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Exercise sheet 1 to Advanced Partial Differential Equations

Exercise 1. (Distributions)

i) For f ∈ L1
loc(Ω), let Tf ∈ D′(Ω) denote the associated regular distribution.

Show that the map f 7→ Tf is injective, i.e., Tf = 0 implies f = 0. (Hint:
Show the claim first under the additional assumption that f is continuous.
Derive then the claim for general f by testing the equation Tf = 0 with
test functions of the form ϕε ∗ ψ, where ψ ∈ D(Ω), ∗ denotes convolution,

and (ϕε)ε∈(0,1) is a standard sequence of mollifiers, i.e., ϕε(x) :=
1
εd
ϕ( |x|ε )

for a non-negative ϕ ∈ C∞(R) with suppϕ ⊂ [−1, 1] and
´ 1
−1
ϕ = 1.)

ii) We say that a sequence (φn)n∈N in D(Ω) converges to φ ∈ D(Ω) as n→ ∞
if there exists a compact subset K ⊂ Ω such that suppφn ⊂ K for all
n ∈ N and if for all multi-indices α ∈ Nd it holds Dαφn → Dαφ uniformly
as n → ∞. Let T : D(Ω) be a linear map. Show that T ∈ D′(Ω) if and
only if T is continuous with respect to this notion of sequential convergence
on D(Ω).

iii) We say that a sequence (Tn)n∈N in D′(Ω) converges to T ∈ D′(Ω) if for all
φ ∈ D(Ω) it holds ⟨Tn, φ⟩ → ⟨T, φ⟩ in C as n → ∞. Show that Tn → T in
D′(Ω) implies for all multi-indices α ∈ Nd that DαTn → DαT in D′(Ω).

Exercise 2. (Examples for Sobolev and Sobolev–Slobodeckij functions)

i) Let β ∈ R \ {0}, fβ(x) := |x|−β , x ∈ Rd \ {0, }, and l ∈ N. For which β
does it hold fβ ∈W l,2(B1(0))?

ii) Analyze for which β it holds fβ ∈W l,2(Rd \B1(0)).

iii) Let λ ∈ (0, 1). Show that fβ ∈Wλ,2(B1(0)) if
d
2−λ > β. (Hint: One has to

show Iλ(fβ) <∞. To this end, first decompose B1(0)×B1(0) disjointly into

Ak := {(x, y) ∈ B1(0) × B1(0) : 2
−(k+1) < max{|x|, |y|} ≤ 2−k} for k ∈ N

(and draw a picture for d = 1 to visualize it). Show then that Ck
β,d,λ :=´

Ak

|fβ(x)−fβ(y)|2
|x−y|d+2λ d(x, y) = 2−k(d−2β−2λ)C0

β,d,λ. Conclude by showing that

0 < C0
β,d,λ < ∞. For the upper bound, it is useful to decompose A0 into

the region where additionally |x− y| ≤ 1
4 and its complement.)
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