the boundary. Second, neither of the two works
establishes a sharp energy dissipation principle, which, because of the formal gra-
dient flow structure of the Mullins—Sekerka equation, is a natural ingredient for
a weak solution concept as we will further discuss below. A second motivation
to prove a sharp energy dissipation inequality stems from its crucial role in the
recent progress concerning weak-strong uniqueness principles for curvature driven
interface evolution problems (see, e.g., [23], [25] or [29]).

Turning to approximations of the Mullins—Sekerka flow via the Cahn—Hilliard
equation Chen [16] introduced an alternative weak solution concept, which does
include an energy dissipation inequality. To prove existence, Chen developed pow-
erful estimates (that have been used in numerous applications, e.g., [1], [2], [43])
to control the sign of the discrepency measure, an object which captures the dis-
tance of a solution from an equipartition of energy. Critically these estimates do
not rely on the maximum principle and are applicable to the fourth-order Cahn-
Hilliard equation. However, in contrast to Ilmanen’s proof for the convergence of
the Allen—-Cahn equation to mean curvature flow [32], where the discrepancy van-
ishes in the limit, Chen is restricted to proving non-positivity in the limit. As a
result, the proposed solution concept requires a varifold lifting of the energy for
the dissipation inequality and a modified varifold for the Gibbs—-Thomson relation.
In the interior of the domain, the modified Gibbs-Thomson relation no longer im-
plies the pointwise interpretation of the evolving surface’s curvature in terms of the
trace of the chemical potential and, on the boundary, cannot account for the con-
tact angle. Further, Chen’s solution concept does not use the optimal dissipation
inequality to capture the full dynamics of the gradient flow.

Looking to apply the framework of evolutionary Gamma-convergence developed
by Sandier and Serfaty [54] to the convergence of the Cahn—Hilliard equation, Le [30]
introduces a gradient flow solution concept for the Mullins—Sekerka equation, which
principally relies on an optimal dissipation inequality. However, interpretation of
the limiting interface as a solution in this sense requires that the surface is regular
and does not intersect the domain boundary, i.e., there is no contact angle. As
noted by Serfaty [56], though the result of Le [36] sheds light on the gradient flow
structure of the Mullins—Sekerka flow in a smooth setting, it is of interest to develop
a general framework for viewing solutions of the Mullins—Sekerka flow as curves of
maximal slope even on the level of a weak solution theory. This is one of the
primary contributions of the present work.

Though still in the spirit of the earlier works by Le [36], Luckhaus and Sturzen-
hecker [40], and Roger [52], the solution concept we introduce includes both a weak
formulation for the constant contact angle and a sharp energy dissipation principle.
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The boundary condition for the interface is in fact not only implemented for a con-
stant contact angle o = § but even for general constant contact angles a € (0, ).
For the formulation of the energy dissipation inequality, we exploit a gradient flow
perspective encoded in terms of a De Giorgi type inequality. Recall to this end that
for smooth gradient flows, the gradient flow equation & = —V E[u] can equivalently

be represented by the inequality
N DR | )
Eu(T)] + ; S[a@ + 5 IVEu@)] dt < E[u(0)]

(for a discussion of gradient flows and their solution concepts in further detail
see Subsection 1.3). Representation of gradient flow dynamics through the above
dissipation inequality allows one to generalize to the weak setting and is often
amenable to typical variational machinery such as weak compactness and lower
semi-continuity.

The main conceptual contribution of this work consists of the introduction of
a functional framework for which a weak solution of the Mullins—Sekerka flow is
essentially characterized through only ) a single sharp energy dissipation inequality,
and 7i) a weak formulation for the contact angle condition in the form of a suitable
distributional representation of the first variation of the energy (cf. Kagaya and
Tonegawa [33, 34] and Modica [47]). We emphasize that both these ingredients
are intrinsic to the trajectory of the evolving phase indicator. Beyond proving
existence of solutions via a minimizing movements scheme (Theorem 1), we show
that our solution concept extends Le’s [36] to the weak setting (Subsection 2.4), a
more classical distributional PDE formulation with potentials can be derived from
it (Lemma 3), smooth solutions are consistent with the classical Mullins-Sekerka
equation (Lemma 4), and that the underlying varifold for the energy is of bounded
variation.

A natural question arising from the present work is whether solutions of the
Cahn—Hilliard equation converge subsequentially to weak solutions of the Mullins—
Sekerka flow in our sense, which would improve the seminal result of Chen [16] that
relies on a weaker formulation of the Mullins—Sekerka flow. An investigation of this
question will be the subject of a future work.

1.2. Mullins—Sekerka motion law: Strong PDE formulation. Let d > 2 and
let © C R? be a bounded domain with orientable and C2-boundary 9. Con-
sider also a finite time horizon T € (0,00) and let &7 = (& (t)).eo0,1.) be a time-
dependent family of smoothly evolving open subsets <7 (t) C Q with 04/(t) =
0*o/ (t) and HY L0/ (t) \ 0* < (t)) = 0, t € [0,7%), where 9*</ refers to the
reduced boundary [6]. Denoting for every t € [0,7%) by Vi) and Hy(y) the as-
sociated normal velocity and mean curvature vector, respectively, the family < is
said to evolve by Mullins—Sekerka flow if for each t € (0, T,) there exists a chemical

potential w(-,t) so that

Au(-,t) =0 in Q\ 04 (1), (1a)

Vowy = —(now@ - [Va-, H)])nowq — on 9/ (t)NQ, (1b)
coHporry = (-, oo 1) on 047 (t) NQ, (1c)

(noq - V)u(-,t) =0 on 00\ 0.4/ (t) N Q. (1d)
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Here, we denote by co € (0,00) a fixed surface tension constant, by ng. ) the
unit normal vector field along 0.¢7(t) pointing inside the phase <7 (t), and similarly
nsq is the inner normal on the domain boundary 9. Furthermore, the jump []
across the interface 0.7 (t) N € is taken for a function v as

[v] := tracey (v) — traceq\ o (v),

which is in particular the correct orientation for the following integration by parts
formula to hold:

—/ nV-vdm:/ Vn-vdw—i—/ n(noer ) - [v]) dH1
O\ (1) Q 8 (HNQ
—|—/ n(nag -U) dH!
a0

for all sufficiently regular functions v: Q — R? and 7: Q — R.
For sufficiently smooth evolutions, it is a straightforward exercise to verify that
the Mullins—Sekerka flow conserves the mass of the evolving phase as
d
dt

(2)

ldx = —/ Vagg(t) . naﬂ(t) d’Hdil = 0. (3)
() 0 (1)

To compute the change of interfacial surface area, we first need to fix a boundary
condition for the interface. In the present work, we consider the setting of a fixed
contact angle o € (0, 7) in the sense that for all ¢ € [0, T%) it is required that

noQ - Naw(t) = cosa  on AN AL (L) N (le)
Then, it is again straightforward to compute that

d(/ codH! —I—/ Co cosad’Hd_1>
dt \ Jow t)na 94 ()N

(4)

= —/ Vow () - coHper () dHY™ = —/ V(- t)[* de < 0.
e/ (H)NQ Q

In view of the latter inequality, one may wonder whether the Mullins—Sekerka flow

can be equivalently represented as a gradient flow with respect to interfacial surface

energy. That this is indeed possible is of course a classical observation (see [26] and

references therein) and, at least for smooth evolutions, may be realized in terms of

a suitable H~!-type metric on a manifold of smooth surfaces.

1.3. Gradient flow perspective assuming smoothly evolving geometry. To
take advantage of the insight provided by (4), we recall two methods for gradient
flows. In parallel, our approach is inspired by De Giorgi’s methods for curves
of maximal slope in metric spaces and the approach for Gamma-convergence of
evolutionary equations developed by Sandier and Serfaty in [54], which has been
applied to the Cahn—Hilliard approximation of the Mullins—Sekerka flow by Le [36].

Looking to the school of thought inspired by De Giorgi (see [7] and references
therein), in a generic metric space (X, d) equipped with energy F : X — RU{o0}, a
curve t — u(t) € X issaid to be a solution of the differential inclusion f%u € 0FE[u]
if it is a curve of maximal slope, that is, it satisfies the optimal dissipation relation

Elu(T / ‘ u‘ +10B[u][2 dt < E[u(0)] (5)
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for almost all T' € (0,T}), where |4 u| is interpreted in the metric sense and

i ey (L] — Elv])+
|OE[u]| := hz}n::tlp PR .
One motivation for this solution concept is in the Banach setting where, for suf-
ficiently nice energies E, the optimal dissipation (5) is equivalent to solving the
differential inclusion [7].
The energy behind the gradient flow structure of the Mullins—Sekerka flow is
the perimeter functional, for which we have the classical result of Modica [46] (see
also [48]) at the static level:

Eu] := /Q %W(u) + €| Vul|? dz —r coPerq(x) =: E[x].

The energy E. is often referred to as the Cahn-Hilliard energy, which was intro-
duced to model phase separation in multiphase materials [12]. However, as we are
interested in the dynamics driven by the energy, the perspective of Sandier and
Serfaty [54] for evolutionary I'-convergence is relevant.

Abstractly, given I'-converging (see, e.g., [11], [18]) energies E. —r FE, this
approach gives conditions for when a curve t — wu(t) € Y, which is the limit
of t — u(t) € X, solving —%ue € Vx. E|uc], is a solution the gradient flow
—%u € Vy Elu] associated with the limiting energy. Specifically, this requires the
lower semi-continuity of the time derivative and the variations given by

T 9 T
/ HiuH dt < liminf HiuE
0 dt Y Eio 0 dt

T T
/O |Vy Bl dt gmgionf/o IV Eclud |3 dt,

2

dt,
Xe

which are precisely the relations needed to maintain an optimal dissipation in-
equality (5) in the limit. We note that this idea was precisely developed in finite
dimensions with C'-functionals, and extending this approach to geometric evolu-
tion equations seems to require re-interpretation in general.

This process of formally applying the Sandier—Serfaty approach to the Cahn—
Hilliard equation was carried out by Le in [36] (see also [37] and [42]). As the
Cahn-Hilliard equation and Mullins-Sekerka flow are mass preserving, it is necessary
to introduce the Sobolev space Hy = H'(Q) N {u : f udx = 0} with dual H(B)l
Then, for a set A C Q with I' := 0A N a piecewise Lipschitz surface, Le recalls
the space H(lo/)z(F), the trace space of H*(2\T') with constants quotiented out, and

introduces a norm with Hilbert structure given by
||f||H(10/)2(l") = (f7 f)H(l[)/)2(F) = vaHLQ(Q)v

where f satisfies the Dirichlet problem
~Af=0mQ\TI, f=fonT. (6)

Additionally, H, (5)1/ 2(I‘) is the naturally associated dual space with a Hilbert space
structure induced by the corresponding Riesz isomorphism.
With these concepts, Le shows that in the smooth setting the Mullins—Sekerka

flow is the gradient flow of the perimeter functional on a formal Hilbert manifold
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with tangent space given by H (5)1/ 2(F), which for a characteristic function w(t) with

interface I'y := 9{u(t)=1} can summarily be written as

_%u(t) € V2o, Elu(t)] (7)

Further, solutions . of the Cahn—Hilliard equation

1
Oue = Ave  where v = 0E [u] = = f'(uc) — €Aue  in Q,
€
(ngg - Vue =0 and (npq-V)ve=0 on 09,

are shown to converge to a trajectory t — u(t) € BV (€;{0,1}), such that if the
evolving surface I'; is C? in space-time, then wu is a solution of the Mullins-Sekerka
flow (7) in the sense that

Tid o2 (T4 2
H—u(t)H _1)s,. . dt <liminf H—ue(t)H Lo dt,
o Ildt Hy /*(Ty) o Jo Ildt Hiy) ()

T 2 T 2
/O||Hrt||H(10/)2(Ft)dt:/O ||VH@;/2(rt)E[u(t)]HH(O}/Q(Q)dt

T
. 2
< hr?j)nf ; ’|VH<B)1(Q)E5[UE(t)]||H(,0;(Q) dt,
where Hr is the scalar mean curvature of a sufficiently regular surface I'. As de-
veloped by Le, interpretation of the left-hand side of the above inequalities is only
possible for regular I'. However, we note that lower semi-continuity of the gradi-
ent term is intimately connected to the Gibbs-Thomson law which expresses the
curvature of the underlying interface in terms of an ambient Sobolev function (i.e.,
the chemical potential). Understanding when the diffuse interface approximation
of the Gibbs-Thomson law is stable in the limit is a challenging problem and a full
understanding of this may provide critical tools for studying the sharp interface
limit of the Cahn-Hilliard equation in the context of a weak solution theory. We
refer the reader to Roger and Tonegawa [53] for a conditional result.

In the next section, we will introduce function spaces and a solution concept
that allow us to extend the quantities introduced by Le to the weak setting.

2. MAIN RESULTS AND RELATION TO PREVIOUS WORKS

So as not to waylay the reader, we first introduce in Subsection 2.1 a variety of
function spaces necessary for our weak solution concept and then state our main
existence theorem. Further properties of the associated solution space, an inter-
pretation of our solution concept from the viewpoint of classical PDE theory (i.e.,
in terms of associated chemical potentials), as well as further properties of the
time-evolving oriented varifolds associated with solutions which are obtained as
limit points of the natural minimizing movements scheme are presented in Sub-
section 2.2. In Subsection 2.3, we return to a discussion of the function spaces
introduced in Subsection 2.1 to further illuminate the intuition behind their choice.
We then proceed in Subsection 2.4 with a discussion relating our functional frame-
work to the one introduced by Le [36] for the smooth setting. In Subsection 2.5, we
finally take the opportunity to highlight the potential of our framework in terms
of the recent developments concerning weak-strong uniqueness for curvature driven
interface evolution.
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2.1. Weak formulation: Gradient flow structure and existence result. At
the level of a weak formulation, we will describe the evolving interface, arising as
the boundary of a phase region, in terms of a time-evolving family of characteristic
functions of bounded variation. This strongly motivates us to formulate the gradient
flow structure over a manifold of {0, 1}-valued BV functions in 2. To this end, let
d > 2 and let Q C R? be a bounded domain with orientable C? boundary 9.
Fixing the mass to be mg € (0, £%(12)), we define the “manifold”

Mg = {X e BV(Q:{0,1}): /

xdx = mo}. (8)
Q

For the definition of the associated energy functional E on M,,,, recall that
we aim to include contact point dynamics with fixed contact angle in this work.
Hence, in addition to an isotropic interfacial energy contribution in the bulk, we
also incorporate a capillary contribution. Precisely, for a fixed set of three positive
surface tension constants (cg,v4,7v—) we consider an interfacial energy E[x], x €
M, of the form

/c0d|Vx|+/ 7+Xd7-ld‘1+/ y_(1—x) dHI,
Q o o0

where by an abuse of notation we do not distinguish between y and its trace
along 0€). Furthermore, the surface tension constants are assumed to satisfy
Young’s relation |y —vy_| < ¢o so that there exists an angle o € (0, ) such that

(cosa)cg = v+ — y—. 9)
For convenience, we will employ the following convention: switching if needed the
roles of the sets indicated by x and 1—y, we may assume that y_ < 4 and hence

a € (0, 3]. In particular, by subtracting a constant, we may work with the following
equivalent formulation of the energy functional on M,,,:

E[x] ::/cod\Vx\—i—/ (cosa)cox dHY, x € My, (10)
Q o0

As usual in the context of weak formulations for curvature driven interface evolution
problems, it will actually be necessary to work with a suitable (oriented) varifold
relaxation of E. We refer to Definition 3 below for details in this direction.

In order to encode a weak solution of the Mullins—Sekerka equation as a Hilbert
space gradient flow with respect to the interfacial energy F, it still remains to
introduce the associated Hilbert space structure. To this end, we first introduce a
class of regular test functions, which give rise to infinitesimally volume preserving
inner variations, denoted by

Sy = {B € CH (G RY): / XV -Bdzx =0, B-ngg=0on GQ} . (11)

Q
As in Subsection 1.3, we recall the Sobolev space of functions with mass-average
zero given by H ) = {u € H'(Q): f,udr = 0} with norm ||u||H(10) = [|[Vull 2

and dual H(_o)l = (H(lo))*. Based on the test function space S, we can introduce

the space V,, C H (B; as the closure of regular mass preserving normal velocities
generated on the interface associated with x € M,,,:

H-!
Vy:={B-Vx: B8} <0)CI-I(_O)l, (12)
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where B - Vy acts on elements u € H 10) in the distributional sense, i.e., recalling
that B - ngo = 0 along 052 for B € S, we have

(B - VX’U>H(§ my, = —/ xV - (uB) dx. (13)
0 Q

The space V, carries a Hilbert space structure directly induced by the natural

Hilbert space structure of H (6)1 The latter in turn is induced by the inverse Afvl of

the weak Neumann Laplacian Ay: H (10) — H (6)1 (which for the Hilbert space H. (10)

is in fact nothing else but the associated Riesz isomorphism) in the form of

(F, ﬁ)H(; i= | VAYNF)- VAR (F)dz forall F,F € H}, (14)
0 Q

so that we may in particular define

IFI, = IFIys = (F.F) g, Fev, (15)
We remark that the operator norm on H (6)1 is recovered from the inner product
in (14). For the Mullins—Sekerka flow, the space V, is the natural space associated
with the action of the first variation (i.e., the gradient) of the interfacial energy
on S, see (17m) in Definition 5 below.

In view of the Sandier—Serfaty perspective on Hilbert space gradient flows, cf.
Subsection 1.3, it would be desirable to capture the time derivative of a trajectory
t — x(t) € My, within the same bundle of Hilbert spaces. However, given the
a priori lack of regularity of weak solutions, it will be necessary to introduce a
second space of velocities 7, (containing the space V, ) which can be thought of as
a maximal tangent space of the formal manifold; this is given by

1

.
Ty = {peH(T))lﬁM(Q): supp v C supp |Vx|} © CH(B)l7 (16)

where M(§2) denotes the space of Radon measures on Q. Both spaces V, and T, are
spaces of velocities, and from the PDE perspective, associated with these will be
spaces for the (chemical) potential. We will discuss this and quantify the separation
between V, and 7, in Subsection 2.3. However, despite the necessity to work with
two spaces, we emphasize that our gradient flow solution concept still only requires
use of the above formal metric/manifold structure and the above energy functional.

As already said, it is in general necessary to work with a varifold relaxation of
the energy functional (10). We recall the notion of varifold below.

Definition 1. For a locally compact and separable metric space X, we denote
by M(X) the space of finite Radon measures on X. An (oriented) varifold u on
Q is a positive Radon measure p € M(Q2 x S?~!). The mass measure associated
with the varifold is denoted by |u| € M(Q) with |p|sa-1(O) := u(O x S4=1). Here,
& is said to be (d — 1)-rectifiable if |u|se—1 is (d — 1)-rectifiable. We note that the
prototypical example of a varifold is the measure OH? 1L M ® 8y, where M is a
rectifiable subset of §, II,, is the approximate tangent space of M at x, and 6 is a
positive function prescribing the density. We say that p is (d — 1)-integer-rectifiable
if in addition the (d — 1)-density of |u|ga—1 is integer valued.

We remark that often one uses the more general notion of varifold, where instead
i belongs to M (2 x G4—1), where G4_1 is the Grassmanian manifold or the col-
lection of all (d — 1)-dimensional planes. In this setting, the varifold keeps track of
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the tangent plane at each point. By considering measures on S%~! one keeps track
of the effective normal vector. As our varifolds will be defined via the boundary
of a set of finite perimeter, we are able to keep this information and draw a closer
connection between the varifold and the underlying set of finite perimeter (see, e.g.,
(17¢)). Though this is not the case in our paper, in a similar setting, keeping track
of the orientation can be essential [10].

We will further be interested the first variation of a varifold, which is found by
taking the inner variation of the mass measure. As we will often take tangential
variations of the domain, we take this moment to highlight this as a definition.

Definition 2. A tangential variation will refer to a B € C*(; Rd)7 nga-B =0
along 0€). The tangential first variation of a varifold p is the first inner variation
of the varifold computed with respect to a tangential variation and is denoted by
ou(B). Applying Allard’s classical result to this case gives

ou(B) = /Q Sdil(Id—s ® s): VB(x)du(z, s).

We refer the reader to [5] for further information on inner variations.

Below we introduce a notion of admissible varifold. This definition imposes
structural restrictions on a varifold u so that is is tied the underlying set (or phase
indicator x) in a natural way. In particular the varifold u lives on top of the
boundary of the set, in the sense that ¢o|Vx| < p, and the varifold is a regular
surface measure, in the sense that it is a rectifiable measure with globally bounded
first variation. This definition underlies our solution concept, but is not related
to the dynamics of the evolution equation. While it is admittedly rather lengthy
and at points technical, with this structural relation between the varifold and phase
indicator fixed, we may afterwards introduce streamlined notion of solution concept
that is principally focused on capturing the dynamics of the interface.

Definition 3 (Admissible couples of evolving phase indicators and varifolds). Let
d € {2, 3}, consider a finite time horizon T}, € (0, 00), and let x € L>(0, T; My, )N
C([0,T); H(B)l (Q)). For a locally compact and separable metric space X, we denote
by M(X) the space of finite Radon measures on X, and consider a family u =
(14t)te (0,1, of oriented varifolds 1y € M(QxS?1), ¢ € (0,T%). The couple (x, p) is
called admissible if the following properties are satisfied.

i) (Structure of oriented varifolds) For almost every ¢ € (0,7), the oriented

varifold p; € M(QxS?!) decomposes as iy = cops® + (cos a)cou?? for two
separate oriented varifolds given in their disintegrated form by

Mtﬂ =: |N?|Sd*1 & ()‘w,t)zeﬁ € M(ﬁxgd_l) (173)

and
P2 =1 [ sa-1 @ (B (a) )wcon € M(OxST1). (17b)

For almost every t € (0,T,), the measure |u$[sa—1 is (d—1)-integer-rectifiable,
i.e., the (d—1)-dimensional density takes values in N, and further, the measure
p2? is given by gnaqH L0, where g € BV (99;{0,1}).

it) (Compatibility with phase indicator) We also require that these oriented var-
ifolds contain the interfaces associated with the phase modeled by x in the



iii)

iv)
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sense of
CO|VX(at)|LQ
> 1 _ 17¢c
:COZﬁW?Bd—lL(Qﬂ{Qd 1(|M§2|Sd—1LQ7') =2k‘—1}) (17)
k=1
and
(cosa)x(-,t) HIILON < (cos @) (|M?Q|Sd—l+|ﬂ,?|§d—l LOR) (17d)

for almost every ¢t € (0,7%). Furthermore, for almost every ¢t € (0,7%) it
holds that for every n € C'(Q;R?) such that ngg -n = 0 on 99, and every
€ € CH;RY) with npg - € = (cos ) on 99, it holds

(O R )
/ﬁxsrl-ls-n(aﬂ)d#?(%s)—/g D] n(-)d|Vx(-, 1), (17e)
SRR U 2 (C1) B
,/ﬁXSd_ls.g(x)dut (z,5) = /lex("t)| £C) dIVx(-, 1), (17f)
COS & 0y, — . d—1})
+ (cos) (e (09 = [ xC.an~)

(Existence of generalized mean curvature vector) For almost every ¢ € (0,T,),

there exists a map I-_I'Mz supp(|p$t|ge-1.9) — R such that

‘Sd—l LQ

ﬁ\u?\sd,lm € L*(Q;d|pf|sa-1.9) (17g)

where s € [1,4] if d = 3 and s € [1,00) if d = 2, and such that the first
variation Su; of py in the direction of a tangential variation B € C1(€;R9),
ngq - B = 0 along 01, is given by

Sa(B) = = [ ol o Bllnflos 8 (17h)
o s
Furthermore, i, is of bounded first variation on Q such that
~sup 01 (B)
BeCH(4R?), || Bl|Lee <1 (171)

< C(Q)]pe]ga-1 () + é”ﬁmgl\sd,lmHLl(Q,d\u\sd_l)

for some universal constant C' > 0 and some constant C(Q2) > 0, the latter
only depending on the second fundamental form of 9).
(Structure of generalized mean curvature) The generalized mean curvature vec-

tor He o supp(|us?|sa-1.Q) — R? satisfies

Hyppyr0 =0 in Q{09 (|ufga-1 ) > 13, (17))
T VX(at) .
H|;Lt lga—10Q2 — Hx(»,t)m m SUPP(WX('J)‘LQ), (17k)

where H, (. 4 supp(|Vx(-,1)[.2) — R denotes the generalized mean curvature
of supp(|Vx(+,%)|L?) in the sense of Roger [51, Definition 1.1].

(Measurability in time of energy and slope) The total mass measure associated
with the oriented varifold pq, i.e.,

Elus] = |pulso 1 (@) = coluas (D) + (cos a)eoluf®lsa (0),  (171)
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is a measurable map (0,7%) > t — E[u] € [0,00). Second, defining by a slight
abuse of notation but still in the spirit of the usual metric slope a la De Giorgi
(cf. (2 ) and (59) below)

|8E i ’Vx< = BGS;(}:() ) {5,ut( ) — f||B Vx(, ”Vx( }, (17m)

the slope is measurable as a map (0,7%) 3 t +— |0E[u, € [0, o0].

o

We note that the above definition implicitly enforces uniqueness of the decom-
position of the bulk and boundary varifolds used to define the surface energy.

Remark 4. Note that as (cos a) € [0,1), the integer-rectifiability of the measure
ps? along with the density of uf** being 0 or 1 guarantees that the decomposition
is unique, so long as when o = 7/2 one takes % = 0. Further, we remark that in
(17d), one cannot a priori expect the contribution of |uS?| to be zero on 9Q. Though
these measures will be constructed from a local minimization problem, in the limit,
this will allow for surfaces which lay tangentially on the boundary 0f2, as these do
not charge the first variation in (17h) with a lower dimensional measure on 9fQ.

We have everything in place to state our solution concept for Mullins—Sekerka
flow (1a)—(1e).

Definition 5 (Varifold solutions of Mullins-Sekerka flow as curves of maximal
slope). Let d € {2,3}, consider a finite time horizon T, € (0, 00), and let Q C R?
be a bounded domain with orientable C? boundary 99. Fix xo € M, .

A measurable map x: 2x(0,T%) — {0, 1} together with a family u = (1¢)¢e(0,1,)
of oriented varifolds p; € M(QxS%1), ¢t € (0,7%), is called a varifold solution for
Mullins—Sekerka flow (1a)—(1e) with time horizon T, and initial data xo if (x, @) is
an admissible couple in the sense of Definition 3, x(0) = xo in H (6)1, and for almost
all 0 < s <T < T, it holds

Elur] + / *II a5+ Ié’E uly, dt < Bl < Elxo.  (18)

We call x a BV solution for evolution by Mullins—Sekerka flow (1a)—(1e) with initial
data xo if there exists 1 = (11t )e(0,7,) such that (x, ) is a varifold solution in the
above sense and the family of varifolds p is given by the canonical lift of y, i.e., for
almost every t € (0,T%) it holds (recall (17a))

|tat]sa—1 = co |[Vx(-, )| + (cos a)cox (-, t) HE1LOR, (19a)
Azt =0 vx(.n @) for (|[Vx(-,t)|Lf2)-almost every = € Q. (19b)
VX (L]

Remark 6. We note the role the varifold plays in the above definition. First and
foremost, the varifold ensures that there is a regular object living on top of the
boundary |Vy|, which is differentiable in the sense of a first variation. However,
the first variation is uniquely defined by x, that is, |OF [/,L]ﬁ,x is determined by ¥,
and consequently, the dissipation in inequality (18) is independent of u.

Remark 7. We note that implicit in the above solution definition is that 0;x €
L2(0,T,; H(B)l) and, in particular, (9yx)(:,t) € Ty(. ) for almost every t € (0,7%).

Before we state the main existence result of this work, let us provide two brief
comments on the above definition. First, we note that in Lemma 3 we show that
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if (i, i) is a varifold solution to Mullins—Sekerka flow in the sense of Definition 5,
then it is also a solution from a more typical PDE perspective. Second, to justify
the metric slope notation within (17m), we refer the reader to Lemma 2 where it
is shown that for a varifold solution (x, u) it holds that

Elul - FE g1
‘8E[N”V = Suplimsup( [u] [M: s D+
X v oss0 |Ix—xo Vs ||H<B>1

)

where the supremum runs over all one-parameter families of diffeomorphisms s —
U, € C1-Diffeo(€2, Q) which are differentiable in an open neighborhood of s = 0 and
further satisfy o = Id, [, xo U ! dz = mg and 9,¥,|,—o = B € Sy. Note that the
relation ds(x oW, 1)|s—o+(B-V)x = 0 enforced by the chain rule, (xo W 1)|s=0 = x
as well as 85\11;1 ls=0 = —0s¥s|s=0 = —B motivates us to consider V, as the tangent
space for the formal manifold at x € M,,,.

Theorem 1 (Existence of varifold solutions of Mullins-Sekerka flow). Let d €
{2,3}, T € (0,00), and Q C R? be a bounded domain with orientable C* boundary
Q. Let mo € (0,L£49)), xo € M, co € (0,00) and a € (0, 5].

Then, there exists a varifold solution for Mullins-Sekerka flow (la)—(le) with
initial data xo in the sense of Definition 5.

In fact, each limit point of the minimizing movements scheme associated with
the Mullins—Sekerka flow (la)—(1le), cf. Subsection 3.1, is a solution in the sense
of Definition 5. In case of convergence of the time-integrated energies of the ap-
proxzimations (cf. (60)), the corresponding limit point of the minimizing movements
scheme is even a BV solution in the sense of Definition 5.

The proof of Theorem 1 is the content of Subsections 3.1-3.3.

2.2. Further properties of varifold solutions. The purpose of this subsection
is to collect a variety of further results complementing our main existence result,
Theorem 1. Proofs of these are postponed until Subsection 3.4.

Lemma 2 (Interpretation as a De Giorgi metric slope). Let x € BV (;{0,1})
and ;€ M(QxS?1). Suppose in addition that the tangential first variation of p
is given by a curvature H, € L*(Q;|Vx|) in the sense of equations (17h)—(17k).
Then, it holds that

|6E['UHVX = sup lim sup (Elp] = Blpo W, 1), , (20)

T 550 ||X7XO\IJS_1||H(7O)1

where the supremum runs over all one-parameter families of diffeomorphisms s —
U, € C'-Diffeo(Q, Q) which are differentiable in a neighborhood of the origin and
further satisfy Vo = Id, fQX oW ldr = my and 05V4|s—g = B € Sy. Without
assuming (17h)—(17k), the right hand side of (20) provides at least an upper bound.

Next, we aim to interpret the information provided by the sharp energy inequal-
ity (18) from a viewpoint which is more in the tradition of classical PDE theory.
More precisely, we show that (18) together with the representation (17h)—(17k)
already encodes the evolution equation for the evolving phase as well as the Gibbs-
Thomson law—both in terms of a suitable distributional formulation featuring an
associated potential. We emphasize, however, that without further regularity as-
sumptions on the evolving geometry these two potentials may a priori not agree.
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This flexibility is in turn a key strength of the gradient flow perspective to allow
for less regular evolutions (i.e., a weak solution theory).

Lemma 3 (Interpretation from a PDE perspective). Let (x, u) be a varifold solu-
tion for Mullins—Sekerka flow with initial data xq in the sense of Definition 5. For
a given X € My,,, define for each of the two velocity spaces V,, and T, an asso-
ciated space of potentials via G, := AN (Vy) C H(lo) and H, = AN (Ty) C H(lo),
respectively.
i) There exists a potential u € L2(O,T*;HX(.¢)) C L2(0,Ty; H(lo)) such that Oyx =
Au in Qx(0,Ty), x(-,0) = xo in Q, and (ngq - V)u =0 on 9Qx(0,T%), in the
precise sense of

/ X T)C(T) der — / Yo((+0) dz
Q Q

T T
= / / X0:C dxdt — / Vu -V dxdt
0 Jo 0o Jo

for almost every T € (0,T.) and all ¢ € C1(Q2x[0,T%)).

i) There exists a potential w € L*(0,T.; H'(Q2)) such that for wy := w—f, w dx
one has wo € L*(0,T,;Gy(.p)) C LQ(O,T*;H(lo)), and further satisfies the fol-
lowing three properties: first, the Gibbs—Thomson law

ﬂ (ld—s®s) : VB(x) dut(x,s):/X(~,t)V~(w(-,t)B) i (22)
QxSd—1 Q

(21)

holds true for almost every t € (0,T%) and all B € CY(Q;RY) such that (B -
naa)loa = 0; second, it holds that

1 1 1 2
Ai‘vw(at)ﬁ dr = 5”11}0('715)”5)((_)“ = §|8E[X('7t)7;u’t”vx<wt) (23)
for almost every t € (0,Ty); and third, there is C = C(Q,d,co,mo, x0) > 0
such that
[w(, )10 < CA+[[Vwl, t)| @) (24)

for almost every t € (0,T).
i11) The sharp energy dissipation inequality holds true in the sense that for almost
all choices 0 < s < T < T,

T 1
Blur] + [ [ 51Vl + 5 Vul dudt < Elu.] < Elxa). (25)
s Q

Note that in view of (17¢), (17h)—(17k), (22) and the trace estimate (32) from
below, if (x, p) is a varifold solution we may in particular deduce that

coHy (1) = w(-1) on supp(|Vx(- 1)[$2), (26)
w(t)=0 on QN {04 (| a0, -) € 2N+1} (27)

for almost every t € (0,7%) up to sets of (|[Vx(-,t)|.Q)-measure zero.

Next, we show subsequential compactness of our solution concept and consistency
with classical solutions. To formulate the latter, we make use of the notion of a
time-dependent family o7 = (%7 (t))c[o,1.) of smoothly evolving subsets <7 (t) C €,
t € [0,7.). More precisely, each set < (t) is open and consists of finitely many
connected components (the number of which is constant in time). Furthermore,
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the reduced boundary of .27 (t) in R? differs from its topological boundary only by
a finite number of contact sets on 9 (the number of which is again constant in
time) represented by 9(0* <7 (t) N Q) = 0(0* </ (t) NOY) C ON). The remaining parts
of 047 (), i.e., 0* o/ (t) NQ and 9* . (t) N N, are smooth manifolds with boundary
(which for both is given by the contact points manifold).

Lemma 4 (Properties of the space of varifold solutions). Let the assumptions and
notation of Theorem 1 be in place.

1) (Consistency) Let (x, p) be a varifold solution for Mullins—Sekerka flow in the
sense of Definition 5 which is smooth, i.e., x(x,t) = X (7,1) := Xz (1)(x) for a
smoothly evolving family o/ = (& (t))icpo,1.). Furthermore, assume that (17h)
also holds with dus replaced on the left hand side by SE[x(-,t)] (which for
a BV solution does not represent an additional constraint). Then, </ is a
classical solution for Mullins—Sekerka flow in the sense of (1la)—(le). Further,
it also holds that

VX, 1)L = | ga—192, |15 [ga—1L0Q = 0, (28)
X( ) HPTL0Q = |pdga (29)

for a.e. t € (0,Ty).
Vice versa, any classical solution &7 of Mullins—Sekerka flow (1a)—(1le) gives
rise to a (smooth) BV solution x = X« in the sense of Definition 5.

ii) (Subsequential compactness of the solution space) Let (X, pir),cy be a se-
quence of varifold solutions with initial data x1,0 and time horizon 0 < T, < oo
in the sense of Definition 5. Assume that supycy Elpr,o0] < 0o, and that the
sequence (|Vxk,o0|oQ)ken is tight. Then, one may find a subsequence {ky, }nen,
data xo, and a varifold solution (x, u) with initial data xo and time horizon T,
in the sense of Definition 5 such that xr, — x in L'(Q2x(0,T%)) as well as for
almost all t € (0,T5), (ur,): — pe subsequentially in M(QxS*1) as n — oo.

Remark 8. We note that the assumption in 4) of the above lemma that (17h)
holds with ou; replaced on the left hand side by dE[x(-,t)] enforces the correct
contact angle. As x prescribes a smooth geometry, the curvature of the surface
at a given time already coincides with H,. s, and hence (17h) already holds for
compactly supported B € C},,(9;R?) for free. Of course, if (x, 1) is a BV-solution,
this assumption is immediately satisfied.

One can alternatively formulate compactness over the space GM M (xx,0) of gen-
eralized minimizing movements, introduced by Ambrosio et al. [7]. The space
GMM (xk,0) is given by all limit points as h — 0 of the minimizing movements
scheme introduced in Subsection 3.1. By Theorem 1, every element of GM M (xk,0)
is a varifold solution of Mullins—Sekerka flow with initial value x%0. Though we do
not prove this, a diagonalization argument shows that for a sequence of initial data
as in Part ii) of Lemma 4, (xx, ux) belonging to GM M (xk,0) are precompact and
up to a subsequence (in the above sense) converge to (x, 1) in GM M (o).

Finally, the proof of our main result, Theorem 1, is based upon the following
two auxiliary results, which we believe are worth mentioning on their own.

Proposition 5 (First variation estimate up to the boundary for tangential varia-
tions). Let d € {2,3}, let Q@ C R be a bounded domain with orientable C? bound-
ary 02, let w € H'(Q), let x € BV(Q;:{0,1}), and let pp = |pfga-1 @ (Aa),eq €
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M(QxS41) be an oriented varifold such that co|Vx|LQ < |p|sa-1.Q in the sense
of measures for some constant cg > 0. Assume moreover that the Gibbs—Thomson
law holds true in form of

[ (Id—s®s):VBdu:/XV~(wB)dx (30)
QxSd-1 Q

for all tangential variations B € C*(Q;R?), (B - naa)|sa = 0.

There exists r = r(0) € (0,1) such that for all xg € Q with dist(xq, Q) < r
and all exponents s € [2,4] if d = 3 or otherwise s € [2,00) there exists a constant
C =C(r,s,d) > 0 such that

s ° e} 1+1
([ ol ) < €O+ biorns @+ fulipn) . 1)
:E()ﬂ

In particular, the varifold p is of bounded variation with respect to tangential varia-

tzons (with _({enemlzzed mean curvature vector H trivially given by pﬂilg—il where
Pt = ﬁfllz =q €10,1], ¢f. (30)) and the potential satisfies
1
([l dpdsss) < €O+ lgurs @) max {1, ) 7 (22)

By a recent work of De Masi [19], one may post-process the previous result to
the following statement.

Corollary 6 (First variation estimate up to the boundary). In the setting of Propo-

sition 5, the varifold p is in fact of bounded variation on Q. More precisely, there

exist H, H?? and o, with the properties

szﬂ& Q._ co| Vx|
VX" 7T Tulsei

HO? € L2(0Q, d|p|ga-1), H(x) L Tan,dQ for |p|se-1L00-a.e. z € Q, (34)

H® = € [0,1], (33)

o, € M(09), (35)
such that the first variation dp of p is represented by
6#(3):—/7(HQ—|—H89)Bd|,u|Sd71 +/ B"I’L@QdO’M (36)
Q Gle)

for all B € CY*(;RY). Furthermore, there exists C = C(Q) > 0 (depending only
on the second fundamental form of the domain boundary 0) such that

_sup 6(B)] < Clplsa—1 () + 2 H? || L1 (aiula-1)» (37)

BEC1(@), | Bl <1
||H89\|L°°(m,dm\gd_1) <C, (38)
0,(09) < Clulga—1 () + [1H* | 21 (il pusr)- (39)

2.3. A closer look at the functional framework. In this subsection, we charac-
terize the difference between the velocity spaces V, and 7, defined in (12) and (16)
respectively, by expressing the quotient space 7, /V, in terms of a distributional
trace space and quasi-everywhere trace space (see (50)). As an application, this
result will show that if |[Vx| is given by the surface measure of a Lipschitz graph,
then the quotient space collapses to a point and V, = 7,. A modification of this
idea will allow us to show that in dimension d = 2, under an energy convergence
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assumption, the formal tangent spaces coincide for solutions constructed via the
minimizing movements scheme (see Corollary 7).

Both spaces V, and T, are spaces of velocities, and associated with these will
be spaces of potentials where one expects to find the chemical potential. For this,
we recall that the inverse of the weak Neumann Laplacian Ag,lz H (6)1 — H (10) is
defined by ur := A (F), F € H(B)l, where up € H(lo) is the unique weak solution
of the Neumann problem

Aup =F in Q,

(noa - V)up =0 on 0. (40)

Recall also that A,_Vl: H (B)l — H (10) defines an isometric isomorphism (with respect
to the Hilbert space structures on H, (10) and H (6)1 defined in Subsection 2.1), and

since Ay is nothing else but the Riesz isomorphism for the Hilbert space H (10), the
relation

(UFaU)H(lo) = <FvU>H(*O;,H(10) (41)

holds for all v € H (10). We then introduce a space of potentials associated with V,
given by
Gy == AR (Vy) C Hiy,. (42)
Likewise we can introduce the space of potentials associated to the “maximal tan-
gent space” Ty, given by
Hy = AG(Ty) C Hy. (43)
To understand the relation between the spaces V, and 7, we will develop annihi-
lator relations for G, and H, in H (10). Throughout the remainder of this subsection,
we identify H (10) with H!(Q)/R, the Sobolev space quotiented by constants, which
allows us to consider any v € H({2) as an element of H (10).
By [3, Corollary 9.1.7] of Adams and Hedberg,

T, ={F ¢ H(_O)lz (F,v)H(B§7H30) =0 for all v € C}(Q\ supp |Vx]|)}.

Using (41) and (43), this implies that the space

Hl
H qupp 19 = 10 € CHQ \supp [VX])} @, (44)

satisfies the annihilator relation with (-, ) i,

HL

2 (45)

1
H supp Vx| =
Further by [3, Corollary 9.1.4], for the trace operator Trgpp, |vy| defined Cap, quasi-

everywhere for H'(Q)-functions, (45) is the same as

ker (Troupp |vy|) = Hi?

(46)

where u € H(lo) N ker (Trsupp \VXI) if and only if Trgypp |vy|u = ¢ for some ¢ € R.
Similarly, one may use the definition (13) and the relation (41) to show that

g;{ueH(lo): /XVU~Bd:U/XUV~deforallB€SX}. (47)
Q Q
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For B € C*(Q;R?) such that [, xV-Bdx # 0, one can consider fixed £ € C*(Q; RY)
with & - ngn = 0 on € such that fQ xV - &dx # 0 and use the corrected function

B:=B- ffw)c(vv ?:I§ (47) to see that the above relation is equivalent to

g; = {u € H(lo): / xV(u+c) - Bdx = —/ X(u+c)V - Bdx (48)
Q Q
for some ¢ € R and all B € C'(;R?) with B - npq = 0 on 39}.

Thus, G;- is the space functions in H, (10) which have vanishing trace on supp |Vx/| in
a distributional sense.

We now show that G, C H,,, which is equivalent to V,, C 7. First note that (45)
implies

HXZ{uEH(lo): Au =0 in Q\ supp|Vx|}. (49)

As a technical tool, we remark that for fixed v € CL(Q \ supp|Vx|), up to a
representative, vy € C(Q). To see this, let x = xa for A C Q and note for any
x € suppv we can find r > 0 such that |B(x,r)NA| = |B(z,r)| or |B(z, r)N(N\A)| =
|B(x,r)|. We construct a finite cover of supp v given by C := U; B(z;, r;), and define
the set
C/ = U B(.’Ei,’l“i).
;| B(zi,ri)NA|=|B(zs,73)]

We have that

v in(C/,
vxX = .
0 otherwise,
which is smooth as the balls used in C’' are disjoint from those balls such that

|B(z,7) N (2 \ A)| = |B(z,r)|, completing the claim. Now, for u € G, given by
u = up.vy with B € S,, by (41) we compute

(va)H(lo) = —/QV -(vB)xdz = f/QV - ((vx)B)dx = 0.

It follows that G, C H, by (44) and (45).

Using the quotient space isomorphism Y/X ~ X+ for a closed subspace X of
Y [17, Theorem III.10.2] and the subset relation G, C H,, we have HX/QX ~
g; / ’H; Consequently, unifying the results of this subsection, the following char-
acterization of the difference between the velocity spaces follows:

T/ Vx 2 Hy /Gy = (50)
{uGH(lo): AxVu-Bdacz—/quV-de for allBESX}/ker’HsuppWX.

In summary, the gap in the velocity spaces V, and Ty, is exclusively due to a loss
in regularity of the interface and amounts to the gap between having the trace in
a distributional sense (see (48)) versus a quasi-everywhere sense.

2.4. On the relation to Le’s functional framework. We now have sufficient
machinery to discuss our solution concept in relation to the framework developed
by Le in [36]. Within Le’s work, the critical dissipation inequality for T'; :=
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supp |[Vx(-,t)|, a C3 space-time interface, to be a solution of the Mullins-Sekerka
flow is given by

T
1 1
Elx(T)] + / SIOXI o,y + 31 Hr oy dt < Blxol,

where || Hrl| gi/2(ry) = ||Vf||Lz(Q) for f satisfying (6) with f = Hp (the curvature)
and H~Y/ 2(T') again defined by duality and normed by means of the Riesz repre-
sentation theorem (see also Lemma 2.1 of Le [36]),

H™ () ~ Ay({u € Hjgy: Au=0in Q\T}). (51)

As this is simply the image under the weak Neumann Laplacian of functions u
associated with the problem (6), we can rewrite this as

H™V2(T) = Ay(H'A(I)). (52)

Considering our solution concept now, let (x, ) be a solution in the sense of
Definition 5 such that I'y := supp|Vx(:,t)| is a Lipschitz surface for a.e. t. By (49)
and (51), Ty(.,p = H~'Y2(T';). Then as the classical trace space is well-defined, the
isomorphism (50) collapses to the identity showing that

Tty = An(Gx(1))s (53)

verifying the analogue of (52) and implying that G, ) = H'/2(T;). Further, this
discussion and (26) (letting cg = 1 for convenience) show that

10X Ty = N0exN 1720,y and Jlw( )llgy .y = 1 |2,

Looking to (18) and (23), we see that our solution concept naturally subsumes
Le’s, preserves structural relations on the function spaces, and works without any
regularity assumptions placed on T.

A natural question following from the discussion of this subsection and the prior
is when does the relation (53) or the inclusion O;x € V, C 7T, hold. By (50),
both will follow if zero distributional trace is equivalent to having zero trace in
the quasi-everywhere sense. Looking towards results on traces (see, e.g., [14], [44],
and [45]), characterization of this condition will be a nontrivial result, and applying
similar ideas to the Mullins—Sekerka flow may require a fine characterization of the
singular set from Allard’s regularity theory [5].

Despite the general question being beyond the scope of this paper, we can show
that in dimension d = 2 under an energy convergence hypothesis, solutions con-
structed via the minimizing movement scheme satisfy 7, = V,. We note that the
energy convergence assumption forces the limiting varifold to lie entirely on the
surface associated with y. In general, one must extract the even multiplicities from
1 to obtain [Vx| (see (17¢)), and it is not clear this extracted set will interact well
with the notion of capacity used to define “quasi-everywhere.”

Corollary 7. Let Q C R? be an open set with C? boundary and suppose that
the time integrated energies of the approximating sequence converge, in the sense
of (60). Then it follows that the solutions of Mullins—Sekerka flow constructed in
Theorem 1 satisfy

Vy =Ty

We defer the proof of this result till after that of Theorem 1, as we make use of
the tools therein.
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2.5. Motivation from the viewpoint of weak-strong uniqueness. Another
major motivation for our weak solution concept, especially for the inclusion of a
sharp energy dissipation principle, is drawn from the recent progress on unique-
ness properties of weak solutions for various curvature driven interface evolution
problems. More precisely, it was established that for incompressible Navier—Stokes
two-phase flow with surface tension [23] and for multiphase mean curvature flow [25]
(cf. also [29] or [30]), weak solutions with sharp energy dissipation rate are unique
within a class of sufficiently regular strong solutions (as long as the latter exist, i.e.,
until they undergo a topology change). Such weak-strong uniqueness principles
are optimal in the sense that weak solutions in geometric evolution may in gen-
eral be non-unique after the first topology change. Extensions to constant contact
angle problems as considered in the present work are possible as well, see [31] for
Navier-Stokes two-phase flow with surface tension or [28] for mean curvature flow.

The weak-strong uniqueness results of the previous works rely on a Gronwall
stability estimate for a novel notion of distance measure between a weak and a
sufficiently regular strong solution. The main point is that this distance measure
is in particular able to penalize the difference in the location of the two associated
interfaces in a sufficiently strong sense. Let us briefly outline how to construct such
a distance measure in the context of the present work (i.e., interface evolution in a
bounded container with constant contact angle (1e)). We claim that the following
functional represents a natural candidate for the desired error functional:

VX('v t)

Brali /)) = oo @) = [ o €0 AT 0)

— / (cosa)eox (-, t) dHIL,
o0

where £(-,t): Q — {|z|<1} denotes a suitable extension of the unit normal vector
field ny(r) of 0.7 (t) N2 Due to the compatibility conditions (17c) and (17d) as
well as the length constraint |{] < 1, it is immediate that E,q > 0. The natural
boundary condition for £(+,¢) turns out to be (£(+,t) - naq)|oa = cos a. Indeed, this
shows by means of an integration by parts that

Bralo il )(8) = |ptelgims (0) + /Q cox (- 1)V - € d.

The merit of the previous representation of E, is that it allows one to compute the
time evolution of E,¢ relying in a first step only on the De Giorgi inequality (18)
and using V - £ as a test function in the evolution equation (21). Furthermore, the
compatibility condition (17f) yields that

1
[ 5|5—§Wu?§/7 1—s-&dug’ = Bralx, pl(t),
Qx§d—1 OxSd—1

which in turn implies a tilt-excess type control provided by FE., at the level of
the varifold interface. Further coercivity properties may be derived based on the
compatibility conditions (17¢) and (17d) in form of the associated Radon—Nikodym

co|Vx(-,t)|LQ 90 . (cosa)cox (- t)HI1LAN
a0 © [0,1] and pi™ = 107 a1+ lpa_1L08 © 10,1},
respectively. More precisely, one obtains the representation

Erel[XaM|ﬂ](t>

derivatives pf! :=
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- /Q 1— o dlpPlses + /8 1= (o)

_VxGH .
+ [ (1 - P -€6) (ol

The last of these right hand side terms ensures tilt-excess type control at the level
of the BV interface

1 vX('a t) 2
o /Q I~ SCD| VX < Bl )0
The other three simply penalize the well-known mass defects (i.e., mass moving out
from the bulk to the domain boundary, or the creation of hidden boundaries within
the bulk) originating from the lack of continuity of the perimeter functional under
weak-* convergence in BV

In summary, the requirements of Definition 5 allow one to define a functional
which on one side penalizes, in various ways, the “interface error” between a varifold
and a classical solution, and which on the other side has a structure supporting at
least in principle the idea of proving a Gronwall-type stability estimate for it. One
therefore may hope that varifold solutions for Mullins—Sekerka flow in the sense of
Definition 5 satisfy a weak-strong uniqueness principle together with a weak-strong
stability estimate based on the above error functional. In the simplest setting of
a = 7, a BV solution x, and assuming no boundary contact for the interface of
the classical solution o7, this is at the time of this writing work in progress [24].

For the present contribution, however, we content ourselves with the above ex-
istence result (i.e., Theorem 1) for varifold solutions to Mullins—Sekerka flow in the
sense of Definition 5 together with establishing further properties of these.

3. EXISTENCE OF VARIFOLD SOLUTIONS TO MULLINS—SEKERKA FLOW

3.1. Key players in minimizing movements. To construct weak solutions for
the Mullins—Sekerka flow (la)-(le) in the precise sense of Definition 5, it comes
at no surprise that we will employ the gradient flow perspective in the form of
a minimizing movements scheme, which we pass to the limit. Given an initial
condition xo € My, (see (8)), a fixed time step size h € (0,1), and E as in (10),
we let x' := xo and choose inductively for each n € N

i € angin { BT+ ol - Tl (54)
XEMom, (0)

an approximation via the backward-Euler scheme. Note that this minimization
problem is indeed solvable by the direct method in the calculus of variations; see,
for instance, the result of Modica [47, Proposition 1.2] for the lower-semicontinuity
of the capillary energy.

By a telescoping argument, it is immediate that the associated piecewise constant
interpolation

X"(t) :=x"_, forallte [(n—1)h,nh), n €N, (55)

satisfies the energy dissipation estimate

T
1
E[X"(T)] +/ m||Xh(t+h) - xh(t)HiI(_; dt < E[xo] forall T € Nh.  (56)
0 0
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Although the previous inequality is already enough for usual compactness ar-
guments, it is obviously not sufficient, however, to establish the expected sharp
energy dissipation inequality (cf. (4)) in the limit as h — 0. It goes back to ideas of
De Giorgi how to capture the remaining half of the dissipation energy at the level of
the minimizing movements scheme, versus, for example, recovering the dissipation
from the regularity of a solution to the limit equation. The key ingredient for this is
a finer interpolation than the piecewise constant one, which in the literature usually
goes under the name of De Giorgi (or variational) interpolation and is defined as
follows:

Xh((n l)h) X )h) Xn 1 ne N,
1 . 2
h —h
) € E[X - ~DR) |50 b, t € (n=1)h, nh).
X iregAIAI:On{ e 1)h)||>< X" ((n—1) )||H(O)} ((n=1)h,nh)

(57)

The merit of this second interpolation consists of the following improved (and now
sharp) energy dissipation inequality

h T 1 h h 2 T]- _h 2
BT+ [ gm0l e+ [ 510BR 01 dt < Bl
(58)

with T' € Nh [7]. The quantity |0FE[x]|a is usually referred to as the metric slope
of the energy E at a given point x € M,,,, and in our context may more precisely
be defined by

|3E[X]’d = lim sup M (59)
XEMomg: X=Xl 4%0 HX - XHH*1
(0) (0)
We remind the reader that (58) is a general result for abstract minimizing movement
schemes requiring only a metric space to work. However, as it turns out, we will
be able to preserve a formal manifold structure even in the limit. This in turn
is precisely the reason why the “De Giorgi metric slope” appearing in our energy
dissipation inequality (18) is computed only in terms of inner variations, see (20).
With these main ingredients and properties of the minimizing movements scheme
in place, our main task now consists of passing to the limit h — 0 and identifying
the resulting (subsequential but unconditional) limit object as a varifold solution
to Mullins—Sekerka flow (1a)—(1le) in our sense. Furthermore, to obtain a BV solu-
tion, we will additionally assume, following the tradition of Luckhaus and Sturzen-
hecker [40], that for a subsequential limit point x obtained from (102) below, it

holds that
o) dt — / " Bl dr. (60)
0

3.2. Four technical auxiliary results. For the Mullins—Sekerka equation, a mass
preserving flow, it will be helpful to construct “smooth” mass-preserving flows
corresponding to infinitesimally mass-preserving velocities, i.e., velocities in the test
function class S, (see (11)). Using these flows as competitors in (57) and considering
the associated Euler-Lagrange equation, it becomes apparent that an approximate
Gibbs-Thomson relation holds for infinitesimally mass-preserving velocities. To
extend this relation to arbitrary variations (tangential at the boundary) we must

0
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control the Lagrange multiplier arising from the mass constraint. Though the first
lemma and the essence of the subsequent lemma is contained in the work of Abels
and Roger [2] or Chen [15], we include the proofs for both completeness and to
show that the result is unperturbed if the energy exists at the varifold level.

Lemma 8. Let x € My and B € S,. Then there exists n > 0 and a family of
ct diffeomorphisms W Q — Q depending differentiably on s € (—n,n) such that
for all x € Q one has ¥o(x) = x, 0sVs(x)|s=0 = B(z), and

/ X © \IIS_1 dx =mqg  forall s € (—n,n).
Q

Proof. Fix & € C*(Q) such that (£ - nsa)|oq = 0 and fQ xV - &dx # 0. Naturally
associated to B and £ are flow-maps s and 7, solving 0s8s(x) = B(Bs(z)) and
Oryr(z) = &(vr(x)), each with initial condition given by the identity map, i.e.,
Bo(z) = z. Define the function f, which is locally differentiable near the origin, by

fls,r) = / xo (Bsoy) tdr—mg = / X (det(V(Bs 0 ,)) — 1) dz.
Q Q
As £(0,0) = 0 and 9, f(0,0) = [, xV - £dx # 0 by assumption, we may apply the

implicit function theorem to find a differentiable function r = r(s) with r(0) = 0
such that f(s,r(s)) =0 for s near 0. We can further compute that (see (72))

9. £(0,0) = /QX(V-B+T'(0)V.§) da.

Rearranging, we find

V-Bd
p(0) = X B,
Jo xV - &dx
and thus the flow given by 8, o v,(s) satisfies 0;(8s © Vr(s))|s=0 = B +1'(0)§ = B,
thereby providing the desired family of diffeomorphisms. (I

Lemma 9. Let y € My, w € H(lo), and ;€ M(QxS?1Y) be an oriented varifold
such that

ou(B) = / XV - (wB)dz forall B€S,. (61)
Q
Then there is A € R such that
Su(B) = / XV ((w+X)B)dx  for all B € C' (4 R?) with (B - nag)|aq =0
Q

and there exists C = C(£2,d, co, mo)

lw Az @) < CA+[VXI(Q) (1l(Q) + [VwlLz(g)) - (62)
Proof. For £ € C*>(Q) such that (£-naq)|se = 0 and [, xV-&dx # 0, we have that
B:=B- %f belongs to S, and plugging this into (61) and rearranging,
one finds
ou(B) —/XV~(wB)dx:)\/ xV - Bdz,
Q Q
where

opu(8) — [ XV - (w€) dx

A=
JoxV - &dx
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To conclude the lemma, it suffices to make a careful selection of £ such that
A< O+ VX)) (1@ + Vel o) (64)
Let p. be a standard mollifier for € > 0, and let x. := x * p. with m, := fQ Xe dz.
We solve the Poisson problem
Ape = Xe —me  In Q,
(noq - V)pe =0 on 012,

(65)
][ ¢ dx = 0.
As |Ixe — meller < C(Q)/e, we can apply Schauder estimates to find

[@ellc2a) < C(R2)/e. (66)

Noting the L' estimate

Ixe = xllLi@) < C(Q)e (1 +[Vx|(€))
and m. < mg, we have
[ X Vods = [ v = mode = (1= mmol@l + [ X~ 0o

0 0 Q (67)

> (1= mo)mo|Q| = C(Q)e (1 +[Vx|(2)) = C(mo, )

where we have now fixed ¢ = W%. Choosing ¢ = V., by (66), (67),

the Poincaré inequality for w, and the first variation formula
SO = [ (4= s99): Vel dutas),
Qxsd-1
we conclude (64) from (63). O

We finally state and prove a result which is helpful for the derivation of ap-
proximate Gibbs—Thomson laws from the optimality condition (57) of De Giorgi
interpolants and is also needed in the proof of Lemma 2.

Lemma 10. Let x € Mg and B € S, and let (V) se(—y,n) be an associated family
of diffeomorphisms from Lemma 8. Then, for any ¢ € H(lo) it holds

xoW, !t —xy
[ e (B V0 | < ol 0o 69
In particular, taking the supremum over ¢ € H(o) with ||¢||H(10) <1 in (68) implies
L — —B - Vx strongly in H( o) as s — 0.
Proof. To simplify the notation, we denote y, := x o U, 1. Heuristically, one ex-
pects (68) by virtue of the formal relation dsxs|s=0 = —(B - V)x mentioned af-
ter (20). A rigorous argument is given as follows.
Using the product rule, we first expand (13) as

/¢XS_de+<B VX ) g

HL
(0) H (0)

=/¢—X5 de—/x((B-V)¢+¢V~B)dx
Q s Q
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Recalling ys = xoW !, using the change of variables formula for the map x — W (x),
and adding zero entails

- U, — det VU, | —1
/¢de:/xwdx+/x(¢oq,s)%dm (70)
Q S Q S Q S
Inserting (70) into (69), we have that

/¢X5_de+<B V) gty = L+ 11, (71)

oV¥, —
I::/qudx—/ﬂx(B-V)d)dx,
|detw/\
11 := oy )——m— V-Bd
[ xiwow,) “— [ xov- B

To estimate 11, we first Taylor expand V\IJS(x) = Id+sVB(x)+ Fs(x) where, by
virtue of the regularity of s — ¥, and B, the remainder satisfies the upper bound
sup,cq |Fs(x)| < s0s0(1). In particular, from the Leibniz formula we deduce

det VU (z) — 1 =s(V - B)(z) + fs(z), (72)

where the remainder satisfies the same qualitative upper bound as Fy(x). Note
that by restricting to sufficiently small s, we may ensure that det V¥, = | det VU ]|.
Hence, using (72), then adding zero to reintroduce the determinant for a change
of variables, and applying the continuity of translation (by a diffeomorphism) in
L?(2), we have

IT = H¢||L2(Q)Os~>0(1) + /Q Xv : B(¢ o \Ils - (b) dx

where

= [[¢ll12(0)0s—0(1) + /Q ¢>((XV “B)oU ' —xV- B) dw 73)

+/ XV - B(¢poU,) (1—|det VU (x)|) dx
Q

< @l z2(0)0s—0(1).

To estimate I, we first make use of the fundamental theorem of calculus along
the trajectories determined by ‘IIS, reintroduce the determinant by adding zero as
n (73), and apply -5 Uy (z) = ) + 0ox-0(1) to see

/ ¢O‘I' dx—][ /Xw NC 7%( ) dard\

_ ]é /Q V6 (s (x)) - B(z)] det VU, (x)] ddA

+ IVl £2(0)0s—0(1).

Hence, by undoing the change of variables in the first term on the right hand side
of the previous identity, an argument analogous to the one for II guarantees

I <|IVPllr2(0)0s—0(1). (74)

Looking to (71), we use the two respective estimates for I and IT given in (74)
and (73). By an application of Poincaré’s inequality, we arrive at (68). O
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We now turn to proving a result which gives us further structural information
on the minimizers ¥ coming from the minimizing movements scheme (57). In
particular, we will show that the reduced boundary associated with the minimizer
is a C1B-surface intersecting the boundary of the container € with angle given by
Young’s law. For this we will apply a regularity result of Taylor [59] (see also De
Phillipis and Maggi [20]).

Proposition 11. Let Q C R? with d = 2 or 3 be an open set with C? boundary
and suppose X is a minimizer of the energy

Elx] +Cllx — 2 dx = mg,
alx _{ b+ Clx = xoll fx 0

400 else,

where xo is a fived characteristic function with f xodx = mg. Letting A be such
that X = xa, we have that (up to a representative) 0ANQ = §* ANQ is locally given
by a CYP-graph that meets the boundary of Q at angle a, where §:= B(d) > 0.

Proof. To prove the statement, it suffices to show that x is an almost-minimizer of
the energy E with gauge €(r) := Cr?# with 8 > 0: that is, there exists ro > 0 such
that if r < rg, then

E[X] < ElXcomp] + G(T)Td_l (75)

for all competitors Xcomp With supp(X — Xcomp) CC B(wo, 1) for 29 € Q and r < rq.
With this we may apply a theorem (see Section 5 and Section 6) of Taylor [59]. Note
that Taylor proves the claim in dimension N = 3, but the regularity result may
be directly obtained for the simpler d = 2 case by extending an almost-minimizer
X:QCR? = R tod=3 with Yext (71,22, 23) = x(71,22). As the extension is flat
in the third direction, it is still a perimeter almost-minimizer in Q x R C R3.

We remark a related regularity result is contained in Theorem 1.2 (see also
Theorem 1.10) of De Phillipis and Maggi [20], proven in arbitrary dimension with
gauge Cr (hence there § = 1/2), a technically convenient choice.

Turning to the proof of (75), we must show that the nonlocal term || x — XOHifl

)

gives rise to an appropriate gauge function, and we must remove the mass constraint
on competitors.

First, suppose that x € BV (Q;{0,1}) with f x dz = mg. Necessarily G[x] < oo,
and we may compare G[x] < G[x] to find that

E[X] <E[X] + C(IX — xoll? 3T lIx — Xo||§{(—0>1)
<E[X]+C(lx - XOHH(—O; + [Ix — Xo||H(—O)1)||>_< - >~<||H<—O§ (76)
<E[xX] + Callx — XHH&S'

To estimate the last term, we use that H'(Q2) — L5(Q) and y — ¥ is identified as
an element of the dual space via the embedding L?(Q) — H (6)1 Consequently, by
Hoélder’s inequality we have

1%~ %t < Collk = Klzareqey.