STABILITY OF MULTIPHASE MEAN CURVATURE FLOW
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BEYOND CIRCULAR TOPOLOGY CHANGES

JULIAN FISCHER, SEBASTIAN HENSEL, ALICE MARVEGGIO,
AND MAXIMILIAN MOSER

ABSTRACT. We prove a weak-strong uniqueness principle for varifold-BV so-
lutions to planar multiphase mean curvature flow beyond a circular topology
change: Assuming that there exists a classical solution with an interface that
becomes increasingly circular and shrinks to a point, any varifold-BV solu-
tion with the same initial interface must coincide with it, and any varifold-BV
solution with similar initial data must undergo the same type of topology
change. Our result illustrates the robustness of the relative energy method for
establishing weak-strong uniqueness principles for interface evolution equa-
tions, showing that it may also be applied beyond certain topological changes.
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1. INTRODUCTION

For two-phase mean curvature flow, a weak solution concept with highly satis-
factory properties is available in form of viscosity solutions [6, 5] to the level set
formulation [21, 20]: Not only can global-in-time existence of weak solutions be
shown for general initial data, but failure of uniqueness may be characterized in
quite detail [3], and uniqueness of weak solutions is guaranteed as long as a classical
solution exists. However, the concept of viscosity solutions crucially relies on the
availability of the comparison principle, restricting it to (mostly) mean curvature
flow in the context of interface evolution problems.

For interface evolution problems without comparison principle such as multi-
phase mean curvature flow or higher-order curvature driven flows, the question of
uniqueness of weak solutions — even in the absence of topology changes — had re-
mained open for a long time. In fact, solution concepts such as Brakke solutions for
mean curvature flow [4] have even been known to admit artificial (unphysical) solu-
tions, and attempts to develop solution concepts without these shortcomings have
been made [17, 16, 23]. Recently, an approach based on relative energies has proven
successful in establishing weak-strong uniqueness prior to singularities [7, 9, 8, 14],
as well as in deriving sharp-interface limits of phase-field models [10, 1, 11, 15].

So far, these weak-strong uniqueness results for interface evolution problems
have been limited to situations without geometric singularities and in particular
without topology changes. In the present work we show that the approach of relative
energies is robust and capable of handling certain controlled topology changes in the
(piecewise-in-time) strong solution: We show that in the case of multiphase mean
curvature flow, a weak-strong uniqueness and stability principle holds also beyond
shrinking circle type singularities. More precisely, for any classical solution to
planar curvature flow whose interface consists of a smooth simple curve that shrinks,
becomes increasingly circular, and disappears, any weak solution with similar initial
data must stay close to it and disappear in the same kind of singularity. As in [9],
the weak solutions we consider are varifold-BV solutions in the sense of Stuvard-
Tonegawa [23].

Recall that the classical result of Gage-Hamilton [12] and Grayson [13] asserts
that any smooth, closed, and simple curve in the plane evolving by mean curvature
flow (MCF) shrinks to a point in finite time, becoming increasingly circular in the
process. Combining this classical result with our main result, we recover a pertur-
bative but genuinely multiphase version of the Gage-Hamilton—Grayson theorem:
If the initial interface of a varifold-BV solution to mean curvature flow is sufficiently
close to a smooth, closed, simple curve (in the sense of the relative energy distance,
that is, in a tilt-excess-type distance), it will over time become increasingly circular
and eventually disappear in a shrinking circle type singularity. In particular, this
conclusion remains valid even if initially a small amount of other phases are present
in the varifold-BV solution.
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2. MAIN RESULT

To state our main result, we first recall the notion of relative energy of a varifold-
BV solution; note that the latter consist of a time-indexed family of varifolds V;
and an indicator function x;(-,t) for each phase. In [9] the relative energy of a
varifold-BV solution with respect to a strong solution (¥;)1<i<p was defined as

(1) Era( ZZ/ — () - & () dHY

=1 j=1 I; 7(t)
+ / 1 —w(x,t)dVi(x,s)
R2 xSt

where & ;(-,t) denotes a suitable extension of the unit normal vector field of the
interface between phases ¢ and j in the strong solution, I; ;(t) := 0*{x:(-,t) =
1} N 0*{x;(-,t) = 1} denotes the interface between phases i and j in the varifold-
BV solution, n; ; is its corresponding unit normal vector, and w(-,t) € [0,1] is the
local ratio between the surface measure %Zf; |Vxi|(+,t) and the weight measure
we() = fs1 dVi(-,s). For our present results the relative energy will share the
same btructure as in (1), except that as in [9] we also add a lower-order term for
coercivity; it is merely the vector fields ; ; that will be modified suitably (in a way
that corresponds to simply shifting the strong solution y in space and time).

Observe that the relative energy (1) measures the mismatch between the classical
solution and the varifold-BV solution in a tilt-excess-type way; furthermore, the
second term on the right-hand side of (1) measures the mismatch in multiplicity
between the varifold V; and the surface measure 3 S IVl (1)

Recall that the general goal of weak-strong uniqueness proofs via relative energy
methods is to establish a Gronwall-type estimate %E,«el < CE,;, which enables
one to conclude. However, previous weak-strong stability results of this form (e.g.,
[9] and [14]) have been limited to time horizons before the first topology change
of the strong solution: The reason is that for typical topology changes such as
the circular topology change considered in the present work, a naive estimation of
the terms on the right-hand side of the relative energy inequality would lead to a
Gronwall estimate of the form %E,,el < C(t)Ere with C(t) ~ ‘T 7 Note that the
time-dependent constant C(t) is borderline non-integrable, leading to a loss of any
assertion on stability past the topology change. This suggests that in order to deal
with topology changes, a more refined estimation is needed to control the right-
hand side of the relative energy estimate, e.g., by combining the relative entropy
approach with a linearized stability analysis.

A linearized stability analysis for the relative energy (1) beyond a circular topol-
ogy change however reveals the presence of two unstable modes and one borderline
stable mode. It turns out that the unstable modes correspond to translational de-
grees of freedom, while the borderline stable mode corresponds to a shift in time
(see Figure 1 and Figure 2 for a more detailed explanation). We overcome this
issue of unstable modes by developing a weak-strong stability theory for circular
topology change up to dynamic shift, which amounts to dynamically adapting the
strong solution to the weak solution to a degree which takes care of the leading-order
non-integrable contributions in the Gronwall estimate.

The precise statement of our main result reads as follows.
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Theorem 1 (Weak-strong stability up to shift for circular topology change). Let
d =2 and P > 2. Consider a global-in-time varifold-BV solution (V,x) with
X = (x1,---,xp) (or a BV solution x = (x1,...,xp) ) to multiphase MCF in
the sense of Definition 3 (or Definition 2). Consider also a smoothly evolving
two-phase strong solution to MCF ¥ = (X1,-..,Xp = 1—X1) with extinction time
Topt =: %r% > 0. Fizx a € (1,5).

There exists dasymp Ko % such that if for allt € (0, Teyt) the interior of the phase
{x1(-,t)=1} C R? iis dasymp-close to a circle with radius r(t) := \/2(Text—t) in the
sense of Definition 4, the evolution of X is unique and stable until the extinction
time Te.; modulo shift in the following sense:

There exists 6 < 1 as well as an error functional E[Vo, xo|Xo] € [0,00) for the
initial data Vo, x0) and Yo of (V,x) and X, respectively, such that if

(2) EMo, xolXo] < dro,
one may then choose

a time horizon t, > 0,

a path of translations z € Wl’w((O,tX); R?), and

a strictly increasing bijection T € WH°((0,,); (0, Tert))
with the properties (2(0),T(0)) = (0,0),

1 1
3 — oo <,/—F X
(3) el < 4/ =B xol ol

1
4
( ) Tezt

such that for a.e. t € (0,ty) it holds

) 1 _
T —id| e (0,e,) < %E[V07X0|X0L

rp(t) )a

(5) EV,x|x>T)(¢) < E[VO,XOWO}( o

where X* T (x,t) == x(z—2(t),T(t)), (z,t) € R*x[0,t), denotes the shifted strong
solution, rp(t) := r(T'(t)) fort € [0,ty), and E[V,x|x*"](t) is an error functional
satisfying

x(,t) =x*T(,t) H-a.e. in R?,

6 EWV.x|x*T1t) =0 <—
O EPI {ut:éZLVx(-,t)l H'-a.c. in R2.

In particular, under the assumption of (2), the varifold-BV solution (V,X) goes
extinct and the associated time horizon t, provides an upper bound for the extinction
time.

We phrased our main result in a form emphasizing the main contribution of this
work, i.e., stability of the evolution for times close to a circular topology change
(formalized above by means of the notion of quantitative closeness to a shrinking
circle, see Definition 4 for details). One may also derive a corresponding stability
estimate starting from initial data not entailing an approximately self-similarly
evolving solution at early times.

Remark 1. Consider a smoothly evolving two-phase solution to mean curvature
flow ¥ = (X1,-.-,Xp = 1—x1) with initial data Y01 = x4, for some smooth,
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bounded, open and simply connected initial set Ay C R?. By the Gage-Hamilton—
Grayson theorem ([12],[13]), the solution goes extinct at time T,y = %, and
for any given dasymp € (0, 1), there exists a time tg = t¢(Ao, dasymp) < Text such
that for all ¢ € [tg, Teqe) it holds that the interior of {X1(-,t) = 1} is dasymp-close to
a circle with radius 7(¢) := \/2(Tezt—t) in the sense of Definition 4.

In particular, from some time onwards one is in the asymptotic regime close to the
extinction time for which the conclusions of Theorem 1 apply, at least if at time tq =
to(Ao, dasymp) the assumption (2) on the smallness of the initial error is satisfied
(i.e., with respect to r(ty)). Based on the weak-strong stability estimate prior to
topology changes from [9], this requirement can be translated into a condition at
the initial time ¢ = 0: there exists a constant pg = po(to,4o) > 0 such that if
Elxo|Xo] < ;5070 then E[x|x](to) < dr(to).

In summary, for general initial data Ay as considered in this remark, one first
has, thanks to the main result of [0], at least stability in the sense of < E[y|x](t) <
C(t)E[x|x|(t) for times t € (0,tg) where C(t) ~ (2(Tezt—t))™' = r(t)~2. Then, if
ElxolXo] < I%O(%O, in addition the decay estimate (5) from Theorem 1 holds true
for all times in the asymptotic regime (tg, Text)- &

Before we recall the precise definitions of the two weak solution concepts to which
our main result applies, we provide two comments on the latter.

e First, note that the decay exponent o < 5 in our stability estimate (5) is
optimal in the sense that it is consistent with the results obtained by Gage—
Hamilton [12]. More precisely, from [12, Corollary 5.7.2] one can read off that
for a smooth, closed and simple curve 9.A(t) shrinking by MCF to the origin
z = 0, it holds asymptotically as ¢ 1 Tear that supg 4e [V Hy ) S r(t) ™%,
for any 0 < & < 1. Since Hgy4 := —V'" . ng4, by dimensional analysis, one
then expects from the fact that our error functional behaves like a tilt excess
that one gets decay for any exponent a =5 — @, 0 < a < 1.

e Second, note that the error bounds (3)—(4) on the space-time shift (z,7T) are
optimal in terms of the scaling ,/%E[VO,XOWO]. For example, let 0 < § < 1
and consider, next to a shrinking circle with initial radius rq, a shrinking circle
with initial radius (1 4+ v/8)7o (both centered at the origin). Note that the
initial error between the two solutions indeed satisfies our assumption (2), cf.
(83)-(84). Since the relative error between the two extinction times is ~ /9,
this shows the claim for (4). Shifting instead a shrinking circle with initial
radius 7o initially by v/érov, v € S, in turn illustrates the claim for (3).

Our arguments to prove weak-strong stability up to dynamic shift for circular
topology change work for both BV solutions in the sense of Laux-Otto-Simon ([17],
[18], [19]) and for more general varifold-BV solutions, recently introduced by Stu-
vard and Tonegawa in [23]. Here we recall the definitions of both of these weak
solution concepts (cf. [9, Definition 12] and [9, Definition 18]).

Definition 2 (BV solution to multiphase MCF). Let d = 2 and P > 2. A mea-
surable map

x = (x1,---,xp): R? x [0,00)—){0,1}P

(or the corresponding tuple of sets Q;(¢t) := {x;(t) = 1} for i« = 1,...,P) is
called a global-in-time BV solution to multiphase MCF with initial data yg =
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FIGURE 1. First case - Motivation for space shift z: I = 9{y; =1}
and I = 0*{x1 = 1} simultaneously shrink to two distinct points
which are shifted by z. Second case - Motivation for time shift 7"
I =0{x1 =1} and I = 9*{x; = 1} shrink to the same point but
at distinct times.

I I I
T 0.7 721

FIGURE 2. The interface I = 9{y; = 1} is dynamically adapted
to I = 0*{x1 = 1} by means of the space-time shift (z,T), namely
=T =o{x7" =1}.

(X0,15---5Xo,p): R? —{0,1}F (of finite interface energy in the sense of [9, Defini-
tion 12]) if the following conditions are satisfied:

i) For any Tgy € (0,00), x is a BV solution to multiphase MCF on [0, Tsv) with
initial data xo in the sense of [9, Definition 13] (with trivial surface tension
matrix o = diag(1,...,1) € RP*F) such that
i.a) (Partition with finite interface energy) For almost every T € [0,Tmv),

X(T) is a partition of R? with interface energy
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such that

(8) esssup E[x(T)] < oo,
TE[O,TB\/)
where I; ;(t) = 0" {xi(-,t) = 1} N 0*{x;(-,t) = 1} for i # j is the in-
terface between the i th and the j-th phase. We also define n; ;(-,t) :=
VX)) V(o
V(O Vs t)l
pointing from the i-th to the j-th phase.

i.b) (Evolution equation) For all ¢ € {1,..., P}, there exist normal velocities
Vi € L?(R? x [0,TBv), |[Vxi| ® £!) in the sense that each x; satisfies the
evolution equation

LDt 1o = [ xoiet0)da

(9) / / 1<pd\VX1|dt—|—/ / Xi0sp dxdt

for almost every T' € [0,Tgv) and all ¢ € ngt( x [0, TBV]). More-
over, the (reflection) symmetry condition Vzlv b=V |§ N shall hold
H'-almost everywhere on the interfaces I; ; for ¢ 7é j.

i.c) (BV formulation of mean curvature) The normal velocities satisfy the

abeing the unit normal vector field along I; ;(¢)

equation
Tev
Z / / VX B gty
ij= 11# Lis®) V]
v Vxi . Vi
Xi d—1
(10) / / ( ® > VB dHdt
”2# o\ IVl [Vl
for all B € C22,(R? x [0, Tiy]; RY).
ii) For all [s, 7] C [0, 00), the energy dissipation inequality

(11) / Z / Lvi2 amtdt < B[x(-, )]

i,j=1,i#j 1J(t)2

holds true, and in addition more generally the corresponding Brakke inequality
in the BV-setting [18, Definition 2.1]. &

Definition 3 (Varifold-BV solution to multiphase MCF, cf. [23]). Let V = (V;)ie(0,00)
be a measurable family of integral and rectifiable (d—1)-varifolds; denote by (1t)¢e(0,00)
the associated family of weight measures. Let (x1,...,xp): R? x [0,00) — {0,1}F
denote a family of indicator functions of sets with bounded perimeter subject to
the properties in item i.a) of Definition 2.

The tuple (V,x) is called a global-in-time varifold-BV solution to multiphase
MCF with initial data (Vo, xo0), where V is an integral and rectifiable (d—1)-varifold
and xg is as in Definition 2, if the following conditions are satisfied:

i) Fora.e.t € [0,00), there exists a generalized mean curvature vector H,(-,t) €
L*(R%, 114) of V; in the sense that

(12) - H#-Bdut:/ ldg(a.a1) : VBAV,
Rd RxG(d,d—1)
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for all B € Cgy,(R%R?), where G(d,d — 1) denotes the space of all (d—1)-
dimensional linear subspaces of R?.

ii) The family of varifolds V is a Brakke solution to multiphase mean curvature
flow (cf. [23, Definition 2.1]). Furthermore, for all [s, 7] C [0, 00) the global
energy dissipation estimate

(13) e B+ [ [P < (R

holds true.
iii) For a.e. t € (0,00), the varifold V; describes the interfaces 0*{x;(:,t) = 1}
in the sense that

P
(14) 3 V(0] <
iv) The indicator functions y; evolve according to the mean curvature of V in
the sense that
(15) Oxi +H, - Vx; =0
holds distributionally for all i € {1, ..., P}. &
We finally formalize the notion of being quantitatively close to a circle.

Definition 4 (Quantitative closeness to circle). Let A C R? be a bounded, open
and simply connected set with C*° boundary 0.A. Fix two constants dagymp € (0, %)
and 7 > 0. We refer to A as asymp-close to a circle with radius r if there exists
an arc-length parametrization 7: [0,L) — R? of d.A such that %7‘ is a tubular
neighborhood width of A and

1
(16) %'L - 271—7" S 6asymp7
(17) sup [n9a(7(0)) — (=¢"" )] < Busyrmp:
0€[0,L)
1
(18) sup 7 H3.A (7(0)) - 7‘ g 5asympa
0elo,L) T
(19) sup ,,,2|(vtanH0A) (’7(9))‘ < 6asympu
0€l0,L)

where ngy4 denotes the unit normal vector field along d.A pointing inside A and
Hp g = —V'" . ny 4 is the associated scalar mean curvature of d.A. &

Notation and some elementary differential geometry. For the smoothly
evolving x, we write ny(-, ) for the unit normal vector field of I(-,t) := d{x1(-,t)=1}
pointing inside {x1 (-, t)=1}, and also define a tangent vector field through 77(-,t) :=
Jnz(-,t) with J € R?*2 being counter-clockwise rotation by 90°, t € (0,7). Cur-

vature is defined by Hy(-,t) :== —V*8 . nz(- t) for t € (0,T.z¢). In particular, it
holds
(20) Vtannj = —Hrr; @ 77, vtaan = Hm; @ 17.

Within the tubular neighborhood {z € R?: dist(x, I(t)) < 7(t)/2}, the nearest-
point projection onto d{x(-,t)=1} is denoted by P;(-,t), whereas we write sdistz(-, t)
for the signed distance function, with orientation fixed through the requirement
Vsdistz(+, t)|; = np(-,t), t € (0, Tent).
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Given a map f: R? x [0,Teze) = R™ (or f: Usepo.r.y L(#)x{t} = R™), we
will use the notation f*7 to refer to the space-time shifted functioan2 x (0,ty) 2
(z,t) = f(z—2(t),T(t)) € R™ (or in the other case Ute[O’tX)(z(t)JrI(T(t))x{t} >
(2,t) = f(z—2(t), T(t)) € R™) for any t, € (0,00), z: [0,1,) = R*and T': [0,t,) —
[0, Text). We also define I := ;¢ 1., £ (£) x{t}. i )

The shifted geometry itself will be abbreviated by I*7(t) := z(t) + I(T(t)), t €
(0,%,), and analogously for an associated arc-length parametrization (-, ) of I(-,#):
FL (1) == 2(t)+7(-, T(t)), t € (0,t,). We also write [*7 := Ute[o,tx) =T () < {t}.
Note then that

(21) sdist?” (-, t) = sdist .z (-, t),
and thus as a direct consequence

T
(22) n? (,t) = gz (- 1).

Indeed, the former simply follows from
sdist7 (-, ¢) = dist (-, R\ {x1(-,t)=1}) — dist (-, {x1 (-, t)=1}).

Furthermore, within the tubular neighborhood {z € R?: dist(z—2z(t), I(T(t))) <
r(T(t))/2} = {z € R?: dist(z, [#7(t)) < r(T(t))/2} it holds

(23) PET( ) = —2(t) + Prr (-, t).

Finally, for simplicity, we will denote % f by f.

3. OVERVIEW OF THE STRATEGY

For the rest of the paper, we consider the more general framework of varifold-BV
solutions. In particular, it follows that all the results hold also for BV solutions.

We fix a global-in-time varifold-BV solution (V,x = (x1,--.,xp)) to (planar)
multiphase MCF in the sense of Definition 3 as well as a smoothly evolving two-
phase solution to MCF x = (x1,...,Xp = 1—x1) with extinction time Te,; =:
%r% > 0. We also assume that for all ¢ € (0,T.,:) the interior of the phase
{x1(-,t)=1} C R? is Gasymp-close to a circle with radius r(t) := \/2(Test—t) in
the sense of Definition 4. Consistent with the claim of Theorem 1, we will choose
a suitable value of the constant dasymp in the course of the proof.

3.1. Heuristics: Leading-order behaviour near extinction time. The aim
of this subsection is to compute heuristically the time evolution of our linearized
error functional in the simplified case of a centered self-similarly shrinking circle.
As a result, our analysis reveals the instability of our linearized error functional
near the extinction time.

Consider a centered circle self-similarly shrinking by mean curvature flow: t —
OB, = im#y(t) C R?, where 4(t): [0,277(t)) — OB, 0 — r(t)ei%, is an arc-
length parametrization of 9B, ;). In particular, 7 = f% in the interval (0, %r% =
Teyt) for ro :=7(0) > 0, i.e, 7(t) = /2(Text — 1).

Apart from the shrinking circle, let us consider a second solution to mean curva-
ture flow, for which we in addition assume that it can be written as a smooth graph
over the self-similarly shrinking circle. More precisely, there exists a smooth time-
dependent height function h(-,t): 9B, ) — R with |h(-,t)] < 7(t) and |h/(-,t)] < 1
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such that this second solution is represented as the image of the curve

(24) Yr(-,t) = (id + h(-,t)naBT(t)) o(-,t) on [0,27r(t)),

where ngp, ,, denotes the inward-pointing unit normal along 9B, ;) and by slight
abuse of notation h'(-,t) := (7am,,, - V***)h(:,t) for the choice of tangent vector

)
field 793, ,, (f‘y(é), t)) =ie'"™™@. As we will show in Lemma 5, our error functional in
this perturbative setting corresponds to leading order to

L 1 h2('a t) 1 "2 1
(25) B = [ 3y g0
For the current purposes, we content ourselves with studying the stability of Ej,(t)
near the extinction time.

To this end, we have to derive the PDE satisfied by the height function h (and
its derivative). Dropping from now on for ease of notation the time dependence
of all involved quantities, we first note that by definition in case of self-similarly
shrinking circle

1
(26) Oy = (;naBr + )\TGBT) o on [0,27r),

where A denotes the tangential velocity. Second, we may then, on one side, directly
compute based on the definition (24)

1 h
(27) awh:(<r+@h+AHyM&>oﬁ+<AO—T)m&)07
On the other side, since 7}, is assumed to evolve by mean curvature flow, it holds
(28) H,, =0y -1y, on|0,27r),

where the normal n,, and mean curvature H.,, of the curve v, are given by the
elementary formulas (with J denoting the counter-clockwise rotation by 90°)

h /
T (D

Yh |80’Yh| o (1 B ﬁ)Q N (h/)Q oy
and
hY(1 _h (n)?
I (=
Yo = 5 Ay, = 3 :
|00 Vn ((1—%)2+(h’)2)2

From (27)—(30), one may now deduce the non-linear PDE satisfied by the height
function h. However, because in what follows we are only interested in identifying
the leading-order behavior, we suppose from now on that the height function h
instead satisfies the corresponding linearized equation:

h
(31) Oh=h"+ 3 on OB,
From this, using (0;h)’ = 8k’ + X, we in particular deduce
h/
(32) Oul! = " + 27

Indeed, this follows easily from (31) and exploiting the change of variables h(f) :=
h(re??) as a useful computational device.
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Recalling (25), we thus get from the transport theorem as well as (31)—(32)
d 1h* 1 1h* 1
B = (12 1 _ H (12 1
am= [ oGy [, (22+2<h>)dﬂ
h/ h R
— 2+ d 1 Wn" 920 1
(33) /{)B “(25+ =) an /aB (n+ )dH

1A 1,5, 1
(a4 5007 )

Integrating by parts and collecting similar terms therefore yields

i 11\2 1 7/ 3h2 (h/) 1
(34) thth/&B,.(h) dH = o 21 + 5 A

Fourier decomposing

(35) [0,27) 3 0 > h(0) = h(re) = ao jzf oz 3 km;(;"ﬁbk“jff),
k=1

where we also recall the formulas for the associated Fourier coefficients

2m 1 ~ 27 2w s
0y — L h0)de, a :/ 7(6) cos(k0) . b :/ sin(k0) af,
0 0

0o V2w ﬁ VT
then rearranges (34) as
1 3 1

Since kz4f§f %kz > 0 for k > 2, we infer that only the modes (ag, a1, b1) are unstable
near the extinction time (in the sense that these are precisely those inducing the
borderline non-integrable singularity ~2 in the Gronwall estimate of E},).

3.2. Heuristics: Decay estimate. Geometrically, the unstable modes correspond
to time dilations and spatial translations. The basic idea of the present work is to
correct these by dynamically adapting the smoothly evolving strong solution. In
the simplified context of a self-similarly shrinking circle, this works heuristically as
follows.

Consider t;, > 0 (to be interpreted as an upper bound for the perturbed solution)
as well as a smooth path z: (0,t;) — R? of translations together with a smooth time
diffeomorphism T': (0,¢;) — (0, 373), the latter to be thought of as a perturbation
of the identity: T(t) =: t + %(t) for t € (0,t;). Based on this input, we then
introduce the dynamically adapted solution

(37) T(0,) :=5(0,T(t)) + 2(t), 6 €[0,2mrp(t)), t € (0,t4),

where rp(t) := r(T'(t)), and assume that the perturbed solution +, is given by
(38) (1) = (id+h( o, ) ) © T (1), te(0,ty),

where |h(-,t)] < rp(t) and |h/(-,t)] < 1. We are again interested in the stability

properties of

39 BT -:/ LI L ne vant. v e (0,0)
h aB,,Tm(z(t)) 2 r2(t) 2 , ’ ’
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In fact, we actually aim to identify ODEs for z and ¥ such that EZ’T satisfies a
quantitative decay estimate on (0,¢). One of course already expects the ODE
for ¥ to involve the mode ag, whereas the ODE for z is expected to be encoded in
terms of (a1, b1). From now on, we again make use of the notational convention
of suppressing the time dependence of all involved quantities. To this end, it will
be convenient to associate to any map f(:,t): 0B, — R its time-rescaled version
Jr(-,t): 0B, — R defined by fr(-,t) := f(-,T(t)).
We start by computing the normal speed of 0B,.,.(z). By definition (37),

(40) 07T = @) r(1+%) + 2.

Hence, the normal speed of 0B,.,.(z) in the direction of ny B, (=) 18 given by
1 . .

(41) Vop, () = E(l +%) +nop,,.() " £

The tangential speed in the direction of 75 By, (2) I8 furthermore given by

(42) Aan-T(Z) = )\T(l—l—i) +7-8BTVT(z) -z,

where A is the tangential velocity from (26). In particular, we may now compute

Oy = ((VaBrT(z)+ath+)\63TT(z)hl)n(?BrT(z)) oy T
(43)

.. h .,
+ (()\aBTT(Z) — )\T(l +S)TT>T33TT(Z)> oy T

Furthermore, the analogous versions of the formulas (29)-(30) hold true:

l—i)na (2 —h/Ta o (z
(44) nyh:(< rr) 0B (2) BvTU) _aT

2 °T
h
\/(1 — )+ ()2
and
1= ) (L — B o)
(45) H’Yh:<( T)<T — T)3 T )OWZ;T.
\/(1 — )P (w2
Combining the information provided by (41)—(44), we deduce
h
OrYh Ny, = (1 - E) (VaBrT(Z)-Fath-F/\aBTT(Z)h’)
h . .
h 1 . . h .
= (1 — E) (E(l + S) + naBrT(Z) -2z 4+ 8th> — EthaBTT (2) z.

Turning as in Section 3.1 to the linearized PDE satisfied by the height function, we
therefore obtain

h g
46 Oh=h"+—5 - —— ¥
(46) : TR Ty T M)
as well as
| .
(47) (O = h" + (2 + f)g + 7 0B (2) " E
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We may now finally compute based on the transport theorem, the definition (39),
and the formulas (41) as well as (46)—(47)

d 1h? 1
CpT = / ) ( L (h’)2> dH
dt aBrT (z) 2 TT 2

/63TT(Z)

= h 1+T 1 " h T . 1
= /aBrT (=) T'T ( T h+ ro (h + - 9B, (z) z)) dH

s

1h? 1,,, 1
Hop,, (2)VoB,,(2) §%+§(h) dH

/

- h
+/ h’(h”’+(2+$)—2+
9By (2) T

1r? 1
Lo )
aBrT()TT 27"T 2

1 , L
ETaBrT(Z) . Z) dH

1hZ 1
- H \% —H 4 (W2 ) dHL.
/BB 0B, (=) (VoB,, (=) BBTT(Z))(zr% + 2( ) ) H

ro(2)

Hence, integrating by parts and collecting again similar terms yields

d 3 h?
(48)  —ET / S dH' - / 7“%1
dt 9B, (z) 277 9B, (2) T
K2 h
+/ *% dHl - / 27n837~T(Z) . ZdHl
0B,y (2) 2 TT 0B,y (2) T'T

_ / (hl/)Z dHl
OBy (2)

+ Rh.o.t.a

where

1,% 1h? 1
49 Rhot == — (= —ng ) 25+ S (R)? ) dHl.
(49) h.o.t. /f)B,,.T(z) o <TT 098, (2) z) <27"2T +5(7) ) H

Based on the Fourier decomposition (35), the identity (48) now motivates to
define
. cr 27r~ ] s 27r~ "
(50) T=— hdo, z=—% h(—e") db,

rTJo TrJo

where the constants (cr, c,) are yet to be chosen. Indeed, with these choices we get

iEz 7, (er— 3/2) ag n (cz—1) af +b]
dt ’I"T rT r% rT
(51) ) 2
1 a? +b?
— E k4_,_ Zk Tk R o
r% — ( ) rp h.o.t.s

where, due to |T| < CT—HhHLoo(aBW(Z)) and |Z] < ¢, 2 ||hHLoo(aB7T(z))7 one has an
estimate for the remainder term in the form of

|PllL=(oB,..c2)) 1 /1 >
< (erve) = P 2 (36 + 30

(52)  [Bnou.
rT Tr 1

(1+k2)(af + B3))-
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Hence, for given & € (0,1), if |h| LG ope. TT, one gets an upgrade of (48) in the
form of

d

4 per  cr=3/20146) ag  c:—(1+49) af + bF
(53) dt— " 2, rr 2, ro
1 — ~ /3 1 a? +b?
- (1 5(7 7k2> %% <,
Jrr%];( {573 e
Because of
1 a? 1 a? + b2
54 EpT =22 ~(14k?*)FE—E
(54) R TR (G

we deduce that for any constant o > 1 satisfying

(55) a < min{2cp — 3(146), ¢, — (14+4)},
1 2 4 (3. 10
- < kAo Sy >
(56) oz (1+k?) < K-(143) (S+5K2), k> 2,
it holds
d z,T O 2T
—Ey —E7" <0.
(57) o B <0

Choosing ¢p := 4 and ¢, := 6, optimizing shows that for any desired exponent
o € (1,5) there exists a choice of the constant 4 such that (57) holds true (in the
perturbative regime [h| <, . 51 with linearized evolution law (46)). Indeed, the
function f: [2,00) — [0,00), z — (%(1—}—1‘2))_1(1'4 — (34+12%)) is monotonically
increasing and satisfies f(2) = 5.

Finally, since 1] < CT%HhHLm(aBTT(Z)), one may choose for any a € (1,5)

the constant ¢ such that (in the perturbative regime |h| < 5 1 with lin-
earized evolution law (46)) it even holds %EZ’T + (14+%) 2 BT < 0, so that
. L T v
4o = —ar%_li = —(14+%)-5rg implies
T

t [}
(58) EZ’T(t)gE,’j’T(O)(Ti()) e (0,t).

0

This is precisely the type of decay estimate (or, weak-strong stability estimate up
to shift) claimed in our main result, Theorem 1.

Before we turn in the upcoming subsections to a description of the key ingredients
and steps for our proof of Theorem 1 (with the above considerations, of course, being
their main motivation), let us provide some final remarks on the main assumptions
behind the derivation of the decay estimate (58).

First, one may derive a version of (48) also in the case where the time-evolving
curve 7 is not parametrizing a perfect circle. The main difference in this case is
that the coeflicients are not anymore simply constant along ¥ (i.e., not proportional
to inverse powers of rr). It is precisely at this stage where we exploit our notion of
quantitative closeness of the strong solution to a circular solution, cf. Definition 4,
allowing us to effectively reduce the situation to the constant-coefficient computa-
tion (48) (i.e., in PDE jargon, we perform nothing else than a global freezing of
coefficients).
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A second simplifying assumption was the usage of the linearized evolution law (46)
for the height function h as well as that we only considered the stability of the lead-
ing order contribution EFj to our actual error functional. It will turn out that these
linearization errors are harmless and only impact the final stability estimate quali-
tatively in the same manner as the term Ry, from (48).

Needless to say, in the general setting of Theorem 1 where we aim for quantitative
stability beyond circular topology change even for the broader class of weak (i.e.,
varifold-BV') solutions, we can not rely on the above considerations (e.g., transport
theorem, derivation of the (linearized) evolution law (46)) in order to rigorously
derive the evolution of the error functional. In order to still unravel the structure
of the right hand side of (48), we instead make use of the recently introduced notions
of gradient flow calibrations and relative entropies for multiphase mean curvature
flow from [9], serving as a robust replacement of the above considerations to the
weak setting.

Last but not least, one of course also needs an independent argument ensuring
that one can reduce the whole estimation strategy to a perturbative graph setting as
above. This, however, is precisely one of the key points of the upcoming subsections.

3.3. A general stability estimate for multiphase MCF. Starting point of
our strategy is a stability estimate, see Lemma 2 below, which one may essentially
directly infer from the combination of [9, Proposition 17] and [9, Lemma 20] (or
more precisely, their proofs), together with the following compatibility properties
of the varifold V; and the indicator functions y;. From Definition 3 one may infer
that, for each i € {1, ..., P} and a.e. t € (0,0), the Radon-Nikodym derivatives

_dIVxi(, b)) A5y V()
(59) w1 ._TG[O, 1], w(-t):= o

exist. Note that w = % Zil w;. Since V a family of integral varifolds, we have that
we{l/n:neN}U{0} and

1 & 1
utL{§Zwi(~,t) - 1} - ’Hd_lL({§Z:wi(~,t) - 1} nlJ Ii,j(t))

i#]

€ [0,1]

and, since V; is rectifiable for a.e. ¢ € (0, 00), it follows that

vtL{ Z }

P
1
§Z(SUPP|VXM { Z“M —1}®(5Tan§*1<supp|in<-,t)|>)xesupp\in|)

for a.e. t € (0,00). In partlcular, from Brakke’s perpendicularity theorem it follows
that for a.e. t € (0,00)

Hy(,1) = (Hu(, )

in('at) ) in('vt)

Vi (s D1/ [Vxa s 1)
He1-ae. on {3 Z _jwi(-,t) =1}Nsupp |[Vx;(-,t)| for all i € {1, ..., P}. We define
in('at)
Vii=—H,(t)  =——
8 Vil 1)

and Vi ;= V; = —V; forall i,j € {1,..., P}, i # j.
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Lemma 2 (Preliminary stability estimate). Let ((§)i=1,....p, (¥;)i=1,...p—1,B)—to
be thought of as being constructed from x—such that

& € W ([0, Toge); WE2(R%R?)) N LS, ([0, Tege); W3 (R R?)),

9; € Wigh ([0, Teat); L (R?)) 0 Loe ([0, Tew); (WHINW ) (R?)),

B € LS. ([0, Teur); W5 (R R?)),

where (¥;)i=1,...p—1 is supposed to satisfy, for allt € (0, Teq),

Y1(-,t) <0 in the interior of {x1(-,t) = 1},
U1(t) >0 in the exterior of {x1(-,t) = 1},
i(-t) =1 throughout R? fori € {1,..., P—1}.

Define &; j := & —&; for all distinct i,j € {1,..., P}. Consider in addition a triple
(ty,2,T) so thatt, € (0,00), z € Wllocoo((O ty )i R?) and T € WH2((0,1y); (0, Tert)),
and define for all t € (0,t,)

60 BT = @)~ 3 / i () - €7 (1) ML
i,j=1,i#j i 5 (t)

6)  Boalv" Z / i =T )02 ()] dar,

6 BV IO = Bl + B bl

Then, for all [s,7] C [0,ty) and all ¢ € Cpt([O ty); [0,00)), it holds

(1) Bins [V, XX 7] P(t) =D ;[xIx>"(t) dt

/ i,j= 11#] 2

< 9(5) Fint [V,XIXZ’T](S) + / GORHS™ V[V, y|5=T)(¢) dt
(63)
/ () SRESIYT](0) di
1,j= 1275]
+ [ (00 By eI dr

as well as

() Evu[x|X*7](7)
oy = OB + [ ZRHsbulk T8 dt

+/ST (%w(t)>Ebulk[V,X|)_<Z’T](t) dt,

where the indiwvidual terms are given by

. 1 T2
D T T)(0) = / Vv

i,5(t

+/ va,jnw (BZvT-g;’jT)g;»jT (1) dHY,
I;, 5 (t)
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RHSVar- BV[V X‘ =z, T](t)

P P
o af;_ 1L . / . _1 _
T /RJH“‘ (1 2;pl>d“t+ el B<1 2;pl)d“t
SO
- > 7/ (Id—n;; ®n;;) : VBdH' + / Idg (4,41 : VBdV},
i,j= 11;/:_]2 RixG(d,d—1)
and
RHS}™ [x|x>"](t)
== ) @SB GRG0 (e
—/I ()(aszTﬂBZT DT (1) - €7 (1) !
i,5(t
+/ ()§|V ISR (1) dH!
I; 5 (t
-/ (t)2iBZTe (O~ €T (o0
/ (t) —n; - &GOV BT () dH!
+/ “ (=& @& B>T) (1) - (Vi +V - € i) (-, t) dH!
+/ (t) — 15 Szj )('7t)v'BZ7T('7t) dHl
-/ €D © ()0 BT
as well as

RHSP[x|x*"](1)

= 3 [T OET )
j=lgi i

= [ ETCBTC = D
z]f

j=Lg#i 7t

+/ =) (92T ()Y - BT (1) da

R2

+ / (xi—x7 ) () (0097 TH(BHT - V)07 ") (-, t) da.
R2

One may rewrite (60) as (cf. [9, Section 4.4])

©)  Bulow 0 - [ dl—fzwz, ) de + a7 710,
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FI1GURE 3. Interface error heights

where Ein¢[x|x*7] is the interface error for BV solutions in the sense of Definition 2,
namely

BT = 3 FAREST NS

ig=1,ij © i (®)
Observe that the first term on the right hand side of (65) is nonnegative by (14)
and provides control of the multiplicity of the varifold whenever it exceeds the
multiplicity of the BV interface %Zil [Vxi(-,t)]. In particular, the varifold-BV
interface error (60) controls the interface error for BV solutions.

The next two steps of our strategy are concerned with the construction of the
input data for Lemma 2: first (t,,z,7") and second ((&)i=1,...,p, (¥i)i=1,...p—1, B).

3.4. Construction of dynamic shifts. In case of a single closed curve, a charac-

teristic length scale associated with the evolution of ¥ is given by r(t) := 4/ M,
t € [0, Teye). Since

d
“vol({x(1)=1}) = -
we infer that

(66) T(t) - 7%7 te (OaTem)a
— e ¥l({xa (,0)=1})

7(0) = rg 1= 4/

Hence, 7(t) = \/2(Teyr — t) and Toqy = 313.

In Subsection 3.2, we already derived the defining ODEs for (2,7 = id+%), at
least in a regime where the weak solution is represented as a sufficiently regular
graph over the smooth solution, cf. (50). Of course, there is no guarantee to be in
that regime for all times, so that the general construction needs a robust version
of (50). To this end, it is convenient to work with the notion of interface error
heights (see Figure 3).

Construction 1 (Interface error heights). Consider a triple (t,z,T) so that t, €
(0,00), 2 € Wi2((0,£,); R?) and T € W>°((0,t,); (0, Tewt)). Let ¢: R — [0,1]
be a smooth cutoff function such that ((s) = 1 for |s| < 1/(16C;) and ((s) =
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for |s| > 1/(8C;), where C¢ € [1,00) is a given constant. We then define interface
error heights

p('? ';Z,T),P:I:('; ';ZvT): fZ)T -+ R

through a slicing construction (recall that rr(t) :==r(T(t)), t € (0,ty)):

ETT(t) /
(67) p+(x,t; Z7T) = /0 (X?T - Xl)($+€nfsz('vt)at)<< ) dt,

<
0
09 polotinT)= [ O =X g (0,06 :

(69) pla,t;2,T) = pp(z,t;2,T) — p_(x,t;2,T).

We have everything in place to construct the dynamic shifts.

Lemma 3 (Existence of space-time shifts). There ezxists a unique choice of

e a time horizon t, > 0,
e a path of translations z € W5°((0,t,); R?), and

e a strictly increasing bijection T € W1°((0,1y); (0, Teat)),
which in addition satisfy (2(0),T(0)) = (0,0) as well as, by defining T :=T — id,

[z(t)] _ [%:fl—zj(t) (-t 2, T)nper (-, ) dH?

70 7
( ) %(t)ffzj(t) P(,t,z,T) dHl

t e (0,ty).

Moreover, for given o € (0, %) one may choose the constant C¢ >
Construction 1 such that

1 from

err

L
rT (t) ’

The proof of Lemma 3 is given in Section 6.1.

(71) (0)] < e F(0)] < beres 1€ (0,1).

3.5. Construction of gradient flow calibrations. In contrast to [9], in the
present work the smoothly evolving solution x stems from a simple two-phase geom-
etry instead of a more complicated multiphase geometry with branching interfaces.
As a consequence, the construction of a gradient flow calibration (cf. [9, Definition 2
and Definition 4]) is particularly simple and can be given directly as follows.

Construction 2 (Gradient flow calibration up to extinction time). Consider a
smooth cutoff function n: R — [0,1] such that n(s) =1 for |s| <1/8, n(s) =0 for
|s| > 1/4 and ||| L) < 16. We then define an extension &: R?x[0, Tepy) — R?
of the unit vector field ny by means of

sdisty(x, t)
r(t)
Based on this auziliary construction, we may now introduce families of vector

fields (§;)i=1,..p and (& 5)ijeq1,...,P}iz; (defined as maps R2x[0,T.pt) — R2) by

the following simple procedure:
o =6 —& foranyi,je{l,..,P}, i #].
e & =0 foralli¢ {1, P}.
o &= 1€ and &p = B¢

(72) E(x,t) = 77( )nj(PI-(x,t)ﬂf), (z,t) € R?X[0, Tops)-
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Furthermore, we define an extension B: R2x [0, Teyt) — R? of the normal veloc-
ity field Hiny of x through
(sdistf(a:, t)

r(t)

Finally, for the construction of the family (9;)i=1,..p-1 (defined as functions
mapping R?x [0, Ter) — [—1,1]), we proceed as follows Let 9: R — [-1,1] be a
smooth function such that I(s ) = —s for|s| < 1/4,9(s) = —1 fors > 1/2, 9(s) =
for s < =1/2, and ||| po(r) < 4. We then define

(73)  Bla,t):= )(Hmp) (Pr(e,0),1), (2,1) € R2X[0, Tear),

(sdlstl (z,t)

(74) I, t) = —19 )

e )s (@0) € R3X[0, Tuw),

and, at last,
o ¥ =1,
e ¥, :=1 foralliec{2,...,P-1}.

Note that the gradient flow calibration ((&;)i=1,....p, (¥:)i=1,...,p—1, B) from Con-
struction 2 is an admissible input for Lemma 2. From now on, whenever we refer to
an admissible element from either (ty,z,T) or ((&)i=1,...p, (¥i)i=1,...p—1,B), we
always mean their specific realizations provided by Lemma 3 or Constructlon 2,
respectively.

3.6. Time splitting: Regular vs. non-regular times. With the input for
Lemma 2 being constructed, the main remaining major task is to upgrade the
preliminary stability estimates (63) and (64) to the decay estimate (5) for the over-
all error. The main idea here is to reduce the whole estimation strategy to a regime
where the weak solution x is only a small perturbation of x, for which we in turn
already formally identified the leading-order contributions to the stability estimates
in Subsections 3.1-3.2.

Definition 5 (Regular and non-regular times). Fix A > 0. We then define a
disjoint decomposition

(0,tx) = Tnon-reg (A) U Treg(A)
where

(75) Toon-reg(A) == {t € (0,t,) : /Rd \Hou (-, )2 dpyg > AT?(;)}

and H,(-,t) is the generalized mean curvature vector of V;, see (12).

Observe that in the framework of BV solutions in the sense of Definition 2, the
defining inquality in (75) reduces to

Z / SO AR > AT
i,5=1,i#j Li, () 2 TT(t)

The motivation behind the previous definition is as follows. On one side, for
non-regular times, the right hand sides of the preliminary stability estimates (63)
and (64) turn out to be easily estimated thanks to the defining condition of dispro-
portionally large dissipation of the weak solution, cf. (75). On the other side, the
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opposite of (75) together with a smallness assumption on the overall error (consis-
tent with the decay (5)) imply for regular times the desired perturbative setting.
The latter is formalized in the following result.

Proposition 4 (Perturbative regime at regular times). Fiz A > 0 and let ¢t €
Treg(A), d.e., t € (0,ty) such that
T

(76) [ VL i < A

Given C¢ > 1 from Construction 1 and given any C,C" > 1, there ezists a constant
§ <ac,orcc 5 such that
(77) B[V, xIx*"](t) < orr(t)
implies:

e xi(,t) =0 for alli ¢ {1, P} and

Vi = (H'esupp [Vxa (5 8)]) © (6Tan, (supp |Vxa (-)]) ) wsupp |V (5]

o There exists a height function

(78) h(-t) € H*(I*7(1))
such that the only remaining interface is given by

(79) Lpt)={ze I#T(t): x + h(z,t)np.r (z,1)}.

e Finally, it holds

rT t
(80) IR Ol Loo (727 (1)) ()

1
(81) Hh/('at)”LOO(I_ZvT(t)) < o

In particular, the height function h(-,t) coincides with the interface error height
p(+,t;2,T) from Construction 1 and (70) simply reads
6 _ 1
(82) [Z(t)] _ | 3@ Jffz~T(t) h('rt)nIZ«T(‘;tl) dH
T(t) @ Frer e M) dH
In the perturbative regime of Proposition 4, our error functionals take the fol-
lowing form.

Lemma 5 (Error functionals in perturbative regime). Fiz t € (0,t,) and assume
that the conclusions of Proposition 4 hold true. Given dey € (0,1), one may select

C,C" >s... 1 from (80)—(81) such that
1/h(-,t)\2
(1—6err)/ 7( (7 >) dHl
jz,T(t) 2 ’I"T(t)
) B0 < () [ H(AEDY g
S u x> t S 1+ err / a -
bulk [X|X ety 2 Py
as well as
1
(1_5err)/ 7|h/('at)|2dH1
fz,T(t) 2
(34) X
S Eint[X‘XZ7T](t) S (1+5err)/1: ® §|h/(7t)|2 dﬁl
z,T (¢
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The proofs of Proposition 4 and of Lemma 5 are given in Section 7.1 and in
Section 7.3, respectively.

3.7. Stability estimates at non-regular times. In a next step, we take care of
the estimation of the right hand sides of (63) and (64) in the case of disproportion-
ally large dissipation.

Lemma 6. There exist 0, dasymp < % as well as A >s5,. ... 1 such that for every
t € Tnonreg(A) satisfying (16) and E[V, x|x*](t) < érr(t) it holds

P
1 =2 in =z
(85) > (= DTN + RESE X))
i,5=1,i#j
P—-1
+ RES™ VY= T](1) + Y RHSM™[|x7](¢)
i=1

1
<=5 [ IO
Rd

We may easily post-process the estimate (85) to an estimate in terms of our error
functional consistent with the final decay estimate (5).

Corollary 7. There exist 0, dasymp <K % as well as A >s5,. ... 1 such that for every
t € Tnonreg(A) satisfying (16) and E[V, x|x*T](t) < érr(t) it holds

P
1 —z in —z
(36) > (=Dl I + RESE I T)0))
i,j=1,i#j
P—1
+ RES™ V[V x> 7)(8) + Y RHSP (x>0
i=1

5
< — 5 =BV XTI,
r(t)
In fact, there is nothing particular about having 5 as a factor on the right hand

side of (86), and it can indeed be replaced by any constant C'. The proofs of
Lemma 6 and Corollary 7 can be found in Section 5.2.

3.8. Stability estimates for perturbative regime. We proceed with the esti-
mation of the right hand sides of (63) and (64) in the perturbative regime described
by Proposition 4. We first derive the version of the stability estimate (48) without
making use of the assumption on ¥ being quantitatively close to a shrinking circle.
The derivation of these estimates, namely the proofs of the following lemmas, are
contained in Sections 5.3-5.4-5.5.

Lemma 8 (Stability estimate in perturbative setting: variable coefficients). Fix
t € (0,ty) and assume that the conclusions of Proposition 4 hold true. Given
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derr € (0,1), one may choose the constants C,C" >>s_.. 1 from (80)—(81) such that

err

P
1 .
> (= Dualdx IO + RESE X T)0))
i,j=1,i#j
(87) P-1
+ RHS™ VY, | T]() + Y RHSP™[x|*7](1)

i=1
S Rl.o.t. + Rh.o.t.7

where the leading order terms are given by

Rioi = —[ (W2 (-, t) dH*
VE T( )

+/IZ,T(t) (i;H?Z,T(', t) — ! )(h’)z(. t) dH!

r3(t)

+/IZ,T(t)TzT1(t)< H}.o (1) rlt)) 2, 1) dH!

+
_ ( 1 2 ) . 1
+HIZT h nIzT )Z(t)d%
Iz T(t) (t

- / - T%l(t) Hror (- )h(- )X (t) dH

+/ 2Hp () Hf o (- )R(- )R (-, 1) dH?
fz T( )
and the higher order terms are given by

Rh.o.t. = 6err/ (h//)2('7t) dHl
Iz T(t)

1 1
+ derr (- OTrr - 2| + ———|h(-, )0z - 2 dH!
gy @ " O | G Oner - 2]
1 . .
+ Gerr ———|h(, O] + [HE (- 0B (-, )| dHL.
oo MOS0 0

Note that in case y; describes a circle shrinking by mean curvature flow, then
the leading order terms on the right hand side of (87) are indeed precisely those
captured by (48).

In a second step, we post-process the previous estimate (87) to the constant-
coefficient estimate (48). In PDE jargon, this amounts to nothing else than a
freezing of coefficients, only exploiting the estimates from Definition 4.
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Lemma 9 (Stability estimate in perturbative setting: frozen coefficients). Fiz
t € (0,ty), assume that the conclusions of Proposition 4 hold true, and define

h(,t): [0,27) = R, 6 — h(”yZ*T(L;;’T 0,t),t), where, for each te(0,T), 7(-, 1)
denotes an arc-length parametrization of I(t). Given den € (0,1), one may choose
the constants C,C" >, 1 from (80)—(81) as well as the constant dasymp <Ks

from Definition 4 such that
P

err 2

1 .
> 5 (- Pasldw IO + RESE IR0
4,j=1,i#j
(88) ar-BV T - bulk T
+ RHS YV x|x>T](t) + > RHSP"™ [x|x*"](t)
i=1
< El.o.t. + Eh.o.t.,
where the leading order terms are given by
~ 1 Sl 1, ~ 3~
P h)2(-,t) — =(9gh)?(-,t) — =h%(-,t) do
Ruoe = =g [ @GR 0) = GO0 = 57200

2

—473;@) <\/127T /()%E(-7t)d0>2—673;(25)‘\/1%/02#E(~7t)ei9d0

and the higher order term is simply given by

~ 1 2 1, ~ 3~
Rior = 537/ (O2R)2(1) + = (0h)*(1) + Sh2(-.t) db.
rip(t) Jo 2 2
Since we reduced matters to the constant coefficient case, we may now in a
third step employ Fourier methods to obtain in the perturbative regime a stability

estimate consistent with the decay estimate (5).

Lemma 10 (Final stability estimate in perturbative setting). Fiz ¢t € (0,t,) and
assume that the conclusions of Proposition 4 hold true. Given a € (1,5), one may
choose the constants C,C" >, 1 from (80)-(81), the constant dasymp <o % from
Definition 4, and the constant C¢ >4 1 from Construction 1 such that
(89)

P P—1

1 —z 1 in —z u —z
> f( —D; i [XIX*T1(t) + 5 RHS™ [x|x ‘T](t)) + > RHSM [x|x>"](t)
=2 2 :
1,j=1,i#j i=1
a .
< (1+D)ExIx>"().

— ()
3.9. A priori stability estimate up to extinction time. The penultimate step

of our strategy is simply a summary of our estimates from Subsections 3.6-3.8 (see
Section 5.6 for the proof).

Theorem 11. Fiz a decay exponent o € (1,5) and a time t, € (0,t,). One may
choose the constant C¢c >4 1 from Construction 1 as well as constants Gasymp <Ko %
and § a0, % (all independent of t~x) such that if for all t € (0,Teyt) the interior
of {x1(-,t)=1} C R? is Sasymp-close to a circle with radius r(t) := \/2(Tezt—t) in
the sense of Definition 4 and

(90) EW, xIx*T](t) < drp(t) for allt € [O,ZX),
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then it holds for all [s,7] C [0,t,) and all ¢ € CL ,([0,t,); [0, 00))

VOBV AT + [ ")
(01) S

< Y(s)EWV, x[x*T)(s) + /ST (

The unconditional decay estimate (5) from Theorem 1 now follows by means
of a simple ODE argument (cf. Section 4). The asserted estimates (3)—(4) on the
space-time shifts are in turn the content of the following result (see Subsection 6.2
for a proof) .

5 () EV )0

Lp(t) ) BV, xIx T ) .

Lemma 12. In the setting of Theorem 11, one may choose the constants such that
assumption (90) implies

1 1
92 — o </ —E[V X
(92) TO”Z”Lt (0,ty) = o [V, xolXol,

1

(93) Tea:t

. I ]
||T_1d||L§Q(0,tX) < %E[VaXOb(O]'

4. PROOF OF THE MAIN THEOREM

We proceed in two steps. For the whole proof, fix a € (1, 5), and choose C¢ >, 1,
Jasymp Ka % and 0 <q,c, % such that Theorem 11 applies. We then also fix an
auxiliary constant k € (0, drg).

Step 1: Post-processed a priori stability estimate. Let the conclusion of Theo-
rem 11 hold true for some t, € (0,t,). We then claim that for a.e. t € (0,%,)

(94) EWV, x|x>"](t) < (EVo, xolXo]+r) (%)a =:¢(t) for any x > 0.

For a proof of (94), we first note that (0,t,) 3t — E[V, x|x*T](t) € (0,00) is of
bounded variation in (0,%,) due to the conditions satisfied by x being a varifold-
BV solution for multiphase mean curvature flow in the sense of Definition 3, and
the identity

BV, xIX*"1(t) = BV x( 0] = > / Xi(5 (V- €7T)( 1) da
(95) s =1
+ /R (=X ) (0977 (1) da

By slight abuse of notation, we denote the associated distributional derivative by
4 EW, x|x*T]. It then follows from (91) that

d .
(96) ﬁE[V, xIx®?] < —%(1+T)E[V, x|x**] in distributional sense.
T
Since t +— e(t) is a smooth function, one may infer from the product rule of distri-
—z, d -z, T e— -z, T ie
butional derivatives that %E[V’Xe‘x 1= G PDVRE De PVART Jie g6 that (96)

e2
and %e = f%(1+i)e imply

d BV, xIx*"]

(97) dt e

< 0 in distributional sense.
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Testing (97) by standard bump functions, we obtain for a.e. t € (0,,) and a.e.
s € (0,t) that E[V’Xel(it;T](t) < E[V’Xel(iz)j](s). Since (91) furthermore implies that

0,£,) > t = E[V, x|x*T](t) is non-increasing, we obtain from taking (0,¢) > s | 0
that (94) indeed holds true.
Step 2: Proof of (5) under assumption (2). We define

(98) T = {t€(0,ty): EWV, x|x*"](t) > e(t)},

and we argue in favor of (5) by contradiction. Hence, we assume 7 # @) and define
ty == inf T € [0,t,). Since EVy, xolxg" ] < e(0), it is not hard to show that £, # 0.
Then, by construction and hypothesis (2), we observe that assumption (90) is in
place for all ¢ € [0,%,). In other words, the estimate (94) applies on (0,%,). How-
ever, on the other side E[V, x|x*7](t,) < limy EWV,xIx*T](t) by virtue of the
energy E[V, x| being non-increasing and the remaining constituents of E[V, x|y ]

P e
from (95) being absolutely continuous. In other words, EDxIX () < 1 contra-

e(ty)
dicting our assumption 7 # ). Hence, T = () and taking the lim>i(t % J 0 implies the
decay estimate (5). Finally, the bounds (3) and (4) follow from Lemma 12. O

5. WEAK-STRONG STABILITY ESTIMATES

5.1. Proof of Lemma 2: Preliminary stability estimate. Without the addi-
tional non-negative test function in time % (or more precisely, in case ¥ = 1 on
[s,7]), the proof of (63) and (64) directly follows from the arguments used in the
proofs of [9, Proposition 17] and [9, Lemma 20], respectively, and the arguments
of [9, Section 4.4]. The extension to general 1) € C2,([0,%); [0,00)) in turn follows
along the same lines, with the only additional ingredient being that one has to rely
on the general form of Brakke’s inequality (see [23, Definition 2.1 (d)]) instead of

just the energy dissipation inequality (11). a

5.2. Proof of Lemma 6 and Corollary 7: Stability at non-regular times.
Before we turn to the proofs of Lemma 6 and Corollary 7, respectively, we start with
two useful auxiliary results. The first is concerned with bounds for our gradient
flow calibration.

Lemma 13. Consider the gradient flow calibration ((&;)i=1,....p, (¥:)i=1,... p—1, B)
from Construction 2 and recall that & ; == & — & for all distinct i,j € {1,..., P}.
There exists a universal constant C € [1,00) such that for all t € [0,ty) and all
i,j €{1,...,P} with i # j, it holds

i C

i C
(100) ||(v'§i,}‘T)('vt)||Loo(R2) < rT(t)’

i C
(101) ||(at19i’T)('vt)||Loo(R2) < ()

Proof of Lemma 13. Fix t € [0,t) and ¢,5 € {1,...,P} with ¢ # j. Recalling
Construction 2, we observe that & ; € {£¢, :i:%f,O}, so that it suffices to estimate
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in terms of the vector field £. Recalling its definition (72) it follows that

(102) istrs .z (-
= n(W) (V sdist 7=, 7 )('7t)7

we directly compute

(V- &2T) (1) = 1t)77/(8diStI_z'T(.’t))

Al rr(t)
B (sdistfz,T(~,t)) Hip.or (Prar (- t),t)
g rr(t) 1= Hpr (Prer (-, t),t) sdistpr (-, 8)

so that (100) follows from || < 16, |Hz(-,t)| < 2/r(t) due to Definition 4, and
‘ SdiStf('vt)| < T(t)/4 on Suppé(Wt)a te [07Tezt)-
Furthermore, since

(103)  Gysdistpor (1) = —Hper (Prr (1), ) (14%) — nper (P (1), 1) - 2,

which itself one may either directly read off from the obvious generalization of (41)
or alternatively from (21), we also get

SdiSt’z,T(-,t)
’7( TIT(t)
1, /sdistz=r (-, t) L B g
+ rT(t)n ( @ ) (3,5 sdist 7=,z )(, tng.r (Plz,T(~, t), t)
/(Sdistl_z,T('7t>)SdiStI_z,T(',t)
ro(t) r3.(t)
_ Sdist’z,T(',t) H/’Z,T (PI_ZvT('vt)’t)(l'i_T)
(104) N _77( rIT(t) ) 1-— H,—ZI,T (Prer (-, 1), t) sdistzr (-, 1)
(Sdistjz,T(', t)) sz,T (sz,T(', t), t)sz,T (sz,T(', t), t) -z
ro(t) 1= Hpeor (P (-, 1), t) sdist =7 (-, 1)
1, /sdistrr(-,t) . ) 3
+ ’I“T(t)n ( ’I"I]“(t) ) (3t sdistz-,r )(, t)IlIz,T (sz,T(', t), t)
,/sdistze (-, t)\ sdist =7 (-, )
= (m )

Hence, (99) follows from (104), (103), (19), (71), and the estimates used for the
derivation of (100).

Recalling Construction 2, we observe that 9¥; € {¥,1}, so that it suffices to
estimate in terms of the function ¥. Recalling its definition (72) in the form of

(07T (-, 1) = ) (VO, sdist .z ) (-, 1)

(1+F)nper (Prer (-, 1), t)

(1+F)nper (Prer (-, 1), ).

ST 1 —ysdistzzr (v, t)
105 re= )
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we obtain
(@9=T) (1) = (:3;(? ﬁ(SdiSiITZé)(w t) )
(106) N rTl(t) 5 (sdis; IT(;)( t)) (0 sdii‘; I(t)T ), 1)
* rTlu) v <Sdisfa:(§>(" %) Sdis;gé)(" D 1yg),

so that, based on the previous ingredients, we have || < 2 and |sdistz(-,t)| <
7(t)/4 on supp ¥’ (sdistz(-,t)/(r(t)/4)), t € [0, Teqt), and we may deduce (101). O

The second result is concerned with a crude upper bound for the mass of the
varifold V; in terms of the length scale r of the strong solution.

Lemma 14. Fiz t € (0,t,). The condition E[V, x|x*T](t) < drr(t) together with
the requirements of Definition 4 implies

P
(107) 5 M) < m(®?) < Cre(r),

i,j=1,i#j
where C' € [0,00) is a universal constant.

Proof. One can compute

G|
> 5 /1 dH

i,j=1,i#j 4,5 (t)
P
< m(®) = BV TN+ 3 [ 07670 de
i=1

Due to the computation below (102), the estimate (100), the properties of the cutoff
function 7 from Construction 2, and Definition 4, it follows

P
Z/Rd Xi( )V - €T (1) da < / V-5 de < rr(t).
i=1

{Isdist 7z 7 (-,t)[<ro(t)}

Whence, we can deduce (107) from the previous two displays and the assumption
EV, x|x*T](t) < orr(t). =

Proof of Lemma 6. Fix t € Thonreg(A) for yet to be chosen A >> 1. For notational
simplicity, let us in the sequel drop the dependence on t of all quantities. Since the
definition of the error functionals is independent of the actual choice of the vector
field B, we may interpret the right hand sides of (63) and (64) with B = 0 and
therefore obtain for all i,5 € {1,..., P} with i # j

— DijIxIx*"]+ RHS" [x|x*")

—— [ wlrar— [ viveglar - [ o] o,

Ii Ii L

(108)

P
ar- _z 1
109 RES™PWACTN) = - [ HE(1=5 Y 0) di <o
) i=1
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and for all ¢ € {1,...,P—1}

(110) RHS™*[x|x*"] =/R2(xi— )00  da + Z Vi 02T dm?,

j=1,i5 7 L

Note that, since %Zil pi <1, the right hand side of (109) is nonpositive. Before

we start estimating the right hand sides of (108) and (110), we fix ¢, Jagymp < 1

such that the conclusion of Lemma 14 applies for the choice ¢y = %
From Holder’s inequality, (107) and (100), we then directly infer

|‘/i,' 2 dHl)
=
Similarly, we may estimate due to (99)

‘/ ng; 0 dH'|
I

’/ W]v fZTdHl

and, since [077| < 1/rp, also

1 :
Vi 97T daHt| < (/ Vi 2d7—£1>
‘/]ihj 5]V ~ /r_T Il.7].| =]|

Finally, the estimates (107), (16) and (101) together with the isoperimetric inequal-

ity imply
‘ / ot da
R2

Plugging these estimates back into (108) and (110), we may infer by an absorption
argument the claim (85) from employing the defining condition (75) of non-regular
times for A > 1. O

<L

NTT

Proof of Corollary 7. Denote by A and (5 5asymp) the constants from Lemma 6.

The choices A := max{A,10} and (6, Jasymp) = (0, 5asymp) then imply the claim.
Indeed, for t € Thonreg(A) satisfying the assumption E[V, x|x>7](t) < drp(t), it
follows from the defining condition (75)

5 1 A
<= < H, (-, ) dps,
T‘T(t) - 2’1“T(t) - /]Rd‘ #( )| He

so that the validity of (85) implies (86). O

%E[V,XIXZ’T]@) <

5.3. Proof of Lemma 8: Stability estimate in perturbative setting I. The
asserted bound (87) follows directly from the estimates (154)—(167) established in
Lemma 22 in Section 8 and the fact that RHSY*BV[V x|y*T](t) = 0 due to the
conclusions of Proposition 4. O

5.4. Proof of Lemma 9: Stability estimate in perturbative setting II. For
notational simplicity, we again neglect the dependence on ¢ of all quantities. Our
proof of the estimate (88) proceeds in several steps.

Step 1: Leading order terms involving H%, . We start by providing a preliminary
estimate for the last three right hand side terms of R;,; from Lemma 8. To
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this end, for each of the three terms we make use of Definition 4 in the form of
|HY. | < Sasymp/77- Hence, by Young’s inequality and [Hp.r| < 2/rp

1 1
(111) / 2Hp. v Hf. rhb dH' < 5asymp/ —(W)? + —h* dH".
Iz T =7 T rr

Furthermore, by the defining ODE for the space-time shift in the form of (82),
Jensen’s inequality and (16), we obtain

(112) — Hpoo (tp2m - 2)hdH" S Sasymp / —h2 dH'
=T 7=T ’I“T
as well as
1 1
(113) / Hy. »TW dH' < asymp/ —(W)? + —h*dH",
I=T =T T'T T’T

where for the latter we also used Young’s inequality.
Step 2: Freezing of coefficients in leadmg order quadratic terms. As a simple
consequence of (18), |Hp.r| < 2/rr and a? — b? = (a — b)(a + b), it holds

1/1
/ <3Hsz—>(h’) d7-1,1+/ ( HZ .+ )h%ml
7zT 2 TT 7zT T 2 T

< [ A b [
T rp

zTQTT 2 4 IzT?“T

(114)

Step 3: Freezing of coefficients in leading order correction terms. By the argu-
ments from the previous two steps, we may estimate

—/ ( +H§ZT)hn,zT ZdH! — / — HyexhS dH!
I=T ’I’T

I=T TT

(115) g—/ —hnpr - 2dH — / —hi dH?
VED T T'T T

zTT‘T

+ Casymp / L zay,

Iz T TT

where C' > 0 is some universal constant.
Step 4: Change of variables in quadratic terms. Recalling the definition [0, 27) 3

0 — h(ﬁZ’T(LZ;’T 0)), a simple change of variables together with condition (16)
entails

1 1 27 .

(116) w@/o (agh)Qdeg/fz,T(h”)del,
(117) [ o < ot L [

I=T B (1_5asymp)3 T% 0 o 7

1 1 1 [
118 / — (W) dH! < —/ dph)? de,
( ) 7=T 7“%( ) (1_6asymp) ’I"%« 0 (0 )
1

2
(119) / —h?dH' < (1+8asymp) 3/ h? dé.
7zT TT TT 0
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Step 5: Change of variables in correction terms. We claim that

1 1 27 ) 2
_ 1 e . 0
‘ /IZTTThn,zT LM ( r%(t)]ﬁ/[) h(-,t)e d@‘)‘
1 : 1 1 I 2
— —HprhTdH' — | —4——— —/ h(-,t)do )’
f (~tgw( ) Feow)

~ 1 [
S C(Sasympg /() h2 dev

(120) +

where C' > 0 is some universal constant. Indeed, this follows similarly to the
previous steps, exploiting in the process the two conditions (16) and (17) as well as
the defining ODE of the space-time shift (82).

Step 6: Conclusion. Based on the previous steps, we infer that, for given §e,, €
(0, 1), one may choose dasymp <s.,, 1 such that the leading order contribution Ry, ;.
from Lemma 8 is estimated by Rl ot. t5 Rh o.t.- Since the higher order contribution

~Oerr

Ry .o+ from Lemma 8 can be easily estlmated in terms of %Eh,o,t, for a suitable
choice of dasymp <s.,, 1 by means of the previous arguments, this concludes the
proof of Lemma 9. U

5.5. Proof of Lemma 10: Final stability estimate in perturbative setting.
First, we observe that by Lemma 5 and the estimates (118)—(119) from the previous
proof that, for given de; € (0, 1), one may choose C,C" >, 1 and Jagymp s, 1
such that

err

11
(121) E[x|x*T] < (1+5€rr HhHHlO%)f:RHS.

Second, thanks to Lemma 9, for given dery € (0,1), one may choose C,C’ >5_. 1
and Oasymp <s,,, 1 such that

P P-1

1 R
S 5 (= Dulnlx® ]+ GRASICT]) + 3 RESP™Mx™"]
ij=1,i#] i=1

2
(122) gf%/ (175m)(8§h)27(1+5crr)%(6‘9h) = (14+0err) 5 552 49
T

0
1 1/2”~ >2 1 1/2’T~ o |2
4 (— [ hd8) —6=|——= [ he?dd
T%<v27r 0 ARVE

=:LHS.

Now, fix a € (1,5). We claim that there exist de,r <, 1 as well as a choice of the
constant C¢ >, 1 from Construction 1 such that

(123) LHS < -~ (1+%)RHS,

T
so that the claim (89) follows from (121)—(123). Fourier decomposing both sides of
the asserted inequality (123), we may indeed derive the validity of (123) for suitably
chosen ¢y <o 1 and C¢ >, 1 analogously to our analysis towards the end of
Subsection 3.2 (cf. (53)—(56)), exploiting in the process also the bound (71). O
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5.6. Proof of Theorem 11: Overall a priori stability estimate. The stability
estimate (91) follows directly from combining all results from Subsections 3.3-3.8,
in particular Lemma 2, Corollary 7, and Lemma 10. (]

Note in this context that assumption (90) implies E[V, x|x*T]|(t) < drr(t) for
all t € (0,t).

6. CONSTRUCTION AND PROPERTIES OF SPACE-TIME SHIFTS

6.1. Proof of Lemma 3: Existence of space-time shifts. Our aim is to prove
the existence of a time horizon t, € (0,00), a locally Lipschitz map z: [0,t,) — R?
and a strictly increasing Lipschitz map T =: id+%: [0,t,) — [0,00) such that
(2(0),7(0)) = (0,0) and

1
(124) ty, = sup {t :T(t) < 57"8 = Text},
z(t

(125) |- remTe.0. e o).
where

6_f e N 1

] 2, T P( ) b ZaT)nIZ’T( 7t) dH

126 F(z,T,t) = | 7t® 271

( ) ( ) [ %(t)]cfZ»T(t) p(',t; Z,T) d?—[l

Note that the asserted Lipschitz bounds (71) are then immediate consequences of
integrating (125) and |p(z, t;2,T)| < rr(t)/(8C¢), cf. Construction 1 .

The proof of existence of the solution is obtained by successive approximations
and an application of the Picard—Lindel6f argument. We have to resort to an ap-
proximation argument to circumvent blowing up constants (originating from nega-
tive powers of rp(t) for t — t,) preventing the use of the Picard-Lindeldf argument.
To this end, we introduce an auxiliary version of our problem labeled by integers
k > 1, which reads as

Z(t
(127) 20] = Ae0.n0.0. @0).10) = 0.0,
where the right hand side F: R?x[0,00)x[0, 00) — R is defined by truncation:
(128) Fiu(2,T,t) = F(z,min {T, 3r5(1—%)},t), t€[0,00).

We will show below that the fixed point equation obtained from integrating (127)
admits a unique solution z; € Cy([0,00); R?) and T), € Cy([0,0); [0, 00)), where
t — T (t) is strictly increasing such that

1 3
12 —t <Tg(t) < =t.
(129) STl < 5

(The latter two properties are consequences of |$p| < 5 due to the estimate
ol 20, min{ Ty, 1r3(1—2) 1| < r2(8)/(8C) and Cc > 1.)

Taking the existence of such a sequence of solutions (zx, Tk )r>1 for granted for
the moment, we then define t5 := 0 and for £ > 1

(130) tp :==sup {t: Tp(t) < Teae(1—1)}.

By the properties of T}, the uniqueness of solutions to (127), as well as the defini-
tions (128) and (130), the sequence (t;)r>1 is strictly increasing and bounded. The
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solution to (125) is then constructed by

(131) (2(1), T(1)) = (2x (1), Ti(t)), € [0, tx),
(132) ty = ilip tp = kli)rglo ty < 00.

Note that (131) is indeed well-defined by uniqueness of solutions to (127), and that
the identities (124)—(125) hold true by construction. Hence, it remains to verify
the existence of solutions to (127) with the asserted properties.

Fix an integer k£ > 1. In order to apply the Picard-Lindelcf argument, we have
to show that for given ¢ € (0,00), the function (z,T7) — Fy(z,T,t) is globally
Lipschitz with Lipschitz constant independent of ¢. For notational convenience, we
abbreviate the truncation by T:= {T, %7‘8(1—%)}. First, we compute

t)
)
(t))
so that the normalization factor has the required Lipschitz regularity due to the

action of the truncation and the smoothness of the evolution of ¥. Second, since
the Jacobian of the tubular neighborhood diffeomorphism

1 1 1 1 2mrg
r2 () HU(IHT (1) 2mr(t) MO

{
T

x v (Pr.z(x,t),sdist 7. #(z,1))

is given by z + 1/(1—(Hj. 7 o Pp..z)(,t)sdisty. 7(z,t)), plugging in the defini-
tion (67) together with a change of variables yields

[ pitim Py a ()
I=:7T(t)

1—(H;. 7 o Py z)(-,t)sdist 7. 7 (-, t))

/{O<Sdist1z’f (- t)<rs(t)/8}

LT sdist 7. # (-, 1)
(X1 T_Xl) (s t)C(W

Shifting variables in space, we obtain from the relations (21)—(23)

>V sdist ;. 7 (-, t) d.

/I_ f()p+(-,t;z,T)n,—z,f(-,t)d;'-tl
=T(t

— / (1=(Hpo7 © Pro.7) (- t)870.7 (- 1))
{0<sdist_o 7 (-,t)<ra(t)/8}

I
sdist 70,7 (-, t)
rp(t)
and the required estimate follows from this representation by smoothness of the
evolution of ¥, the action of the truncation, and Lipschitz continuity of translations
of volumes. Since an analogous formula also holds for p; replaced by p_, this
concludes the proof (by resorting to Banach’s fixed point theorem exactly as in the
proof of the Picard-Lindel6f theorem). O

)V sdist 70,7 (-, 1) du,

6.2. Proof of Lemma 12: Bounds for space-time shifts. Our goal is to
prove (92)—(93). Fix t € (0,t,). Note that from (61), Construction 2, a change to
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tubular neighborhood coordinates, |H..r (-, t)| < 2/r7(t), and (69) it follows that
Byuncx[x*7(t)

=f =BT (Ol 1)] da
{dist(-,I= T (t))<rr(t)/8}

TT()

/ / Xl_Xl )<-+SanT( t) t) deHl
I=7T (1) ’"T(t) 1—- HIzT( )S T ()

2
T
<p+( t;2,T) + p2 (-, tzT)d?’—l1

(133)

> -
) /I:z,T(t) 27‘T( )

1 p( ,t,Z,T) 1
> — — ) dH .
— 10 Jz- (1) ( rp(t) )

Hence, plugging in (70), recalling (16), and using Jensen’s inequality

1 t1
—Iz(t)] < —12(s)|ds
101 < [ i)

1 [/t 1 ) B
134 (1 + 5&3 m ) / <][ p(, S; Z,T) d%l) dS
(134) 0 Jo 1(s) fsz(s)| }

11 p(e, 852, T)\2 z
< 1 asvm [ Nad) 1 .
S (14 dasy p)TO /0 7‘5}/2(5) (/I:ZvT(s) ( rs) ) dH ) ds

Inserting the estimate (134) into (133) and afterwards exploiting the assump-
tion (90) together with (91) and (71) further entail

1
7|Z |<\/ V07X0|X0/

which in turn by (71) upgrades to

1 T 3
—|z(t \<\/ V07X0|X0/ l ) (1+%(s)) ds
70
\/ V07X0|Xo/ Ts 5dS
S To

< - [Vo,X0|X0]( (7“:;(()15)>2>

Now, choosing de;; < 1 such that the implicit constant in the last estimate gets
canceled, we obtain the claim for the path of translations z. Analogously, one
derives a bound of same type for %|T(t)\ O

o)
S,

7. REDUCTION TO PERTURBATIVE GRAPH SETTING

7.1. Proof of Proposition 4: Strategy and intermediate results. We fix
A >0 and let t € Treg(A), namely t € (0,¢,) such that (76), i.e

/|H |d,ut<A ()

holds. Given C; > 1 from Construction 1 and given any C,C” > 1 (representing
the constants from (80)—(81)), we aim to find a constant § < c,cv,c. 3 such that
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the assumption (77), i.e.,
BV, xIx*T(t) < orr(t)

implies the conclusions of Proposition 4. From now on, let us suppress the depen-
dence of all quantities on ¢.

The proof of Proposition 4 leverages on two results from the literature (for the
precise statements, see Theorem 23 and Theorem 24 in Appendix A):

e Allard’s regularity theory [22, Chapter 5, Theorem 23.1 and Remark 23.2(a)]

e The decomposition of the reduced boundary of a set of finite perimeter in R?
into a countable family of rectifiable Jordan-Lipschitz curves [2, Section 6,
Theorem 4].

The idea for the proof is then roughly speaking the following. Our assump-
tions (76)—(77) and Allard’s regularity theory first provide us with a scale o < rp
(uniform in xg € supp p) such that supp 4 admits a local graph representation on
that scale at each z¢ € supp . In addition, the assumption (77) together with the
coercivity properties of the error functional E[V,x|x**] allow to show that any
part of the set supp p not being in accordance with the asserted graph represen-
tation of Proposition 4 has to be of sufficiently small mass. In fact, by a suitable
choice of the constant ¢ from assumption (77) and exploiting the decomposition
result from [2] (i.e., the Lipschitz parametrization of the curves), one may trap any
undesired behavior of supp p within balls of radius /2. This, however, contradicts
the local graph property of supp g within balls of radius p.

Keeping this heuristic in mind, we proceed by stating several intermediate results
which combined entail a proof of Proposition 4. As a first step, we ensure that our
assumptions (76)—(77) imply the applicability of Allard’s regularity theory.

Lemma 15 (Applicability of Allard’s regularity theory). Let (g,7, Caara) be the
constants from Theorem 23. There exist € € (0,€), Oasymp < 1, 6 Kza 1 and
C > 1 such that, for all xg € supp p and

G = Tanpfz'T(mO)I_z’T if o € {|£Z’T‘ < 1/2},
G arbitrary if o € {|€7] > 1/2},

the assumptions of Allard’s regularity theorem (see Theorem 23 for p = 2) are
fulfilled at scale o := %TT in the stronger form of

C 2n(
1(By(20))

1
<1+¢, (/ |H |2d:b)2gégg, Ein [mo,Q,G]§§2.
Vol o By (z0) . at

Furthermore, one may choose € € (0,€), dasymp < 1 such that the following prop-
erties are satisfied:
e £ ¢ (0,¢) is such that
2 1

135 cl——w———— &<
(135) 8732CAllardC/ £=

1 1 1
Z QCAllard 16 max{C’, Oc} ’

e for all x,%¢ € I*T such that |(x — %¢) - T7=.7 (Z0)| < 7o, it holds

|(# = Zo) = (To)| _ 1 1
T ~ 416 max{C,C}’

(136)
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e defining & by 2Canaraé = tana, for all o € {|€5T| < 1/2} and all x €
0B, ,/2(0) satisfying |(x — xo) - Trz.r (Pr=ir (w0))| > %2 cos &, it holds

1
(137) | Pr=r (2) — Pr=r (z0)| > 5% Ccos &,
where C,C" > 0 are from Proposition 4, and C¢ > 0 is from Construction 1.

We remark that the first bound in (135) will be needed to prove (81), the second
bound in (135) together with (136) will be needed to prove (80), whereas (137) will
be needed to prove Lemma 18 below.

As a second step, we show that the geometry of the varifold-BV solution (V, x)
reduces to the geometry of a two-phase BV solution.

Lemma 16 (No other phases, hidden boundaries, and higher-multiplicity inter-
faces). It holds

(138) X2 = ... = XP-17— 07
and
(139) V= (7—[1\_supp |VX1 |) & (5Tanm supp |VX1|):c€supp VX1l

Next, we guarantee that the (remaining) interface of the weak solution is not
located too far away from where we expect it to be (i.e., close to the interface of
the strong solution).

Lemma 17 (No interface far away from I*7). It holds

(140) supp |Vxi| € {|€*T| > 1/2} C {dist(-, I*T) < rp/4}.

So far, we only argued that certain features of the weak solution (contradicting
the conclusions of Proposition 4) are not present. We now turn to the part of the
argument guaranteeing in turn the existence of a subset of the interface satisfying
the required graph representation.

Lemma 18 (Construction of a graph candidate). There exists a Jordan-Lipschitz
curve J C supp |[Vx1| C {|€*T| > 1/2} such that J can be considered as a graph
over I*T. In particular, there exists a height function h: I*T — [—rp /4,77 /4]
such that

(141) J={zeI*" x4+ h(z)npr(x)}.

We then show that the previously found candidate for the graph representation
in fact saturates the whole interface of the weak solution.

Lemma 19 (Interface is a graph over I*7). It holds
(142) supp | Vxa| = J,
where J is the Jordan-Lipschitz curve from Lemma 18.

Finally, we show that the associated height funcion h over I*T satisfies the
bounds (80)—(81) from the conclusions of Proposition 4.

Lemma 20 (Height function estimates). The height function h : I*T s [—rp /4, rp /4]
satisfies the reqularity (78), i.e.,

h e H*(I*T)
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and the bounds (80)—(81), namely

T
143 I
(143) Al oo (7=my < T6max(C, O]’
1
(144) I | oo (727 (1)) < o

Recalling the claims of Proposition 4, it is immediate that its proof simply follows
now from a combination of the previous lemmas, so that at this stage it remains to
provide a proof for all the intermediate results of this subsection (which is done in
the next subsection).

As a technical ingredient for some of the previous auxiliary results, a specific
coercivity property of the error functional is exploited. More precisely, we will use
the fact that our interface error Eiy (cf. (65)) controls the folding of the interface
in the following sense.

Lemma 21 (Error control). Let 3 C R? be a set of finite perimeter such that
0*Qy = supp |Vxi|. Fiz zo € {dist(-, I*T) < rp/4} and consider o < ro/4 such
that, for all x € By(xo), it holds |£*T (x) — nper (Pp=r(x0))| < 1/4. Define Gy, :=
To + Taan,ZYT(IO)I_Z’T and denote by Pg, —the nearest point projection onto Gy, -
For x € R?, we denote by (Ql)meO (z) the one-dimensional slice

Ql N {PGIO (IE) + Y=t (sz,T (.’Eo)) : |y‘ < ’I’T/2}.

Then, there exists a constant Cerr > 0 such that
(145)  H" (By(20) "2 N { s HOO (@) s, () > 1}) < Cone Bina XX,

7.2. Proofs of the intermediate Lemmas. We provide the proofs of the several
intermediate results from the previous subsection.

Proof of Lemma 15 (Applicability of Allard’s regularity theory). Let (e,7, Caiard)
be the constants from Theorem 23. One may choose € € (0,¢) so that the bounds
in (135) are satisfied. In addition, the bounds (136)—(137) can be guaranteed by
choosing & <« € and dasymp < 1 due to the uniform smoothness of the ball.
For the proof of the remaining assertions we distnguish between two cases:
(a) xo € supp u N {|€>T] < 1/2}, i.e., points located sufficiently far away from
the interface 17,
(b) zo € supp p N {|€*T| > 1/2}, i.e., points located sufficiently close to 7.

Case (a): Let C > 1 and let o = %ﬁ:l)ﬁp. From the definition (76) it follows
that

2
(/ |HM|2d,u)g<A—7Tg<§2.
Bg(x()) rT

We may further assume that £ € (0, ¢) is small enough such that for zo € {|¢*7] <
1/2} it holds B,(zo) C {|¢*T| < 3/4}. Hence, recalling (59), we have

1(By(20)) < u(Bylo) N {w < 1/2}) + u(By(ae) N fw = 1})

SQ/ 1—wd,u+4/ 1—npy - T an!
R2N{w<1/2} I, p

1 z,T
+2 Z 5/ 1_ni,j'£i,j dHl
igg{1py - Il
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S 4Eint [V, X|XZ’T]’

where we used the fact that |§f ’jT

<1/2 for {i,j} ¢ {1, P}. It follows that

u(By(wo)) _ 8m(A+1)C

Eint [Va X|XZVT]

Volio — Voli&rp
and that there exists § <z A 1 such that the assumption (77) implies
VOllg

Similarly, one can prove that there exists ¢ <z 5 1 such that the assumption (77)
implies
Egie[ro, 0, R x {0}] < Ceeo™ ' (By(z0)) < &2
for some constant Ciy; > 0.
Case (b): The estimate for the curvature term works as in case (a) as the argu-
ment does not rely on the assumption on xg € supp pu.

By uniform smoothness of the ball, one may choose & < €, asymp < 1, and
C > 1 such that for all zo € {|¢*T| > 1/2} and for all z € B,(x) it holds

(146) €57 (2) = nper (Prer (20))] € ——5=
We have that
w(By(w0)) < 2BV, x|x*7] +/ 1dH!,

ILPQBQ(ZEo)

where the second term has to be estimated. Hence, we further decompose

By(xo) NI p = (Bg(xo) N {g; € Lp:npi(z) €T (z) > 1611;8 })

@] (Bg(l‘o) N {.%‘ clhip: nP,l(.%‘) . fZ’T(aj) < 151156/8})

1 2
cMBPDuM?,

where

Vxi . £/16
Méi) = By(x0) N {x € supp |[Vxi| : ] (z)- € T(x) > 1 —55/8}’

. . 2T £/16
M® = B,(z0) N {ac € lpinp(e) - €7 (@) < 5/8}.

Using Lemma 21 and the notation there adopted, we estimate
HI(ME)) = H (M) 0 {z s 1O () po,, () > 1))
+H (MG N {2 HOO () pe,, ) = 1))
< ConrEine XX+ H (ML) 0 {z: HOO () pg,, (1) = 1D)-

Note that by (146) and by the definition of Mé},) it holds npq, (z) n:r (Pfr(x0)) >

ﬁ for all z € M:,Ei) As a consequence, the coarea formula gives

HU M)z HOO () e, () = 1}) < (1) H (Bo(Prr (20))) < (145) Vol .
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Therefore, we obtain
HI(M'&I))) S CerrEint [Xb_(z’T] + (1 + g)VOhQ
16 i
— Eins [x[X*7].

Furthermore, one may estimate
16
HI (M) < T/ 1—npy T dH' <
€ I p

Collecting the estimates above, we have

16
1(By(z0)) < (2 + Cerr + ?)Eint[V7X|XZ7T] + (1 + *)Vollg,
whence we can conclude that there esists § <z A 1 such that the assumption (77)

p(Boao) _ |, -

VOllg
It remains to prove the estimate for the tilt excess Ej[xo, o, TanpfzyT(wo)Ifz’T].

implies
> HU(Ly)

First, recalling (59), we notice that
Eiiis[0, 0, Tanp__ (@o) I ™"
{1,533 #{1,P}

S 07 u(By(wo) N{w < 1/2}) + 07"
+ Q_l / |np’1(x) — Njfz1 (sz,T (.%'0))|2 d?‘ll
By(zo)NI1,p

S 0 BV XIXTT] 4 07 R,
R i= [ L np(2) - nger (Pre (20)) dH'.
Bg(wo)ﬂflyp

where
In order to estimate Ry, we decompose
By(zo) N I1,p C N;i) u Ng) U Na(ci)7
VX 1 .
@) @) 2 5, HO ks, @) = 1},
1 *
> H0(D () pg,, @) > 1y,

where
N .= N 0"y :
=Bl {r e g
VXl z,T
: x) £ (x) >

Nagi) = By(x0) N {m € 0"
N = By(zo)N{z € I p i np(z) - &7 (2) < 1/2}.
By previous arguments (in particular the one using Lemma 21), one may infer
(z) - njevr (P (m0)) dH + 2%1(N£§) U Nég))

VX1

Ry < 1—
tlt_/Nl%) i
< Ry + C" B[V, XX,
for some constant C” > 0, where
Vxa
R, ::/ 1-—
tilt NG Vx|
Vxi T 1, € 10
1— 2T (2)d —HY(NDY
k) € @) i + LA (VD)

(.1?) Ny, (sz,T (1?0)) d?‘[l

= /
- Jyo
N
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FIGURE 4. If H'(supp |Vxs|) > 0, then int(J) C B,,/2(x0) for the
Jordan-Lipschitz curve J C supp |[Vys|, contradicting the graph

property of supp p.

< C///Eint[Xb(z,T] + %HI(NJ(C[{))

for some constant C” > 0, where the last inequality can be justified arguing as
above. Furthermore, note that for any = € Ngg(lj) we have

4 %
T (@) e (Prer (00)) 2 (o (@) €7 (@) = 677 () = nper (Pree (w0)
1 g6 1
=2 14874

whence we can deduce ’Hl(Nx(é)) < 8mp, due to the coarea formula. Collecting
the estimates above, we can conclude that there exists § <z 1 such that the
assumption (77) implies

T -
Etilt [IOa o, Tansz,TTEOIZ’ } S €.

This shows Lemma 15. O

Proof of Lemma 16 (No other phases, hidden boundaries, and higher-multiplicity interfaces).
In order to prove (138), we argue by contradiction. Assume there exists i €

{2,..., P — 1} such that H'(supp|Vx;|) > 0. Fix x¢ € supp|Vy;|. By Lemma 15

-2

%m?"’]‘. In ad-

dition, by Theorem 24, there exists a Jordan-Lipschitz curve J C supp |Vy;| such

that xop € J. By choosing § <z 1, one may ensure that int(.J) C B,,/2(xo) (see

Figure 4 for an example): indeed, we recall that

H' (supp [Vxi|) = Z/ 1dH' < 22/1

i 01 i i

and Theorem 23, supp p is a graph within B.,(z¢) for o =

1= ;- & dH < 2B XX,

where we used that |§ZZJT| < 1/2 for {i,5} # {1, P}. However, int(J) C B.,/2(z0)
is a contradiction to the graph property of supp p within B.,,(zo).
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It remains to prove (139). By Lemma 15 and [22, Remark 23.2(2)], every z( €
supp ¢ is a point of unit density. Hence, z¢ € %Zle supp |[Vxi| = supp|Vx1]
due to (138). It follows that u = H!isupp |Vyx1|, whence we deduce (139) by the
rectifiability of V. |

Proof of Lemma 17 (No interface far away from I*T ). We assume by contradiction
that there exists x¢ € supp |Vx1| such that zo € {|¢*T| < 1/2}. From Theorem 23,

Lemma 15, and Lemma 16, it follows that supp p = supp |Vxi| is locally a graph

around xo on a scale v over, say, Gz, = zo + (R x {0}), where ¢ = %ﬁ:l)vﬁ.

On the other hand, by Theorem 24, there exists a Jordan-Lipschitz curve J C

supp |Vxi1| such that xg € J. Without loss of generality, we may assume that

£ < 1 such that g € {|¢7T| < 1/2} implies B,,(z¢) C {|¢*T] < 3/4}. In particu-

lar, we have

M N Bylan)) <4 [ RS

- T AR S Eine[xIX*T] S o
JAB. (o) VX1l

As a consequence, for suitably small 6 <z 1, it follows from the continuity
of J that int(J) € B,js/2(w0), which is a contradiction to the graph property of
supp |Vx1| within B,,(zo). The last inclusion in (140) follows from Construc-
tion 2. U

Proof of Lemma 18 (Construction of a graph candidate). We proceed in two steps.
Step 1: We claim that there exist asymp < 1 and § < 1 such that

(147) H' (supp |[Vxal) > gH (7).

In order to prove (147), we argue by contradiction, namely we assume that
H (supp [Vxa|) < gHH(I*T).

By the isoperimetric inequality, we have

2 5
/]R2 x1dzr < ﬁ(%HI(IZ’T)) < (19—6) WT%,

where we used the fact that H'(I*7) < 327ry for a suitably small Sasymp < 1.
Furthermore, for a suitably small dasymp < 1, we have

/ ol de > (%)27'(1"%.
RQ
By the triangle inequality, it follows that
_ _ 2 2
b= > [ T de— [ ade= (37 - ()it
On the other side, we claim that
1
(148) gl - T2 S Boulx[x*7]-
T
Indeed, by change of variables and Lemma 17, we have
1 _
— 1 =75
T

T
1 = 1 o 2
= S E—— f-r (@) dsda)
) (/IT /_T = Hyr@)s X @ty (@) dsde
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T
1 1 1 2

< = - - _ & T _

< o (/;TT ]._HIzT( e Ix1— % |(x—|—sn12,T(a:))d8) dx

/I By / o T~ XTI onger (0) dsde S B )

where in the last line we used Fubini’s theorem by bisecting [—=F, Z£]? into two
triangles (cf. the argument in [10, Proof of Theorem 1]). Hence, by choosing § < 1

in assumption (77), we obtain

b =Tl < ()7 = (55)°)wr.
whence the contradiction follows.

Step 2: From the previous step, there exists xg € supp|Vxi| and, by Theo-
rem 24, there exists a Jordan-Lipschitz curve J C supp |Vxi| such that zq € J.
By Theorem 23, Lemma 15, and Lemma 16, we know that suppu = supp Vx|
can be represented within Bw(xo) as a graph over zg + Tanp . T(a:o)l with

helght function w such that supp |Vu| < 2C¢ =: tana, a € (0,7/2). Hence, for
:cl € 9 + Tanp_ r(wo) [>T such that sign((zF — x0) - 7720 (Pper (20)) = £1 and
oE +u(@E)ng.r (Pr.r () € 0B,,/2(x0), it follows ((zF —x0) - Trr (Pper (0))] >

77’3 cos @. Consequently, from Lemma 15 we deduce

1
(149) |Pr..o(23) — Pror(z0)] > 7% cos Q.
Since supp [Vx1| N Byo(0) = J N Byo(z0), one may continue with x; = r and
iterate the above reasoning to conclude that .J wriggles around I*7 in the sense of

({x*" =1} \ {dist(-, I*") < 6ry/4}) C int(J),

({x®" =03\ {dist(-, I*") < éry/4}) C ext(J).
We notice that the iteration stops after finitely many steps due to (149). At last,
we argue that there exists a height function h : I*" — [—rp/4,rp /4] such that

(141) holds. This directly follows from the compactness of [T together with the
fact that, for any z¢ € J, there exists an open neighborhood W, 3 x¢ such that

JOW,, — I#7
(150) x> Pr.r(z) =2 — s(z)npr(Prr(x))
is a manifold diffeomorphism onto its image, due to an application of the inverse
function theorem. O

Proof of Lemma 19 (Interface is a graph over I*'T ). Recall from Lemma 17 that
supp |[Vx1| C {|¢*T] > 1/2} C {dist(-, I*T) < ry/4}. Assume by contradiction
that there exists a nontrivial Jordan-Lipschitz curve J’ from the decomposition of
Theorem 24 such that J' C supp |Vx1| and J' # J, i.e., either int(J') Nint(J) = 0,
or int(J") C int(J) , or int(J) C int(J’). Fix z¢ € J'. Since J is a graph over [T
by Lemma 18, using the notation from Lemma 21, it follows that

By(zo)NJ' C {x: ’Ho(ﬁ*(ﬂl)pcl y) > 1}
Recall from Lemma 15 that ¢ is chosen such that the hypothesis of Lemma 21

applies, hence H'(B,(x0) NJ") < Eint[x|X*T]. By the continuity of J', for suitably
small § <z a 1, one may infer that int(J') C B.,,/2(z0) (see Figure 5). On the other
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FIGURE 5. Interface is a graph over I*7

side, by Theorem 23, Lemma 15, and Lemma 17, we have that supp p = supp |Vx1|
is a graph within B, ,(z0), which provides the contradiction. O

Proof of Lemma 20 (Height function estimates). Step 1: Regularity (78). Fix z¢ €
supp |Vx1|. By Theorem 23, Lemma 15, Lemma 16, and Lemma 19 we know
that supp 1 = supp [Vxi1| = J can be represented within B.,(zo) as a graph over
Ggo = 20 + Tanpfz,T(zo)I_sz with height function u. Furthermore, we know by
Lemma 18 that there exists a height function h: [>T — [—rr /4,77 /4] such that
(141) holds.

Define Uy, := Py, (Gz, N Byo(x0)), and we first claim that
(151) u € H*(Uy,).

In order to prove (151), we fix g € Cgp(Us,) and then test (12) with B(z) =
9(Przr(x))nper (Pr,r (20)). Using H,, = (H, - Dsupp u)Nsupp p» the coarea formula,
and the coordinates induced by the height function u, we obtain

- /M (- oo )&+ () gz (Prece (00)) ) g () dH?

o

g dH*,

u/
Juy, T ()2

whence we deduce € H'(Uy,) due to the assumption (76) of controlled

o
dissipation. The regularity (151) then follows from Lemma 15 and Theorem 23,
in particular from the estimate (203) (recall in this context also the regularity
uwe Chz).

In a second step, we argue that one may capitalize on (151) to show that there
is an open neighborhood U,, of Pr..r(xg) in I*T such that

(152) h € H*(Us,),

whence one may deduce (78) by compactness of > Indeed, define Uy, := t(Us,),
where ¢ : U, — I*T is given by  — Ppr.r(z + w(z)nz.r (Pr.r(z0))). Since the
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map ¢ is a chart for I*7, we conclude (152) from the formula h(i(z)) = s(z +
u(z)ng-,r (Prr(x))) for any x € Uy,, the regularity of the signed distance function,
and (151).

Step 2: Estimate (143) for sup |h|. The idea here is to exploit that if (143) would
not be satisfied, then one accumulates too much L'-error between the two phases
X1 and ¥1 in contradiction with the smallness of the overall error (77).

Hence, we assume by contradiction that there exists xg € supp |Vx1| such that

rT
Wllzee emy > 16 max{C,C}"
Recall that by Theorem 23, Lemma 15, and Lemma 19, we know that supp u N
Byo(20) can be represented as a graph over (o + Tanp._ , (z0)1*") N By p(20) with
-2

height function u, where o = % Qﬂ(‘f\ T From Theorem 23 and Lemma 15, more

precisely from (202), (203) and (135), it follows that
(153)

S 1 rT
<2006 < —————————
sup Jul < 20C% < 416 max{C, C¢}’

In particular, we have (see Figure 6)

0B ,(x0) N{y + u(y)ngr (Prr (o)) : y € (xo + Tansz,T(xo)fz>T) N Boy(0)}

sup [u'| < 208 =: tana, & € (0,7/2).

1 rT
c 2. _ ‘N7 (Prer ST
C {IE ER*:|(z — z0) 0= (Prar (20))] < 416 max{C, C¢}’

(@ — 20) - 7peor (Preon (20))] > wcoso?}-

Furthermore, by (136) from Lemma 15, we deduce that for all z € I*T such that
|(z — Pp=r(x0)) - 7727 (Pr=or (20)) | < 7yp, it holds

rT

1
|(z = Pper(20)) - np=r (Ppe.r (20))| < 1 16max{C. O}

Hence, we have

—z,T 1 ~ T
x1—=x*" s = ves COSQW~
The contradiction follows from (148) and by choosing 6 <z s, c,c, 1 suitably small
in assumption (77).

Step 3: Estimate (144) for sup|h/|. Let 7 be an arc-lenght parametrization
of I*T so that supp |Vx1| admits the parametrization v, := (Id +hnz..r) o 7. Fix
xo € supp |Vxi| and denote by u the associated height function given by Theo-
rem 23 and Lemma 15 on scale vo. In other words, locally around x(, we have a

second parametrization v, := (Id +unr:r(Pr:7(20))) © Jz,, Where 7, is an arc-
length parametrization of (zo + Tansz,T(zo)Iz’T) N B,,(). One may compute
1 1

W (Pp. 1 (30)) 2 T+ (W(w))
\/1 + (=ws )

sz,Th)(sz,T

as both terms equals %(mo) ‘nz..7 (Pf=,7(20)). Note that this gives us a relation
expressing |/ (Pg.,r(2¢))| in terms of |u/(x0)|. In particular, by choosing dagymp < 1

suitably small and using |h(Pr-.r(20))| < rr, we obtain |B/ (Pp-.r (z0))| < 2|/ (z)]



STABILITY OF MULTIPHASE MCF BEYOND CIRCULAR TOPOLOGY CHANGES 45

7 /
RN /> Brolwo)
L N g
a \ / \ 1 T
/ \ / \ < z—9L -
[ u(y \\ /, \ — 4 16 max{C,C¢}
II | N \l
L \ /T ]
72,1 o o, o !
Lo + P raol VoY AN '
\\ | / \ /’
\ / N /
A / \ /
\ / \ /
*\ / \ //
| \ / \ 7/
AN N
| S >
AN _-7N
| -~ B
|
> COS (v
e e
= 16max{C,C¢}
Yo
2 P_ TX( Tz 1 rr
sz,TIOI 1= I= < 4 16 max{C,C¢}

FIGURE 6. Height function estimates

for all 2o € supp |[Vx1|. From (153) by means of (135) one may infer that sup |h/| <
Ssup [u'| <1/C". O
Proof of Lemma 21 (Error control). Define ng, := ny.r (Pf.r(x0)) and the set
Azg = By(wo) N 0" N {z : HO (O™ () pg, () > 1},

which we then decompose as

Azg = (Agg N {092, 1oy > 1/21) U (Asy N {n-0, 1y < 1/2}) = AQ) U A,

Since ng«q, (z)- &> (x) < 65T (2) — 1y, ()] + 09+, () -1y, < 3/4 for any z € AI0 )
then we obtain 1 —ng«q, (z) - €7 (z) > 1/4 for any z € Ag(m). Hence, we have

HY (AP < 4/ 1—ngeq, - &7 dH!
0*Q

§4/ 1—npy-&TdH! +38 Z 1dH!
fur jg{1,py i

§4/ 1—npy-&TdH' +16 Y / —ny; - & dH!
hue i,j¢{1,P}

S 16Eint [X|>_<Z’T],
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:Izg € Aélo)

Ny,
FIGURE 7. Error control by Fin[x|x*7T]

where we use the fact that |§ij| < 1/2 for {i,5} # {1, P}. Moreover, using the
coarea formula, we obtain
> au!

i) <z [
Bo( y:w+yng, €AY

trnan, (2

i otyng, €AL)

sz,TmO)mGzo (

< 4H'(AD),

where the second inequality follows from the fact that, for any x4 € Ag}o), one may

associate z, such that ng«q, (zy) - ng, < 0 (see Figure 7). The claim follows by

combining the two estimates above. ]

7.3. Proof of Lemma 5: Error functionals in perturbative regime. The
estimates (83) follow directly from the change of variables (184) to tubular neigh-
borhood coordinates, the definition (61) of Eyyk, the identity (170) for the weight
in the vicinity of the interface as well as the height function estimate (80), whereas
the estimates (84) are immediate consequences of the coarea formula (183), the
definition (60) of Ej,, the representation (168) for the vector field & near the in-
terface, the linearization (178) for the normal of the weak solution as well as the
height function estimates (80)—(81). O

8. AUXILIARY COMPUTATIONS IN PERTURBATIVE REGIME

Let (£, 9, B) be the maps from Construction 2, and let (¢,, z,T) be the space-time
shifts from Lemma 3. Fix ¢t € (0,t,) and assume the existence of an height function
h(-,t) satisfying the properties as in the conclusions of Proposition 4. For ease of
notation, we will drop in the following any dependence on the time ¢. Furthermore,
we will abbreviate in the tubular neighborhood {dist(-, I*'T) < rr/2}

Sfzr 1= Sdistjz,T,

Nf..r :=Nf.r © Prav,  Tfer = Tfer © Ppayr,

Hp..r := Hyp.or 0 Prar.
Finally, define I := I, p, which is by assumption subject to the graph representa-
tion (78)—(81), and denote V := Vj, n :=np; as well as, by slight abuse of notation,
X = x1 and X 1= X1.
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Lemma 22. For given 6oy € (0,1), one may choose the constants C,C" > 1

err

from (80)—(81) such that the individual terms of the stability estimates (63) and (64)
are estimated as follows:

- / (0= 4B - V)T (VBT TET) - (n—gT) di!
I
154 < - HZ  h(np.r - ) dH?
I=T 1
—/ Hf. o (T - 2)hdH! —/ HY. + S dH!
=T =T
L L .
+ /jz,T §err(;|(sz,T Z)h |+’HIZ,TI]”L ’) dH R
(155)  — / (0T +(B>T - V)T 2T an! =0,
I
1 z,T z,T 2,T|2 1
S|V BT 2T an
I
1 1
(156) s/_ 5H}éz,Tlﬁ +5e”74h2 dH,
VS T
1
(157) _ /I §|BZ,T . é‘Z,T’(l _ |€Z,T‘2) dr}_[l — 07
_ /(1 —n- gz,T)v . SZ’T(BZ’T . fz’T) d?‘[l
I
1

1
(158) g[ SHE 2 (B)? 4 Sore— (W)? dH,
VS 2 T

(159) / (d-¢>" @ ¢>")B>T) - (V+V - T ndH' =0,
I

/(1 —n-NV- BT an!

I

1 1
(160) < —/ —HZ . (h)? dH! +/ Serr— (B)? dH,
7zT 2 7zT ’I"T

— /(n—gﬂ) ® (n—¢>T) . vB>T dy!
I

(161) < HZ (W) aH* +/_

=T

1
Oerr (@—F’H}Z,T ’) (h)2 dH2,

=T

—/%|V+V-§Z’T|2d’H,1
I

(162) < f/ 1(h”)2 dH?
7o 2
1 1
orr 1\2 T (12 I’zT 2, - h2 d 1
+/m5 () + oz () + (.. ”7«;;) ) an

_ A %|VH—(BZ’T . 52,T)£27T|2 dHl

1
(163) S _‘/7 5((h”)? + H%z,Th/Q _ H%;,T(h/)Q) dHl
Iz,T
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+ / 2Hp.r Hy. o hb' dH
IzT

1 1
1\2 2 /! 2, -
R (R e (e

)h2> dH,

/ﬂz,T(Bz,T . fZ’T—V) dHl
I

H3. 1
(164) g/j TIT‘T}ﬂdHl_/f ()2 dH*

rr 2T T
1 1
(serr h// 2 i h/ 2 Hl_ 2, & h2 d 1
(g + g (00 + (P g o)

/ﬁz,TBz,T . (Il _ gz,T) drHl

I
1 1
1 < A (i P NAY 1
(165) —/I—Z,T(S (T%h +T%(h)>d7-[,
/ (X_XZ,T)ﬁz,TV . BZ’T dx
R2
1 HZ, 1
(166) < —/ ik h2dH1+/ Soxr—h? dH,
7zT 2 'I“T 7zT TT

/ (x—=x>") (00> +(B>T - V)9>T) da
R2

(167) g/ i4h2dH1
7=T TT

1 . 1
—/ — Hper h%T dH! —/ —h(nper - 2) dH'
I I

=T T'p =T T

g 1 : Loy 1

+ Serr 73|{S:h|+72|(nfz,T Z)h|+7h dH".
7=T rr T T

Proof. We proceed in several steps.

Step 1: Properties of gradient flow calibration. Thanks to the height function
estimate (80), the definitions (72)—(74) of the gradient flow calibration, and the
identities (21)—(23) for the shifted geometry, it holds on I C {dist(-, I*T) < r1/8}

(168) &1 =fpr = Vspr,
(169) BT = Hy. riifor,

2T _ _sz,T
(170) 9> T = el

In particular, because of
VPjZ,T =1Id —ﬁjz,T ® ﬁjz,T — sz,TVﬁjz,T,

we obtain by direct computation throughout {dist(-, I*T) < ry/8}

Hi.r
171 verT = —— 7 5 0 @ T,
( ) ¢ ]._Hfz,Tsz,TTI T @ T
Hfz.
(172) V. T = =7

1-— .Hfz,Tsz,T ’
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72 7!
HE. - HE. r

(173) vB=T Frer @ Trar + fifor @ Tt

1-— Hfz,Tsz,T 1-— sz,Tsz,T

a2

(174) v.-B*T = _I=*
1— Hf.rSper
1

(175) Vsl = - —fifr.
rT

Note that these computations are justified thanks to |[1—Hp..rsp..r| > 1/2 being
valid throughout {dist(-, I*7) < rr/8}, which in turn follows from Hp.r < 2/rp
since, by assumption, r7/2 is an admissible tubular neighborhood width for %7
(cf. Definition 4). Within {dist(-, I**T) < r7/8}, we also record the following sim-
plifications of (104) and (106):

. H’—z T O sz,T _

(176) 967" = —(14%) : —I}‘{,—z s s (Frer - 2)

Hyor

— o,
1-— HI‘Z,TSI‘Z,T

1 ‘i IEB — Nr..t - >
a71) 0T = ER (2 ) + Mg
r T 7
T T T

Step 2: Identities for geometric quantities of perturbed interface. First, we define
(h,b',8") := (h, W', h") o P..r. Then, denoting by o(1) any quantity f(Hp..rb,bh’")
such that f: RxR — R is a continuous function satisfying f(z1,z2) — 0 whenever
|(z1,22)] — 0, we claim that along T

(178) n= (1 + ( — % + 0(1)) (h’)2>n,z,T — (1+o(1))b 7.1,

Hyor

179 V=—7%—F—
(179) 1— Hz.rh

+ 4" + o) + o(1)y Hp- v + o(1)h HY. 7.

For a proof of (178)—(179), it is computationally convenient to represent the
interface I as the image of the curve 7y, := (id + hiifz.r) o %1 where 7 is an
arc-length parametrization of I(T~!(-)) such that 77..r o 5T = (7). Then

(180) Y = <(1H,z,Th)%Iz,T + h/ﬁIz7T> 05° T,

hence (recall that J € R2*2 denotes counter-clockwise rotation by 90°)

’y;t < (I—sz,Th)ﬁfz,T - hlf‘fz,T ) T
T = o5,

PN )+ (2

h
so that (178) follows from Taylor expansion with respect to the variables H..rh
and h/. By virtue of H? regularity of the height function h and V being the
distributional curvature of I due to [9, Definition 13, item iii)] and x; = 0 for all
i ¢ {1, P}, we deduce V = H,,. In other words,
(182)

(181) no~, =J

I
74 l?
B (h/(H}Z,Th + QETI-Z,Th/) + (1—Hj..vh) (h” + Hfz,T(l—HI_z,Th))) T

O Hph) + (2

Vo, =
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so that (179) again follows from Taylor expansion with respect to the variables
Hp.rh, b and h".

Step 3: Change of variables formula. Let g: I — R be integrable. Then, by the
coarea formula

(183) /gd”Hl :/ go(id+hnfz,T)\/(1—HI-z,Th)2+(h’)Qd’Hl.
I =T

Furthermore, since the Jacobian of the tubular neighborhood diffeomorphism x —
(Pr2r (), sp=r) is given by 1/(1—Hp..rs5-.7), we also obtain for any integrable
G:R? — R with suppG C {dist(-,I*T) < rr/4} by the area formula and the
assumed conclusions of Proposition 4

(184) /( TG dr = — /IZT/h 1%2921?() 7)) dsdH (z).

Step 4: Collecting further auziliary identities. We obtain from (178) and (168)
that, along I,

(185) n—¢&t = o( )b — (1+0( )b et

In addition, we infer from (179) and (172) that, along I,

(186) 1—n-&>T

(187) V4 V-7 =p"+o(1)b" +o(1)hHp- v + o(1)hH}. o,
as well as from (178), (179) and (168)—(169)

Vn— (Bz,T . gz,T)gz,T
=Vn-B>T
(188) = (ngz,Th+h//>ﬁ T HIz Th TfzT

+ (o) + o(1)Hp-.r b’ + o(1)(Hf..r 0 Prer )b + o(1) HZ 2 b)fife.r
+ (o) + 0o(1)Hp-r b’ + o(1)(H}..r © Prair )b + 0(1) H7. b)) Tper

and

(189)
B*T . 5T —V = {2 ,h — " + o)y + o(1)' Hp-.r + o(1)h HYr. 7 + 0o(1)h HZ 1.

Next, we exploit the information gathered so far to express the terms originat-
ing from the stability estimate of Ei, in terms of the height function h (and its
derivatives). First, we get from combining (183), (176), (168)-(169), (171), (173)
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and (185),
. /I (atgz,T_’_(Bz,T . v)gz,T+(VBz,T)T£z,T) . (n_fz,T) dH1
< : THTZ,Th'(sz,T - 2) dH! —/j TH;-z,Tth’dﬂl
b [ oI Hper e - 0 4 o)) a0
(190) =

= —/ HZ rh(npr - 2)dH!
I=T
—/ Hf. o (T - 2)hdH! —/ H. +%Th' dH*
7zT J=T
+/_ |o(1)|(\HI—z,T(rI—z,T -z)h’y+yH}2,Tih'\) dH!,
=T

where in the last step we also integrated by parts. Next, it directly follows from (183),
(168)—(169) and (172)

1 1
(191) /I§!V T4 BT TP At < /1 (1)) g H e dH,
and exploiting in addition (186)
o /(1 —n- fz,T)v . §Z7T(BZ,T . £Z7T) dHl
(192) ! )
< [ QHo)) 3 HR o (1) d.

Analogously, recalling also (173) and (174),

(1=]o(1)]) %H%Z,T (W)? dH!

19 [a-nenv g Tan < [

1 Iz,T
as well as
- [T & g7y VBT an
(194) I
< /f - <1+|O(1)|)H122,T(h/)2 dH?! T /jz.T |O(1)|’H}2,T’(h/>2 dHY.

Just plugging in (187) and estimating by Young’s inequality yields
1 2,712 3941
— [ S|V4+V - dn
I 2
) <= [ (=)
Iz,T

+/ Jo(D (Heir (W) + (. ) +Hi. o)1) dH,
I=T

(h/l)Q dHl

N =
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and analogously based on (188)
1 z z z 2
ST
T
< [ o)A (7 1+ HE )
2T 2
- HZ hh'" dH!
Iz T
+[ lo(1)|(Hf..)*h? dH!
Iz,T
1 "2 4 2 1
<= [ Qlo 5 () + Hrh?) an
=T 2

+ﬁ 1JLJ{I%,T(h')%ml
I

(196)

)
+ / 2Hp. v H}. whb' dH'
7=T

[t (HE 0 4 (1)
=T

where in the last step we also performed an integration by parts and estimated by
Young’s inequality.

We continue with the terms originating from the stability estimate of Epy.
First, by means of (183), (170), (189) and integration by parts we obtain

/,&z,T(BZ,T . §Z’T—V) dHl
I

HZ2, 1
(197) g/ ’—jfﬂd%l—/ — (h')? an!
I=T I

’I’T z,T TT

HZ, 1
oI ((PE b2 4 B 00 7).
I=T TT ’I"T

Next, just plugging in (169)—(170) and (185) into (183) and applying Young’s in-
equality entails

(198) / 9> B=T . (n — ¢*T)aH! < /
I I

In addition, based on (184), (170) and (174), we may infer

1
lo(1)] (ijﬂ + HI%,T(h’)?) an’.

2, T T

1H7
(199) [ eV BT dr < - [ (1)) g LR
R2 =T 2 rr
whereas it finally follows from (184), (177), (169) and (175)
/ (X_XZ,T)(at,&z,T_'_(Bz,T . V)ﬂZ’T) dr
R2
1 Her | - 1
(200) < / —h?dH' — L hE dH? —/ —h(npr - 2)dH'
=7 T'p =T Tr =7 TP

1o, 1 . . 1
+ /IT lo(1)] (ri%]sh|+7%|HIZ,TSh|+T%|(n,Z,T .z)h|+T4Th2> dH'.
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Step 5: Conclusion. Due to (168) and (169), the identities (155), (157) and (159)
hold true for trivial reasons. The remaining estimates follow from (190)—(200) and
‘Hfz,T| S 2/TT.

APPENDIX A. AUXILIARY RESULTS FROM GEOMETRIC MEASURE THEORY

In this appendix, we recall the two main ingredients from geometric measure
theory which we use to prove Proposition 4, namely the Allard’s regularity theory
for integer rectifiable varifolds [22, Chapter 5, Theorem 23.1 and Remark 23.2(a)]
and the decoposition of a reduced boundary of a set of finite perimeter in R? into
rectifiable Jordan-Lipschitz curves [2, Section 6, Theorem 4].

Using the notation from Definition 3 and omitting the dependence in time, we
recall the usual definition of tilt-excess Fij; for an integer rectifiable 1-varifold V
with associated mass measure p, namely

Etilt[x07 0, G] = Qil / |PTanmo (supp p) — PG|2 d,u’7
Bo(zo

where xo € supp i, 0 > 0, and G is a one dimensional subspace of R?, whreas P

denotes the projection onto the approximate tangent space Tan,, (supp u) and onto

the given subspace G, respectively. In our setting, Allard’s regularity theorem [22,

Chapter 5, Theorem 23.1 and Remark 23.2(a)] reads as follows.

Theorem 23 (Allard’s regularity theory). Fiz o > 0, p > 1, xp € suppu, and
a one-dimensional subspace G of R2. There exist ¢ = ¢(p), v = v(p) € (0,1) and
Callard = CAlla'r'd(p) > 0 such that: Zf

1(B,(x0))
(201) vollg

where Vol; denotes the one-dimensional volume of the unit ball, and

(202) max {Etilt [20,0,G], e (/
B

<1+c¢,

2
O
o(To)
then there exists a CV'" % function u: (xo + G) N Byy(xo) = R satisfying:
i) u(zo) = 0;
@) supp o N Byg(w0) = Byo(xo) N {y + u(y)ng(y) : y € (w0 + G) N Byp(zo) },
where ng is the normal vector field to the affine space ro+ G;
iii) it holds
o~ ' sup [u(z)| + sup [Vu(z)| + 077 sup {lz =y~ 7% |Vu(z) - Vu(y)[}
T T 7Y

1 1
ma<%mﬁmw@4/ %wﬁfﬁ
By (o)

The second result makes use of the notion of Jordan-Lipschitz curves, for which
we refer the reader to [2, Section 8], and states a decomposition for the reduced
boundary of a planar set of finite perimeter (see Figures 8 and 9 for an example)
as given by [2, Section 8, Corollary 1].

Theorem 24 (Decomposition result for planar sets of finite perimeters). Let x €
BV (R?;{0,1}) be the indicator function associated to a set of finite perimeter.
Then, supp |[Vx| can be uniquely decomposed into a countable family of Jordan-
Lipschitz curves {Ji+, Jy, i,k € N} such that the following properties hold:
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J

ext(J)

FIGURE 8. Jordan curve J

(O PRW

FIGURE 9. Decomposition of the reduced boundary of a planar set
of finite perimeter into Jordan-Lipschitz curves {J{", J, i,k e N}

i) Let i # k, then either int(J;") Nint(J,7) = 0 or int(J;") C int(J;") and
analogously for {J; : i € N}. Furthermore, for each i € N there exists
k = k(i) € N such that int(J; ) C int(J;").

i1) M (supp [Vx]) = 3, HU () + 3, ML),

iii) If int(J;F) C int(J5), there ewists j € N such that int(J;") C int(J;) C
int(J,"), and analogously for the roles of {J;" :i € N} and {J, :i € N
switched.

w) Setting Ly := {i € N :int(J;") C int(JF)}, then the sets Ay := int(J;") \

Uier, int(J;) are piecewise disjoint, indecomposable, and x =3, X, -
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